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˷ˣˬ˧˷ ˧˞ˮ˸ 

 

Please read the following important legal 

information before reading or using these notes. The 
use of these notes constitutes an agreement to abide 
by the terms and conditions below, just as if you 
had signed this agreement.  

A. THE SERVICE.  

The following notes ("The service") are provided by 
DinaZil's Notes-Heaven ("Notes-Heaven").  

B. DISCLAIMER OF WAR RANTIES; 

LIMITATION OF LIABIL ITY.  

Notes-Heaven does not endorse content, nor warrant 
the accuracy, completeness, correctness, timeliness 
or usefulness of any opinions, advice, content, or 
services provided by the Service. 

YOU AGREE THAT USE OF THE SERVICE IS 
ENTIRELY AT YOUR OWN RISK. THE 
SERVICE PROVIDED IS PROVIDED "AS IS," 
WITHOUT WARRANTY OF ANY KIND. 
NOTES-HEAVEN EXPRESSLY DISCLAIMS 
ALL WARRANTIES OF ANY KIND, WHETHER 

EXPRESS OR IMPLIED, INCLUDING 
WITHOUT LIMITATION: ANY WARRANTIES 
CONCERNING THE ACCURACY OR 
CONTENT OF INFORMATION OR SERVICES. 
NOTES-HEAVEN MAKES NO WARRANTY 
THAT THE SERVICE WILL MEET YOUR 
REQUIREMENTS, OR THAT THE SERVICE 
WILL BE ERROR FREE; NOR DOES NOTES-
HEAVEN MAKE ANY WARRANTY AS TO THE 

RESULTS THAT MAY BE OBTAINED FROM 
THE USE OF THE SERVICE OR AS TO THE 
ACCURACY OR RELIABILITY OF ANY 
INFORMATION OBTAINED THROUGH THE 
SERVICE. YOU UNDERSTAND AND AGREE 
THAT ANY DATA OBTAINED THROUGH THE 
USE OF THE SERVICE IS DONE AT YOUR 
OWN DISCRETION AND RISK AND THAT 

YOU WILL BE SOLELY RESPONSIBLE FOR 
ANY DAMAGE TO YOUR GPA. 

NEITHER NOTES-HEAVEN NOR ANY OF ITS 
PARTNERS, AGENTS, AFFILIATES OR 
CONTENT PROVIDERS SHALL BE LIABLE 

FOR ANY DIRECT, INDIRECT, INCIDENTAL, 
SPECIAL OR CONSEQUENTIAL DAMAGES 
ARISING OUT OF USE OF THE SERVICE OR 
INABILITY TO GAIN ACCESS TO OR USE THE 
SERVICE OR OUT OF ANY BREACH OF ANY 
WARRANTY. 

 

 

 

C. INDEMNIFICATION.  

You agree to indemnify and hold Notes-Heaven, its 
partners, agents, affiliates and content partners 
harmless from any dispute which may arise from a 
breach of terms of this Agreement. You agree to 
hold Notes-Heaven harmless from any claims and 
expenses, including reasonable attorney's fees and 

court costs, related to your violation of this 
Agreement. 

D. OWNERSHIP RIGHTS.  

The materials provided by the Service may be 
downloaded or reprinted for personal use only. You 
acknowledge that the Service contains information 
that is protected by copyrights, trademarks, trade 
secrets or other proprietary rights, and that these 
rights are valid and protected in all forms, media 
and technologies existing now or hereafter 
developed. You may not modify, publish, transmit, 

participate in the transfer or sale, create derivative 
works, or in any way exploit, any of the Content, in 
whole or in part. You may not upload, post, 
reproduce or distribute Content protected by 
copyright, or other proprietary right, without 
obtaining permission of the owner of the copyright 
or other proprietary right. 

E. NO COPYING OR DISTRIBUTION.  

You may not reproduce, copy or redistribute the 
design or layout of this service, individual elements 
of the design, Notes-Heaven logos or other logos 

appearing on this service, without the express 
written permission of Notes-Heaven, Inc. 
Reproduction, copying or redistribution for 
commercial purposes of the service is strictly 
prohibited without the express written permission of 
Notes-Heaven, Inc. 

If you have any questions about this statement or 
the practices of this service you can contact 

Dina Zeliger 

dinaweb@gmail.com

mailto:dinaweb@gmail.com
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 ˫˧ˮˣˬ˧˯˸˧˦ˬ˸ˬ ˢ˧ˠˣ˪ˣˮ˧ˬ˶˦ˣ 

 

˸ˣ˴ˣ˟˵ 

 

˶ˡˠˢ˸ˣ : 

1. ˢ˴ˣ˟˵ ˫˧˶˟˧˞ ˪˷ ˱˯ˣ˞ ˞˧ˢ ,˶˟˧˞ ˪˩ ˪˷ ˸ˣ˰˲ˣˢˢ ˶˲˯ˬ˪ ˣ˞ ˶ˡ˯˪ ˸ˣ˟˧˷˥ ˞˪˪ . ˪˩˪

˞˪˷ ˣ˞ ˢ˴ˣ˟˵˪ ˨˧˧˷ ˞ˣˢ˷ ˣ˞ ˫˪ˣ˰˟ ˶˟˧˞ .˰ ˸˞ˤ ˫˧ˮˬ˯ˬ" ˧ὥɴ ὃ x-ὥɵ ὃ ˢˬ˞˸ˢ˟. 

2.  ˧ˢ˸ὃ ˢ˴ˣ˟˵ .˷ ˶ˬ˞ˮ-ὄ  ˞˧ˢˢ˴ˣ˟˵ ˸˸ ˪˷ ὃ  ˭ˬ˯ˮˣὄṒὃ  ˪˩˪ ˫˞ὼɴ ὄ ˫˧˧˵˸ˬ 

ὼɴ ὃ. 

3.  ˢ˴ˣ˟˵ ˪˷ ˸ˣ˴ˣ˟˵ˢ ˸˸ ˪˩ ˸˴ˣ˟˵ὃ  ˸˞˶˵ˮˢ˵ˤ˥ˢ ˸˴ˣ˟˵ ˰ ˸ˮˬˣ˯ˬˣ" ˧2ὃ x˞ עὃ. 

4.  ˢˮ˧˧ˢ˸ὃ,ὄ ˸ˣ˴ˣ˟˵ . ˭ˢ˷ ˶ˬ˞ˮ˸ˣˣ˷  ˭ˬ˯ˮˣὃ= ὄ   ˫˞ὃṒὄ ˫ˠˣὄṒὃ , ˧˸˷˪ ˶ˬˣ˪˩

˫˧˶˟˧˞ ˫˸ˣ˞ ˵ˣ˧ˡ˟ ˷˧ ˸ˣ˴ˣ˟˵ˢ. 

5.  ˸˞˶˵ˮ ˶˟˧˞ ˱˞ ˢ˟ ˭˧˞˷ ˢ˴ˣ˟˵ˢˢ ˢ˴ˣ˟˵ˢˢ˵˧˶ ˰ ˸ˮˬˣ˯ˬˣ"˧ ɲ. 

6. ˢ˴ˣ˟˵ ˞ˣˢ ˫˧ˡ˟ˣ˰ ˣˮ˥ˮ˞ ˣ˟˷ ˫˪ˣ˰ˢ˷ ˥˧ˮˮ Ὗ . ˢˮ˧˧ˢ˸ὃ,ὄṒὟ ˫˪ˣ˰˟ ˸ˣ˴ˣ˟˵. 

¶ lx ˥˧˞: ὃ᷾ὄ= ὼɴ Ὗ:ὼɴ ὃ᷉ ὼɴ ὄ 

¶ ˨ˣ˸˧˥ :ὃ᷊ὄ= ὼɴ Ὗ:ὼɴ ὃ᷈ ὼɴ ὄ 

¶ ˫˧˪˷ˬ:  ὃὧ= ὼɴ Ὗ: ὼɵ ὃ  

¶ ˷˶˲ˢ: ὃ ὄʌ= ὼɴ Ὗ: ὼɴ ὃ᷈ ὼɵ ὄ 

 

ˢˬˠˣˡ: ˢˮ˧˧ˢ˸ ὃ= 1,2,3 ,ὄ= 1,2,3,4,5,6,7 ,ὅ= 2,4,5,8 .˧ˤ˞: 

¶ 3 ᶰὃ ˣ˪˧˞ˣ 3 ᶱὅ 

¶ ὃṒὄ 

¶ ὃ᷾ὅ= 1,2,3,4,5,8 

¶ ὄ᷊ὅ= 2,4,5 

¶ ὄ ὃʌ= 4,5,6,7 

 

ˢ˶ˡˠˢ : ˣ˧ˢ˧ὃ,ὄ ˸ˣ˴ˣ˟˵ . ˸˧ˤ˦˶˵ˢ ˢ˪˲˩ˬˢ˪˷  ὃ,ὄ ˰ ˸ˮˬˣ˯ˬ" ˧ὃ× ὄ  ˸ˣˠˣˤˢ ˪˩˪ ˢˣˣ˷ ˞˧ˢˣ

 ˨ˣ˸ˬ ˞ˣˢ ˭ˣ˷˞˶ˢ ˶˟˧˞ˢ ˫ˢ˟ ˫˧˶ˣˡ˯ˢὃ ˣ˸ˬ ˞ˣˢ ˧ˮ˷ˢ ˶˟˧˞ˢˣ ˨ὄ .ˬˣ˪˩ ˶

ὃ× ὄ= ὥ,ὦ:ὥᶰὃ ὦ᷈ɴ ὄ 

 

  



 

 
7 

 

˫˧˯˥˧ 
 

˸ˣ˶ˡˠˢ: 

1. ˧˶˞ˮ˧˟ ˯˥˧ Ὑ  ˭˧˟ὃ ˪-ὄ ˢ˪˲˩ˬˢ ˪˷ ˢ˴ˣ˟˵ ˸˸ ˞ˣˢ ὃ× ὄ ,ˬˣ˪˩ ˶ὙṒὃ× ὄ . ˫˞ὥ 

˪ ˯˥˧˧˸ˬ-ὦ  ˫˧ˮˬ˯ˬὥὙὦ x˞ ὥ,ὦᶰὙ. 

2.  ˯˥˧ὙṒὃ× ὃ ˞˶˵ˮ: 

¶ ˧˟˧˯˵˪˲˶  ˪˩˪ ˫˞ὥɴ ὃ  ˫˧˧˵˸ˬὥὙὥ 

¶ ˧˶˦ˬ˧˯  ˪˩˪ ˫˞ὥ,ὦɴ ὃ ὥὙὦ ˬ˞" ˬὦὙὥ 

¶ ˶ ˦˧˟˧˦˧ˤˮ  ˪˩˪ ˫˞ὥ,ὦ,ὧɴ ὃ  ˫˞ὥὙὦ  ˫ˠˣὦὙὧ  ˤ˞ὥὙὧ 

3. ˧˟˧˯˵˪˲˶ ˞ˣˢ˷ ˯˥˧ , ˞˶˵ˮ ˧˟˧˦˧ˤˮ˶˦ˣ ˧˶˦ˬ˧˯˸ˣ˪˧˵˷ ˯˥˧. 

4.  ˸ˣ˪˧˵˷ ˯˥˧ ˶ˣ˟˰ὙṒὃ× ὃ ˸ˣ˪˧˵˷ˢ ˸˵˪˥ˬ  ˪˷ὥ  ˧˲˪Ὑ  ˞˧ˢ˴ˣ˟˵ s˸˞˧˶˟ ˫˧

˷˧˸ˬ ˫˧˯˥˧-˪ὥ: ὥὙ= ὦɴ ὃ:ὥὙὦ. 

5. ˢ˵ˣ˪˥  ˢ˴ˣ˟˵ ˪˷ὃ ˪ ˸ˣ˧˵˪˥ ˸ˣ˴ˣ˟˵ ˪˷ ˶ˤ ˱˯ˣ˞ ˞˧ˢ- ὃ  ˸˞ ˸ˣ˯˩ˬˢὃ ) ˭ˡˣ˥˧˞ ˶ˬˣ˪˩

˪ ˢˣˣ˷-ὃ(. 

 

˸ˣ˞ˬˠˣˡ: 

1. ˯˥˧ˢ "< " Ṓᴓ× ᴓ ˷ ˶ˬˣ˞ˢ-ὥ< ὦ ˬ˞" ˬὥ ˬ ˷ˬˬ ˭˦˵-ὦ 

2.  ˱˶ˠ˟Ὃ= ộὠ,ὉỚ  ˸ˣ˰˪˴ˢ ˸˴ˣ˟˵Ὁ ˧ˡˣ˵ˡˣ˵ˢ ˪˰ ˯˥˧ ˞˧ˢ ˭˩˷ ˫ὉṒὠ× ὠ 

3.  ˯˥˧ ˶˧ˡˠˮὙṖᴓ× ᴓ ˰" ˧aRb ˬ˞"ˬ  ὥḳὦάέὨ 3 .˷ ˸ˣ˞˶˪ ˪˵ˤ ˞ˣˢˣ ˸ˣ˪˧˵˷ ˯˥˧ ˣˢ

 ˸˞ ˵˪˥ˬᴓ ˸ˣ˪˧˵˷ ˸ˣ˵˪˥ˬ ˷ˣ˪˷˪: 

¶ 7 Ὑ= 1,4,7,ȣ 

¶ 0 Ὑ= 0,3,6,9,ȣ 

¶ 5 Ὑ= 2,5,8,ȣ 

4.  ˪˰ ˫˧˞˟ˢ ˫˧˯˥˧ˢ ˪˰ ˪˩˸˯ˮᴓ: 

˯˥˧ ˧˟˧˯˵˪˲˶ ˧˶˦ˬ˧˯ ˧˟˧˦˧ˤˮ˶˦ 

< - - + 

¢ + - + 

= + + + 

ὥᶰὦ 1,ὦ+ 1  + + - 
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˸ˣ˧˴˵ˮˣ˲ 

 

˸ˣ˶ˡˠˢ: 

1.  ˯˥˧ὙṒὃ× ὄ  ˞˶˵ˮ˞˪ˬ  ˪˩ ˫˞ὥɴ ὃ ˯˥˧˟ ˱˸˸˷ˬ. 

2.  ˯˥˧ὙṒὃ× ὄ  ˞˶˵ˮ˧˩˶˰ ˡ˥  ˪˩˪ ˫˞ὥɴ ὃ  ˫˧˧˵ ˯˥˧˟ ˱˸˸˷ˬ˷ὦɴ ὄ  ˡ˧˥˧˨˩ ˷-

ὥὙὦ. 

3. ˢ˧˴˵ˮˣ˲ ˬ-ὃ ˪-ὄ  ˧˩˶˰ ˡ˥ˣ ˞˪ˬ ˯˥˧ ˞˧ˢὪṒὃ× ὄ ) ˪˩˪ὥɴ ὃ  ˡ˧˥˧ ˶˟˧˞ ˫˧˧˵ὦɴ ὄ 

˷ ˨˩-ὥ,ὦᶰὪ .( ˭ˬ˯ˮ ˢˤ ˢ˶˵ˬ˟Ὢ:ὃᴼὄ x-Ὢὥ = ὦ. 

4.  ˢ˧˴˵ˮˣ˲Ὢ:ὃᴼὄ  ˞˧ˢ˸˧˩˶˰ ˡ˥ ˡ˥ )˪ˢ˪ ˭˥˥"˰ ( ˪˩˪ ˫˞ὦɴ ὄ  ˶˸ˣ˧ˢ ˪˩˪ ˷˧ὥɴ ὃ 

˷ ˨˩ ˡ˧˥˧- Ὢὥ = ὦ. 

5.  ˢ˧˴˵ˮˣ˲Ὢ:ὃᴼὄ  ˞˧ˢ˪˰  ˪˩˪ ˫˞ὦɴ ὄ  ˫˧˧˵ὥɴ ὃ ˷ ˨˩- Ὢὥ = ὦ. 

6. ˢˮ˧˧ˢ˸ Ὢ:ὃᴼὄ,Ὣ:ὄᴼὅ .ˢ˟˩˶ˢˢ Ὣʐ Ὢ ˬ ˢ˧˴˵ˮˣ˲ ˞˧ˢ-ὃ ˪-ὅ ˷ˬɣxˡ˶ ˰˸"˧ 

Ὣʐ Ὢὥ = ὫὪὥ  ˪˩˪ὥɴ ὃ. 

7. ˷ ˶ˬ˞ˮ-Ὢ:ὃᴼὄ ˢ˩˧˲ˢ ˬ˞"ˬ  ˸ˬ˧˧˵Ὣ:ὄᴼὃ ˷ ˨˩-Ὢʐ Ὣ= id = Ὣ Ὢʐ.  ˢ˶˵ˬ˟

 ˭ˬ˯ˮ ˢˤὫ= Ὢ 1 ˷ ˶ˬ˞ˮˣ-Ὣ ˞˧ˢ ˸˧˩˲ˣˢˢ  ˪˷Ὢ. 

 

˦˲˷ˬ : ˧ˢ˸Ὢ:ὃᴼὄ . ˧ˤ˞Ὢ ˥˥"ˬ˞ ˪˰ˣ ˰" ˬὪ ˢ˩˧˲ˢ. 

 

˸ˣ˴ˣ˟˵ ˪˷ ˸ˣˬ˴ˣ˰ 

 

˸ˣ˶ˡˠˢ: 

1.  ˧ˢ˸ὃ ˸˧˲ˣ˯ ˢ˴ˣ˟˵ .ˢˬ˴ˣ˰ˢ  ˪˷ὃ ˭ˬˣ˯˸˷ ˰" ˧ȿὃȿ  ˫˧˶˟˧˞ˢ ˶˲˯ˬ ˞˧ˢ)˫˧ˮˣ˷ˢ (˟-ὃ. 

2.  ˸ˣ˴ˣ˟˵ ˧˸˷ ˢˮ˧˧ˢ˸ὃ,ὄ .˷ ˶ˬ˞ˮ-ὃ,ὄ ˢˬ˴ˣ˰ ˸ˣˣ˷  ˭ˬ˯ˮˣȿὃȿ= ȿὄȿ  ˢ˧˴˵ˮˣ˲ ˸ˬ˧˧˵ ˫˞

 ˢ˩˧˲ˢὪ:ὃᴼὄ. 

3.  ˢ˴ˣ˟˵ὃ  ˞˶˵˧˸ˢ˧ˮˬ ˸˟  ˫˞ȿὃȿ= ȿᴓȿ . ˫˧ˮˬ˯ˬȿᴓȿ= ᴥ0. 

4. ˷ ˶ˬ˞ˮ-ȿὃȿ< ȿὄȿ  ˢ˧˴˵ˮˣ˲ ˸ˬ˧˧˵ ˫˞Ὢ:ὃᴼὄ ˥˥ ˞˧ˢ˷"˪˰ ˢˮ˧˞ ˨˞ ˰ , ˭˧˲ˣ˪˧˥˪ ˣ˞

 ˸ˬ˧˧˵Ὣ:ὄᴼὃ ˥˥ ˢˮ˧˞˷ ˪˰"˰. 

 

 

 

˸ˣ˞ˬˠˣˡ: 

1. ȿᴓȿ= ȿ2ᴓȿ ˰" ˢ˧˴˵ˮˣ˲ˢ ˧() 2f n n= 

2. ȿᴚȿ= ȿᴓȿ . ˧˶˟˧˞ ˸˞ ˶ˡ˯˪ ˭˸˧ˮ˷ ˸ˣ˞˶ˢ˪ ˷˧ ˸˞ˤ ˸ˣ˞˶ˢ˪ ˧ˡ˩ᴚ ˦ˣ˷˲ ˢˤˣ ˢˬ˧˷˶˟ :

0,1, 1,2, 2,3, 3,4, 4,ȣ . ˭˲ˣ˞˟ ˣ˞˧˪˞ˬ˶ˣ˲ Ὢὼ =
ὼ

2
1 ὼ 

3. ȿᴓȿ= ȿᴗ+ȿ 
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ˢˮ˰˦ : ˢ˴ˣ˟˵ ˪˩˪ὃ  ˫˧˧˵˸ˬȿὃȿ< ȿ2ὃȿ 

 

ˢˮ˰˦ :ˢ˧ˮˬ ˸˟ ˢˮˮ˧˞˷ ˢ˴ˣ˟˵ ˸ˬ˧˧˵. 

ˢ˥˩ˣˢ : ˰˦˵ˢ ˪˰ ˪˩˸˯ˮ0,1 . ˪˩ὼɴ 0,1 ˰ ˡ˧˥˧ ˠˣ˴˧˧˪ ˭˸˧ˮ" ˧0.ὥ1ὥ2ȣὥὲȣ  ˶˷˞˩

ὥὭɴ 0,ȣ,9 .˷ ˢ˪˧˪˷˟ ˥˧ˮˮ-0,1 ˢ˧ˮˬ ˭˟ .˞˟ˢ ˭˲ˣ˞˟ ˣ˪˷ ˫˧˶˟˧˞ˢ ˪˩ ˸˞ ˫ˣ˷˶˪ ˭˸˧ˮ ˧ˤ˞: 

0.ὥ1
1ὥ2

1ȣὥὲ
1ὥὲ+ 1

1 ȣ 

0.ὥ1
2ὥ2

2ȣὥὲ
2ὥὲ+ 1

2 ȣ 

ể 

0.ὥ1
ὲὥ2
ὲȣὥὲ

ὲὥὲ+ 1
ὲ ȣ 

ể 

 ˶˲˯ˬˢ ˪˰ ˪˩˸˯ˮ0.ὥ1ὥ2ȣὥὯȣᶰ 0,1  ˪˩˪ ˶˷˞˩Ὧɴ ᴓ ˫˧˧˵˸ˬ ὥὯ ὥὯ
Ὧ . ˞˪ ˢˤˢ ˶˲˯ˬˢ

ˣˮ˪˷ ˫˧˶˲˯ˬˢ ˸ˬ˧˷˶˟ ˞˴ˬˮ ,ˢ ˢ˶ˣ˷˟ ˫ˣ˷˶ ˢ˧ˢ ˞ˣˢ ˫˞ ˧˶ˢ˷-ὲ ˫˧˧˵˸ˬ ˤ˞ ˪˲˧ ˷˧˶ˢˣ˫ ˣˮ˪˷ 

0.ὥ1ὥ2ȣὥὲȣ= 0.ὥ1
ὲὥ2
ὲȣὥὲ

ὲȣ , ˶˲˯ˬˢ ˸˶ˡˠˢ ˧˲˪ ˪˟˞ὥὲ ὥὲ
ὲ ˸˯˟ˢ˶˧ . 

J 
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˭ˣ˷˞˶ ˵˪˥ 

 

˸ˣ˲˷ˣ ˫˧˦ˬˣ˦ˣ˞ 
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˸ˣ˧˶˪ˣˠ˶ ˸ˣ˲˷ 

 

˫˧˧˲ˣ˯ ˫˧˦ˬˣ˦ˣ˞ 

 

˸ˣ˶ˡˠˢ: 

1. ˸˧˟˲˪˞ )˞"˟ ( ˫˧ˮˬ˧˯ ˪˷ ˸˧˲ˣ˯ ˢ˴ˣ˟˵ ˞ˣˢ{ }1,..., ns sS= .˞˟ ˫˧ˮˬ˧˯ˢ" ˫˧˞˶˵ˮ ˟

˸ˣ˧˸ˣ˞. 

2. ˢ˪˧ˬ  ˸ˣ˧˸ˣ˞ ˪˷ ˸˧˲ˣ˯ ˢ˶ˡ˯ ˞˧ˢ1 2... kw w w w= . ˸˞˶˵ˮ ˸ˣ˞ ˱˞ ˢ˟ ˭˧˞˷ ˢ˪˧ˬˢ

ˢ˵˧˶ˢ ˢ˪˧ˬˢ ˰ ˸ˮˬˣ˯ˬˣ" ˧e . ˢ˪˧ˬ ˸ˣ˧˸ˣ˞ ˪˩ ˫˞w ˞ ˨ˣ˸ˬ ˭ˢ" ˟S ˷ ˶ˬ˞ˮ-w  ˞˧ˢ

˪˰ˬ S. 

3.  ˪˰ˬ ˫˧˪˧ˬˢ ˪˩S  ˭ˢ{ }* :  is a word over w wS = S 

4. ˢ˲˷  ˫˧˪˧ˬ ˪˷ ˧ˢ˷˪˩ ˢ˴ˣ˟˵ ˞˧ˢ- 
*LËS. 

 

˶ˡˠˢ:s  ˧˦˯˧ˮ˧ˬ˶˦ˡ ˧˲ˣ˯ ˦ˬˣ˦ˣ˞)˯˞ ˭˪ˢ˪"l ( ˢ˧˧˷˧ˬ˥ ˞ˣˢ0, , , ,Q q FdS ˶˷˞˩: 

1. Q ˫˧˟˴ˬ ˪˷ ˸˧˲ˣ˯ ˢ˴ˣ˟˵ 

2. S ˞"˟ 

3. :Q Qd ³S­ ˫˧˶˟˰ˬ ˸˧˧˴˵ˮˣ˲ 

4. 0q QÍ ˧˸˪˥˸ˢ ˟˴ˬ 

5. F QË ˫˧˪˟˵ˬ ˫˧˟˴ˬ ˸˴ˣ˟˵ 

 

ˢˬˠˣˡ :{ }{ } {}1 1 2 3 1 2, , , 0,1 , , ,M q q q q qd= x-d ˰ ˸˶ˡˠˣˬ"ˢ˞˟ˢ ˢ˪˟˦ˢ ˧: 

1 1 2

2 3 2

3 2 2

0 1

q q q

q q q

q q q

d

 

˯˞ˢ ˸˞"˞˟ˢ ˭˲ˣ˞˟ ˶ˣ˧˴ ˸˶ˤ˰˟ ˶˞˸˪ ˭˸˧ˮ ˢˤˢ ˡ: 
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˸ˣ˶ˡˠˢ: 

1.  ˢ˪˧ˬ ˭˸ˮ˧ˢ˟1... nw w w= ,ˢ˴˧˶ r ˯˞ ˪˷" ˡM  ˪˰w  ˫˧˟˴ˬ ˸˶ˡ˯ ˞˧ˢ0 1... nr r r r= 

-˟Q ˷ ˨˩˸ˣ˞˟ˢ ˸ˣˮˣ˩˸ˢ ˸ˣˬ˧˧˵˸ˬ: 

¶ 0 0r q= )˧˸˪˥˸ˢˢ ˟˴ˬ˟ ˢ˪˧˥˸ˬ ˢ˴˧˶ˢ( 

¶  ˪˩˪1 1i n¢ ¢ -  ˫˧˧˵˸ˬ( )1 1,i i ir r wd+ += ) ˸˧˧˴˵ˮˣ˲˪ ˫˞˸ˢ˟ ˸ˬˡ˵˸ˬ ˢ˴˧˶ˢ

˫˧˶˟˰ˬˢ( 

2.  ˢ˴˧˶0... nr r r=  ˞˧ˢ˸˪˟˵ˬ  ˫˞nr FÍ , ˸˶˥˞r ˢ˥ˣˡ. 

3. ˯ ˞" ˡM ˪˟˵ˬ  ˢ˪˧ˬw  ˪˷ ˢ˴˧˶ˢ ˫˞M ˪˰w ˸˪˟˵ˬ ˞˧ˢ , ˸˶˥˞Mˢ˥ˣˡ  ˸˞w. 

4. ˯˞ ˪˷ ˢ˲˷"l  ˪˟˵ˬ ˞ˣˢ˷ ˫˧˪˧ˬˢ ˪˩ ˸˴ˣ˟˵ ˞˧ˢ- ( ){ }* :  accepts wL M w M= ÍS 

 

ˢˬˠˣˡ: ˯˞ ˢˮ˟ˮ" ˡ2M ˷ ˨˩-( ) { }{ }*

2 0,1 :  conatains the sequence 001L M w w= Í. 

 

˸ˣ˰ˬ˷ˬ ˷˧ ˫˧˟˴ˬ˪: 

¶ 0q-   ˱˴˶ˢ˷ ˧ˮ˲˪001 ˪˧˥˸ˬ 

¶ 1q-   ˣˮ˞˶˵0 

¶ 2q-   ˣˮ˞˶˵00 

¶ 3q-   ˣˮ˞˶˵001 

˧˶˥˞˷ ˸ˣ˞˶˪ ˭˸˧ˮ  ˟˴ˬ˪ ˣˮ˰ˠˢ ˶˟˩˷3q˥˴ˮ˪ ˣ˟ ˶˞˷˧ˮ ˣˮ˥ˮ˞ ,˦˪˵˪ ˶˷˵ ˞˪˪ . ˢ˟˧˯ˢ ˢˤ ˢ˶˵ˬ˟

 ˱˴˶ˢ˷ ˣˮ˵ˡ˟ ˶˟˩˷ ˞˧ˢ ˨˩˪001  ˶˞˷ ˭ˢˬ ˣˮ˪ ˸˲˩˞ ˞˪ ˣ˸ˣ˞ ˣˮ˞˴ˬ˷ ˰ˠ˶ˢˬˣ ˢ˪˧ˬ˟ ˞˴ˬˮ

ˢ˪˧ˬ˟ ˸ˣ˧˸ˣ˞ˢ . ˞˶˵ˮ ˢˤ˩ ˟˴ˬ˪˟˵ˬ ˶ˣ˟ .˸˞ˤ ˸ˬˣ˰˪ ,ˬ ˸ˣ˧ˢ˪ ˪ˣ˩˧ ˶˟˩ ˣ˧˪˞ ˣˮ˰ˠˢ˷ ˰ˠ˶˟˷ ˟˴

ˢˤ ˟˴ˬ˟ ˣˮ˸ˣ˞ ˶˧˞˷˧ ˦˪˵ ˪˩ ˭˩˪ˣ ˢ˲˷˟ ˢˮ˧˞ ˢ˪˧ˬˢ˷ ˶ˣ˶˟ . ˞˶˵ˮ ˢˤ˩ ˟˴ˬˢ˥ˣˡ ˶ˣ˟. 

1q 2q 3q

1

0

0,1

0

1

0q

0

1q 2q 3q

1 0

0,10 1
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ˢˬˠˣˡ :˯˞ ˶˧˧˴˪ ˧˞ˡ˩ ˡ˧ˬ˸ ˞˪"l .ˢ˲˷ˢ ˪˰ ˪˩˸˯ˮ ˪˷ˬ˪ 

{ }n:  contains the sequence 0 1nL w w= 

 ˣˢˬ ˰ˣˡ˧˷ ˢ˶˵ˬ˟n ˯˞ˢ ˸˞ ˶˧˧˴˪ ˭˸˧ˮ"ˢ˧˧˰˟ ˧˪˟ ˡ .˪˪˷ˬ ,˯˞ ˣˮ˶˧˧˴ ˸ˬˡˣ˵ˢ ˢˬˣˠ˟" ˶ˣ˟˰ ˡ

2L . ˶ˣ˞˧˸ ˸˸˪ ˦ˣ˷˲ ˱˧ˡ˰ ˧˪˪˩ ˭˲ˣ˞˟ ˪˟˞˧˪˞ˬ˶ˣ˲ ˯˞ˢ ˪˷"˞˟ˢ ˭˲ˣ˞˟ ˡ: 

{ }{ } { }0 1 1 0 1, ,..., , 0,1 , , ,n n nM q q q q qd+ += 

 ˶˷˞˩d ˞˟ˢ ˭˲ˣ˞˟ ˸˶ˡˠˣˬ: 

¶  ˶ˣ˟˰0q  ˶˧ˡˠˮ( )0 1,0q qd = x-( )0 0,1q qd = 

¶  ˶ˣ˟˰1 1i n¢ ¢ -  ˶˧ˡˠˮ( ) 1,0i iq qd += x-( ) 0,1iq qd = 

¶  ˶ˣ˟˰nq  ˶˧ˡˠˮ( ),0n nq qd = x-( ) 1,1n nq qd += 

¶ 1nq + ˪˟˵ˬ ˟˴ˬ , ˶ˬˣ˪˩( ) ( )1 1 1,0 ,1n n nq q qd d+ + += = 

 

ˢ˶ˡˠˢ : ˧ˢ˧0, , , ,A Q q Fd= S ˯˞"l . ˢ˧˴˵ˮˣ˲ ˶˧ˡˠˮ
* *:Q Qd ³S ­  ˨˶ˣ˞ ˪˰ ˢ˧˴˵ˣˡˮ˧˞˟

˦˪˵ˢ ˸˪˧ˬ: 

1. ( )* ,q qd e= 

2.  ˶ˣ˟˰
*uÍS x-aÍS ( ) ( )( )* *, , ,q ua q u ad d d= 

 ˢ˷˰ˬ˪( )* ,q wd ˰˧ˠ˸ ˣ˧˪˞˷ ˟˴ˬˢ ˞ˣˢ A  ˪˰ ˢ˴˧˶˟w  ˟˴ˬˢˬ ˢ˪˧˥˸ˬ˷q . ˤ˞ˣ

( )*

0,q w Fd Í ˬ˞" ˬ()w L AÍ. 

ˢˬˠˣˡ :˯˞ ˢˮ˟ˮ"l  ˢ˲˷ˢ ˶ˣ˟˰{ } ( )
*

1

1

... 0,1 : 0 mod3
n

n i

i

L w w w
=

ë û
= Í ¹ì ü
í ý

ä: 

 

2q

0q

1q

0

1

00

1

1

A
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 ˪˷ ˫˧˶˟˰ˬˢ ˸˧˧˴˵ˮˣ˲A˰ ˶ˡˠˣˬ" ˧( ),0i iq qd = x-( ) ( )1 mod3
,1i i

q qd
+

=  ˪˩˪0 2i¢ ¢. 

 ˪˩˪˷ ˭˰˦ˮ{ }1... 0,1 *nw w w= Í  ˫˧˧˵˸ˬ( )*

0, jq w qd =  ˶˷˞˩
1

mod3
n

i

i

j w
=

å õ
=æ ö
ç ÷
ä . ˥˧˩ˣˮ

 ˪˷ ˨˶ˣ˞ˢ ˪˰ ˢ˧˴˵ˣˡˮ˧˞˟ ˸˞ˤw. 

1.  ˫˞w e=  ˤ˞( )*

0 0,q qd e=  ˞ˣˢ ˫ˣ˩˯ˢ ˭˩˞ˣ0. 

2.  ˶ˣ˟˰ ˥˧ˮˮ1 1... nw w-  ˶ˣ˟˰ ˥˧˩ˣˮˣ1... nw w . ˫˧˧˵˸ˬ ˢˡˠˢˢ ˧˲˪

( ) ( )( ) ( )* *

0 1 1 1, .. ... , ,n n n j nq w w w w w q wd d d d-= =  ˶˷˞˩
1

1

mod3
n

i

i

j w
-

=

å õ
=æ ö
ç ÷
ä .

˸˰˩ , ˫˞0nw =  ˭˩ˣ ˢˮ˸˷ˬ ˞˪ ˫ˣ˩˯ˢ ˤ˞( ),j n jq w qd = . ˫˞ˣ1nw =  ˤ˞

( ) ( )1 mod3
,j n j

q w qd
+

= ˟ ˪ˡˠ ˫ˣ˩˯ˢ ˫ˠ ˪˟˞-1  ˱˯ˣˣ˸ˢ ˭˩˪ˣ1 ˸˧˶˞˷˪. 

ˢˮ˰˦ˢ ˸ˬ˧˧˵˸ˬ˷ ˣˮ˧˞˶ˢ .˷ ˫˧˧˵˸ˬ ˦˶˲˟-( )
1

0 mod3
n

i

i

w
=

¹ä ˬ˞" ˬ( )*

0 0,q w qd =  ˭˩˪ˣ

()L A L=. 

 

ˢ˶ˡˠˢ : ˢ˲˷
*LËS  ˸˞˶˵ˮ˸˧˶˪ˣˠ˶ ˯˞ ˫˧˧˵ ˫˞" ˡM ˷ ˨˩-( )L M L=.  ˸˵˪˥ˬ ˸˞ ˭ˬ˯ˮ

˟ ˸ˣ˧˶˪ˣˠ˶ˢ ˸ˣ˲˷ˢ-DFA. 

 

ˢ˶ˡˠˢ : ˢˮ˧˧ˢ˸
*

1 2,L L ËS  ˪˰ˬ ˭ˢ˷˪˩ ˸ˣ˲˷S .˞ ˶˧ˡˠˮ˸ˣ˲˷ˢ ˪˰ ˸ˣ˞˟ˢ ˸ˣ˪ˣ˰˲ˢ ˸: 

¶ ˡˣ˥˧˞ :{ }1 2 1 2:L L w w L w LÇ = Í Ù Í 

¶ ˨ˣ˸˧˥ :{ }1 2 1 2:L L w w L w LÆ = Í Ø Í 

¶ ˫˧˪˷ˬ :{ }1 1:L w w L= Î 

¶ ˟˩ˣ˩ :{ }*

1 1 1... :0 1k iL w w k i k w L= ¢ Ø" ¢ ¢ Í 

 

˦˲˷ˬ : ˢˮ˧˧ˢ˸1 2,L L ˸ˣ˧˶˪ˣˠ˶ ˸ˣ˲˷ . ˧ˤ˞1 2L LÇ ˸˧˶˪ˣˠ˶. 

ˢ˥˩ˣˢ :1 2,L L ˸ˣ˧˶˪ˣˠ˶ .ˢ˟ ˥˧ˮˮ"˷ ˩-1 2,L L ˞ ˣ˸ˣ˞ ˪˰ˬ ˭ˢ˧˸˷"˟ . ˡˣ˥˧˞ ˪˞ ˪˩˸˯ˮ ˸˶˥˞

˞ˢ"˭ˢ˪˷ ˫˧˟ . ˣ˧ˢ˧1 2,A A ˯˞"ˢˬ˞˸ˢ˟ ˭˸ˣ˞ ˫˧˪˟˵ˬ˷  ˫˧ˡ .˷ ˥˧ˮˮ-, , , ,i i i i iA Q s Fd= S. 

˯˞ ˶˧ˡˠˮ" ˷ˡ˥ ˡ0, , , ,A Q s Fd= S ˶˷˞˩: 
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¶ 1 2Q Q Q= ³ 

¶ ( )0 1 2,s s s= 

¶ ( )( ) ( ) ( )( )1 2 1 1 2 2, , , , ,q q q qd s d s d s= 

¶ 
1 2 1 2F F Q Q F= ³ Ç ³ 

˷ ˞ˣˢ ˭ˣ˧˰˶ˢ-A  ˪˰ ˳˶ ˢ˷˰ˬ˪
1A  ˪˰ˣ2A ˪˟˵ˬ ˟˴ˬ˪ ˰˧ˠˢ ˫ˢˬ ˡ˥˞ ˫˞ ˪˟˵ˬˣ ˭ˬ˷ ˣ˸ˣ˞˟. 

˷ ˥˧˩ˣˮ-() ( ) ( )1 2L A L A L A= Ç: 

)Ë( ˷ ˥˧ˮˮ-()1... nw w w L A= Í . ˸˪˟˵ˬ ˢ˴˧˶ ˸ˬ˧˧˵ ˧ˤ˞0 1... nr r r r=  ˪˷A ˪˰w . ˭ˬ˯ˮ

( )1 2,i i

ir q q= . ˸˶ˡˠˢˬA ˷ ˰˟ˣˮ-
0 1... n

i i i it q q q=  ˪˷ ˢ˴˧˶ˢ ˞˧ˢiA  ˪˰w .˷ ˶˥˞ˬ-

1 2 1 2nr F Q Q FÍ ³ Ç ³ ,˷ ˰˟ˣˮ-1 1

nq FÍ ˞ ˣ2 2

nq FÍ , ˶ˬˣ˪˩( ) ( )1 2w L A L AÍ Ç. 

)È( ˷ ˥˧ˮˮ-( ) ( )1 2w L A L AÍ Ç .ˢ˟" ˩( )1w AÍ . ˧ˢ˸
0 1... n

i i i it q q q=  ˪˷ ˢ˴˧˶ˢiA  ˪˰w .

 ˢ˶ˡˠˢˢ ˧˲˪ ˧ˤ˞0 1... nr r r r=  ˪˷ ˢ˴˧˶ˢ ˞˧ˢA  ˪˰w  ˶˷˞˩( )1 2,i i

ir q q= .˷ ˣˮ˥ˮˢ ˪˟˞-

( )1w L AÍ . ˭˩˪1 1

nq FÍ . ˭˩˪nr FÍ ,ˬˣ˪˩ ˶()w L AÍ. 

J 

 

ˢˬˠˣˡ :˸ˣ˲˷ˢ ˸˞ ˶˧ˡˠˮ ˸ˣ˞˟ˢ :{ } { }1 2:  is even , :  is oddL w w L w w= =  ˪˰ˬ{}a. 

 

1q 1s 2q
2s

a

a

a

a

1A
2A

a

a

( )1 2,q q ( )1 2,s s

( )1 2,q s ( )1 2,s q

A
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˷ ˶˥˞ˬ-
*

1 2L LÇ =S  ˡ˥˞ ˟˴ˬ ˵˧˲˯ˬ ˢ˧ˢ˯˞ˢ ˢ˲˷ˢ ˸˞ ˶˞˸˪ ˪˧˟˷˟" ˣˮ˧ˮ˟˷ ˡ

ˬˢ ˦ˬˣ˦ˣ˞ ˞˶˵ˮ ˢ˥˩ˣˢ˟ˢ˪˲˩ .˧ˮˤ˟ˤ˟ ˸ˣ˧ˢ˪ ˪ˣ˩˧ ˢ˪˲˩ˬˢ ˦ˬˣ˦ˣ˞˷ ˫˧˞ˣ˶ ˣˮ˥ˮ˞ ˤ˞ .˭˩ ˣˬ˩ , ˭˸˧ˮ

˫˧ˠ˧˷˧ ˞˪ ˫˧˟˴ˬ ˣˮ˪˟˧˵˷ ˭˞˩ ˸ˣ˞˶˪ .˪˟˞ , ˸ˣˮ˟˪ ˭˸˧ˮ ˡ˧ˬ˸ˢ˪˲˩ˬˢ ˦ˬˣ˦ˣ˞ ˸˞  ˢˬ˴ˣ˰ˢ ˸˞ˤˣ

˦˲˷ˬˢ ˪˷ . 

 

ˢ˶˰ˢ :˯˞ ˪˷ ˢ˶ˡˠˢ˟ ˫ˮˬ˞" ˡd ˢˬ˪˷ ˢ˧˧˴˵ˮˣ˲ ˞˧ˢ ,˸ˣ˟˶ ˫˧ˬ˰˲ ˪˰ˣ˲˟ ˨˞ ˯˞ ˫˶˧˧˴ˬ˷˩" ˡ

˫˧˶˟˰ˬˢ ˸˧˧˴˵ˮˣ˲ ˪˷ ˫˧˶˟˰ˬˢ ˪˩ ˸˞ ˫˧˶˧˧˴ˬ ˞˪ . ˸ˣ˞ ˷˧ ˫˞s  ˟˴ˬˣq  ˫˶ˣ˟˰˷( ),qd s  ˞˪

˸˶ˡˠˣˬ ,˯˞ˢ ˫˞˷ ˞˧ˢ ˢˮˣˣ˩ˢ" ˟˴ˬ˟ ˞˴ˬˮ ˡq  ˸ˣ˞ˢˣs ˯˞ˢ ˤ˞ ˦˪˵ˢˬ ˢ˰˧ˠˬ" ˡ"˰˵˸ˮ "

ˢ˪˧ˬˢ ˸˞ ˢ˥ˣˡˣ .˰ ˶ˣ˞˧˸˪ ˭˸˧ˮ ˢˤ ˟˴ˬ˷ ˶ˣ˶˟"ˢ˞˪ˬ ˫˧˶˟˰ˬ ˸˧˧˴˵ˮˣ˲ ˧ . ˢ˥ˣˡ ˶ˣ˟ ˱˧˯ˣˮ ˦ˣ˷˲

 ˫˧˶ˣˬ˞˷ ˫˧˦˪˵ˢ ˪˩ ˸˞ ˶˧˟˰ˮ ˣ˧˪˞ˣ"˰˵˸˧ˢ˪ ."ˢˤ ˶˷˵ˢ˟ , ˦ˬˣ˦ˣ˞ ˸˞ ˫˧ˮˣ˟ ˶˷˞˩˷ ˭˧˧˴˪ ˟ˣ˷˥

ˢ ˸˧˧˴˵ˮˣ˲ ˪˷ ˢ˞˪ˬˢ ˢ˶ˡˠˢ˟ ˷ˬ˸˷ˢ˪ ˟ˣ˷˥ ˢ˪˲˩ˬˢ˫˧˶˟˰ˬ. 

 

ˢˬˠˣˡ :{} {} *

1 2, ,a L a LS= = =S 

 

 ˪˷ ˢ˞˪ˬˢ ˢ˶ˡˠˢ˟ ˫˧˷ˬ˸˷ˬ ˞˪ˣ ˢ˪˲˩ˬˢ ˦ˬˣ˦ˣ˞ ˸˞ ˫˧ˮˣ˟ ˶˷˞˩ ˢ˶ˣ˵ ˢˬ1d? 

˦˲˷ˬ : ˢˮ˧˧ˢ˸1 2,L L ˸ˣ˧˶˪ˣˠ˶ ˸ˣ˲˷ . ˧ˤ˞1 2L LÆ ˧˶˪ˣˠ˶.˸ 

ˢ˥˩ˣˢ :˫ˡˣ˵ˢ ˦˲˷ˬˢ ˪˷ ˢ˥˩ˣˢ˪ ˢˬˣˡ ˭˲ˣ˞˟ , ˢ˪˲˩ˬˢ ˦ˬˣ˦ˣ˞˟˷ ˞˪˞1 2F F F= Æ. 

J 

 

˫ˤ˧ˮ˧ˬ˶˦ˡ ˧˞ 

 

ˢˬˠˣˡ : ˢ˲˷ˢ ˶ˣ˟˰ ˢ˞˟ˢ ˫˧˟˴ˬˢ ˸ˮˣ˩ˬ ˪˰ ˪˩˸˯ˮ{ }:  contains the sequence 101L w w= 

 

0,1

1q0q 2q 3q

0,1

1 10

1q 1s 2qa

a
1A 2A
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 ˟˴ˬ˟0q ˪˵ˢˬ ˢ˰˧ˠˬ ˶˷˞˩ ˸ˣ˞ˢ ˦1 ˟ ˶˞˷˧ˢ˪ ˨˧˶˴ ˫˞ˢ ˶ˣ˶˟ ˞˪-0q ˪ ˶ˣ˟˰˪ ˣ˞-1q .˪˷ˬ˪ ,

 ˢ˪˧ˬˢ ˶ˣ˟˰101 ˸ˣ˴˧˶ ˧˸˷ ˸ˣ˧ˢ˪ ˸ˣ˪ˣ˩˧ :0 0 0 1q q q q x-0 1 2 3q q q q .ˢ˴˧˶ˢ  ˣ˪˧˞ˣ ˢ˥ˣˡ ˢˮˣ˷˞˶ˢ

˸˪˟˵ˬ ˢ˧˧ˮ˷ˢ . ˫˞˷ ˢ˞˶˸ ˢ˶˴˵ ˢ˵˧ˡ˟w LÎ ˢ˶ˣ˟˰ ˸˪˟˵ˬ ˢ˴˧˶ ˸ˬ˧˧˵ ˞˪. 

 

˶ˡˠˢ˸ˣ: 

1. ˧˦˯˧ˮ˧ˬ˶˦ˡ ˞˪ ˧˲ˣ˯ ˦ˬˣ˦ˣ˞ )˯˞ ˭˪ˢ˪"˪ ( ˢ˧˧˷˧ˬ˥ ˞ˣˢ0, , , ,A Q Q Fd= S ˶˷˞˩: 

¶ Q ˫˧˟˴ˬ ˪˷ ˸˧˲ˣ˯ ˢ˴ˣ˟˵ 

¶ S ˞"˧˲ˣ˯ ˟ 

¶ {}( ): 2QQd e³ SÇ ­ ˸˧˦˯˧ˮ˧ˬ˶˦ˡ ˞˪ ˫˧˶˟˰ˬ ˸˧˧˴˵ˮˣ˲ 

¶ 0Q QË ˫˧˧˸˪˥˸ˢ ˫˧˟˴ˬ ˸˴ˣ˟˵ 

¶ F QË ˵˫˧˪˟˵ˬ ˫˧˟˴ˬ ˸˴ˣ˟ 

2. ˢ˴˧˶ ˯˞ ˪˷" ˪A  ˪˰
*

1... nw w w= ÍS ˡ˯ ˞˧ˢ ˫˧˟˴ˬ ˸˶0 1... mr r r r= ˷ ˨˩- 

¶  ˸˞ ˟ˣ˸˩˪ ˭˸˧ˮw ˩-1... mw y y=  ˶˷˞˩{}iy eÍSÇ ) ˸˞ ˡ˲˶˪ ˭˸˧ˮw ˰" ˧e

-˫˧( 

¶ 0 0r QÍ )˸ˬ ˶ˬˣ˪˩˧˸˪˥˸ˢ ˟˴ˬˬ ˢ˴˧˶ˢ ˸˞ ˫˧˪˧˥( 

¶ ( )1 1,i i ir r yd+ +Í )˫˧˶˟˰ˬˢ ˸˧˧˴˵ˮˣ˲ ˧˲˪ ˸ˬˡ˵˸ˬ ˢ˴˧˶ˢ( 

3.  ˢ˴˧˶r ˯˞ ˪˷" ˪A  ˪˰
*wÍS  ˞˧ˢ˸˪˟˵ˬ  ˫˞nr FÍ . ˞˧ˢ ˸˶˥˞ˢ˥ˣˡ. 

4. ˯ ˞" ˪A ˪˟˵ˬ  ˢ˪˧ˬw  ˪˷ ˸˪˟˵ˬ ˢ˴˧˶ ˸ˬ˧˧˵ ˫˞A  ˪˰w . ˞ˣˢ ˸˶˥˞ˢ˥ˣˡ ˢ˸ˣ˞. 

5. ˯˞ ˪˷ ˢ˲˷"˪ A ˷ ˫˧˪˧ˬˢ ˪˩ ˞˧ˢ-A  ˪˟˵ˬ- (){ }:  accepts L A w A w=. 

6. ˪˥ˬ ˸˞ ˭ˬ˯ˮ˰ ˸ˣ˪˟˵˸ˬ˷ ˸ˣ˲˷ˢ ˸˵"˯˞ ˧"˟ ˪-NFA. 

ˢˬˠˣˡ : ˸ˣ˞ˢ ˪˷ ˸ˣ˰ˬ˷ˬˢe ˢ˪˧ˬˢˬ ˸ˣ˞ ˪˷ ˢ˞˧˶˵ ˞˪˪ ˞˟ˢ ˟˴ˬ˪ ˶ˣ˟˰˪ ˭˸˧ˮ˷ ˞ˣˢ ˦˪˵˟ .

˪˷ˬ˪ ,˯˞ˢ ˪˰ ˪˩˸˯ˮ"˞˟ˢ ˪: 

 

ˣ˴˧˶ˢ ˸˥˞ ˢ˪˧ˬˢ ˶ˣ˟˰ ˸ˣ˧˶˷˲˞ˢ ˸11  ˞˧ˢ0 1 2 3q q q q . ˪˰ ˫˧˪˩˸˯ˬ ˫˞ ˸˪˟˵˸ˬ ˣˤ ˢ˴˧˶11 

 ˪˰˩1 1e. ˬ ˶˟˰ˬˢ-1q ˪-2q  ˞˶˵ˮ ˡ˰˴e. 

 

 

 

0,1

1q0q 2q 3q

0,1

1 10,e
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˦˲˷ˬ :˯˞ ˪˩˪" ˪A ˯˞ ˫˧˧˵" ˪'A  ˧ˡ˰˴ ˞˪˪e ˷ ˨˩-() ( )'L A L A= . ˸˞ ˭˩ ˣˬ˩'A  ˭˸˧ˮ

 ˭ˬˤ˟ ˟˷˥˪˧˪˞˧ˬˣˮ˧˪ˣ˲. 

ˢ˥˩ˣˢ :˵˪ ˭˸˧ˮ˷ ˞ˣˢ ˭ˣ˧˰˶ˢ˰ ˣ˧˪˞ ˰˧ˠˢ˪ ˭˸˧ˮ˷ ˟˴ˬ˪ ˟˴ˬ ˪˩ ˶˧˷˧ ˭˲ˣ˞˟ ˶˷" ˧˶˟˰ˬ ˪˷ ˢ˶ˡ˯ ˧

e. 

 ˧ˢ˧0, , , ,A Q Q Fd= S ˯˞"˪ . ˟˴ˬ ˶ˣ˟˰q QÍ  ˸˞ ˶˧ˡˠˮ()E q  ˫˧˟˴ˬˢ ˸˴ˣ˟˵ ˸ˣ˧ˢ˪'q  ˨˩

ˠˢ˪ ˭˸˧ˮ˷ˬ ˰˧-q ˪-'q ˰"˭ˣ˪˧˯˲˞ ˧˶˟˰ˬ ˸˶ˡ˯ ˧ . ˫˧˟˴ˬ ˢ˴ˣ˟˵ ˶ˣ˟˰S QË  ˶˧ˡˠˮ

() ()
q S

E S E q
Í

=8. 

 ˟˴ˬ ˭˸ˮ˧ˢ˟q  ˸˞ ˞ˣ˴ˬ˪ ˪˵()E q ˧˪˞˧ˬˣˮ˧˪ˣ˲ ˭ˬˤ˟˰ ˸"˞˟ˢ ˫˸˧˶ˣˠ˪˞ˢ ˧: 

1. {}0S q«  

2. 0i«  

3. repeat 

3.1. ( )( ){ }1 ' : '' ' '',i i iS S q q S q qd e+« Ç $ Í Í  

3.2. 1i i« +  

until 1i iS S-=  

4. return iS  

˸˧˪˞˧ˬˣˮ˧˪ˣ˲ ˭ˬˤ˟ ˶˴ˣ˰ ˫˸˧˶ˣˠ˪˞ˢ˷ ˶ˣ˶˟ , ˪˩˪ ˧˶ˢ˷0 i<  ˫˧˧˵˸ˬ1i iS S+Ë  ˸˞ ˰˴˟˪ ˭˸˧ˮ ˭˩˪ˣ

 ˟˪˷)2.1 ( ˶˸ˣ˧ˢ ˪˩˪Q ˫˧ˬ˰˲ . ˪˩ ˪˰ ˶ˣ˟˰˪ ˷˧ ˢ˧˴˶˦˧˞ ˪˩˟Q  ˪˩˪ ˭˩˪ˣq  ˨˶˦˴ˮ( )2
O Q 

˧ˡ˰˴ ˫. ˸˞ ˟˷˥˪ ˪˧˟˷˟()E q  ˪˩˪q QÍ ˢ˯ ˨˶˦˴ˮ" ˩( )3O Q ˫˧ˡ˰˴. 

˭˩ ˭ˬ˩ , ˸˞ ˶˧ˤ˥ˬ ˭˩˞ ˫˸˧˶ˣˠ˪˞ˢ˷ ˰ˮ˩˸˷ˢ˪ ˪˵ ˶ˣ˶˟()E q ˢ˪˰ˬ˪ ˢ˸ˣ˞ ˣˮ˶ˡˠˢ˷ ˧˲˩. 

 

 ˸˞ ˶˧ˡˠˢ˪ ˪˩ˣˮ ˸˰˩0' ', ', ', , 'A Q Q Fd ¡= S ˞˟ˢ ˭˲ˣ˞˟: 

¶ 'Q Q= 

¶ 'S =S 

¶ ( ) ( )( ) ()
( )' ,

' , , '
q q

q E q E q
d s

d s d s
Í

= =8 

¶ ( ) ( )
0 0

0 0 0

q Q

Q E Q E q
Í

¡= =8 

¶ 'F F= 
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˷ ˢ˞˶ˮ ˸˰˩-() ( )'L A L A=: 

)Ë( ˮ ˢ˪˧ˬ ˶ˣ˟˰˷ ˢ˞˶1... nw w  ˪˷ ˢ˴˧˶ ˷˧ ˫˞A  ˢ˧˪˰0... tr r  ˪˷ ˢ˴˧˶ ˫ˠ ˷˧ ˤ˞'A  ˢ˧˪˰

˟ ˸ˬ˧˧˸˯ˬ˷-tr . ˦˶˲˟˷˧˷ ˫˧˪˧ˬˢ ˪˩ ˶ˣ˟˰ ˭ˣ˩ˮ ˢ˧ˢ˧ ˢˤ ˷ ˨˩ ˢ˴˧˶ ˭˶ˣ˟˰-tr FÍ ˞x˷ ˪˟˵ˮ ˤ-

() ( )'L A L AË .ˢ ˧˲˴˶ ˶˲˯ˬ ˪˰ ˢ˧˴˵ˣˡˮ˧˞˟ ˢˮ˰˦ˢ ˸˞ ˥˧˩ˣˮ-e  ˢ˴˧˶˟0... tr r. 

1.  ˧˶˟˰ˬ ˢ˴˧˶˟ ˭˧˞ ˫˞e  ˤ˞0... tr r ˟ ˢ˴˧˶ ˫ˠ ˞˧ˢ-'A ˢ˶ˣ˶˟ ˢˮ˰˦ˢˣ. 

2.  ˶ˣ˟˰ ˥˧ˮˮk  ˧˲˴˶e  ˶ˣ˟˰ ˥˧˩ˣˮˣ1k+ .˟ ˭ˬ˯ˮ-m ˢ ˱˴˶ ˧ˮ˲˪˷ ˯˵ˡˮ˧˞ˢ ˸˞-e  ˭ˣ˶˥˞ˢ

˟ˣ-l ˢ ˯˵ˡˮ˧˞ˢ ˸˞˱˴˶ ˪˷ ˭ˣ˶˥˞ s-e ˭ˣ˶˥˞ˢ . ˢ˴˧˶˟ ˪˩˸˯ˮ ˤ˞0 1 1... ... ...m m l l tr r r r r r+ + .

˟ ˢ˴˧˶ ˷˧ ˢ˧˴˵ˣˡˮ˧˞ˢ ˸˥ˮˢ ˧˲˪-'A ˪ ˢ˰˧ˠˬ˷-mr  
  ˫ˠ ˶˷˞˩ὃ  ˫ˠˣὃᴂ  ˢˤ ˟˪˷ ˡ˰ ˣ˞˶˵

 ˞˷˧˶ˢ ˢ˸ˣ˞ ˸˞ύ1ȣύὯ  ˪˷ύ.  ˸˶ˡˠˢ ˧˲˪ ˸˰˩'d ˟ ˷˧-'A ˬ ˶˟˰ˬ-mr ˪-lr.  ˭˩˪

 ˸˞˧˶˵˟ύὯ+ 1 ὃᴂ ˪ ˰˧ˠˬ-ὶὰ  ˣ˪˧˞ˣὃ  ˸˞ ˞˶ˣ˵ύὯ+ 1 ,˪ ˶˟ˣ˰-ὶά+ 1  ˧ˡ˰˴˟ ˨˧˷ˬˬ ˫˷ˬˣ

˪ ˭ˣ˪˧˯˲˞-ὶὰ .˟ ˫˧˞˴ˬˮ ˫ˢ˧ˮ˷ˣ ˦˪˵ˢ ˣ˸ˣ˞ ˸˞ ˣ˞˶˵ ˫˧˦ˬˣ˦ˣ˞ˢ ˧ˮ˷ ˸˰˩-ὶὰ . ˫˧˶˟˰ˬˢ

˥˞˷" ˧˶˟˰ˬ ˫ˮ˧˞ ˫ˢ ˩e ˟ ˭˩˪ˣ-'A ˬ ˰˧ˠˢ˪ ˭˸˧ˮ-lr ˪-tr 
˟ ˣˬ˩ ˭˲ˣ˞ ˣ˸ˣ˞˟ ˵ˣ˧ˡ˟-ὃ. 

)È(  ˭˸ˮ˧ˢ˟˷ ˢ˞˶ˮ1... nw w w=  ˢ˴˧˶ˣ0 1... nr r r  ˪˷'A  ˢ˴˧˶ ˸ˬ˧˧˵1... tx x  ˪˷A  ˪˰w ˷ ˨˩-

t nx r= .ˢ˪˧ˬˢ ˨˶ˣ˞ ˪˰ ˢ˧˴˵ˣˡˮ˧˞˟ ˥˧˩ˣˮ: 

1.  ˫˞w e=  ˤ˞0 0r Q¡Í , ˶ˬˣ˪˩( )0 0r E QÍ . ˫˧ˬ˧˧˵ ˭˩˪0 0q QÍ  ˧˶˟˰ˬ ˸˶ˡ˯ˣe 

0 1... tq x x ˷ ˨˩-0tx r=  ˪˷ ˢ˴˧˶ ˣˤˣA  ˪˰e ˟ ˸ˬ˧˧˸˯ˬ˷-0r. 

2.  ˶ˣ˟˰ ˢˮˣ˩ˮ ˢˮ˰˦ˢ˷ ˥˧ˮˮ1... nw w  ˶ˣ˟˰ ˥˧˩ˣˮˣ1 1... n nw w w w+= . ˢ˴˧˶ ˷˧˷ ˥˧ˮˮ

0 1 1... n nr r r r +  ˪˷'A  ˪˰w .˷ ˶ˣ˶˟-0... nr r  ˪˷ ˢ˴˧˶ ˞˧ˢ'A  ˪˰1... nw w . ˸˥ˮˢ ˧˲˪ ˭˩˪

 ˪˷ ˢ˴˧˶ ˸ˬ˧˧˵ ˢ˧˴˵ˣˡˮ˧˞ˢA  ˪˰1... nw w ˟ ˸ˬ˧˧˸˯ˬ˷-nr .˟ ˣˤ ˢ˴˧˶ ˭ˬ˯ˮ-0 1... tx x x .

˷ ˰ˣˡ˧-( ) ( )1 1 1' , ' ,n n n t nr r w x wd d+ + +Í = . ˢ˶ˡˠˢˢ ˧˲˪ ˭˩˪( )( )1 1,n n nr E r wd+ +Í . ˧ˤ˞

 ˫˧ˬ˧˧˵( )1 1,n ny r wd +Í  ˧˶˟˰ˬ ˸˶ˡ˯ˣe 1... ky y  ˶˷˞˩1k ny r += . ˭˩˪0 1... ...t kx x y y 

 ˪˷ ˢ˴˧˶A  ˪˰w ˟ ˸ˬ˧˧˸˯ˬ˷-1nr +. 

J 

 

 

˦˲˷ˬ :˯˞ ˪˩˪" ˪A ˯˞ ˫˧˧˵" ˡ'A ˷ ˨˩-() ( )'L A L A= . 

ˢ˥˩ˣˢ :˯˞ ˧ˢ˧" ˪0, , , ,A Q Q Fd= S .ˢ˟"˪ ˩-A  ˧ˡ˰˴ ˭˧˞e , ˶ˬˣ˪˩: 2QQd ³S­.  ˶˧ˡˠˮ

˯˞" ˡ0' ', , ', , 'A Q q Fd ¡= S ˶˷˞˩: 

¶ ' 2QQ =
 ˫˧˟˴ˬˢ ˪˷ ˸ˣ˧˵˪˥ˢ ˸ˣ˴ˣ˟˵ˢ ˪˩. 
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¶ ( ) ( )' , ,
s S

S sd s d s
Í

=8 . ˸ˣ˞ˢ ˸˞˧˶˵˟ ˫ˢ˧˪˞ ˶ˣ˟˰˪ ˭˸˧ˮ˷ ˫˧˟˴ˬˢ ˸˴ˣ˟˵ ˧ˢˣˤ ˢ˷˰ˬ˪

s ˟˷ ˫˧˟˴ˬˢˬ ˡ˥˞ˬ-S. 

¶ 0 0q Q¡= 

¶ { }' :F S S F= Æ ¸Å 

˯˞ˢ˷ ˞ˣˢ ˭ˣ˧˰˶ˢ" ˡ'A ˷ ˫˧˟˴ˬˢ ˪˩ ˸˞ ˣ˪˷ ˢ˴˧˶˟ ˭ˣ˟˷˥˟ ˥˵˧˧-A ˫ˢ˟ ˸ˣ˧ˢ˪ ˢ˧ˢ ˪ˣ˩˧ . ˫˞ˣ

ˡ˥˞ ˪˟˵ˬ ˟˴ˬ ˸ˣ˥˲˪ ˫˧˟˴ˬˢ ˸˴ˣ˟˵˟ ˷˧ ˢ˴˧˶ˢ ˱ˣ˯˟ ,˪˷ ˭ˬ˧˯-A  ˢ˴˧˶ ˸ˣ˧ˢ˪ ˢ˪ˣ˩˧ ˢ˸˧˧ˢ

 ˭˩˪ˣ ˢ˪˧ˬˢ ˪˰ ˸˪˟˵ˬ'A ˪˟˵ˬ. 

˷ ˥˧ˮˮ-()1.. nw w w L A= Í . ˸˪˟˵ˬ ˢ˴˧˶ ˸ˬ˧˧˵ ˧ˤ˞0 1... nq q q  ˶˷˞˩0 0, nq Q q FÍ Í  ˪˩˪ˣ

0 i n¢ < ( )1 1,i i iq q wd+ +Í . ˪˷ ˢ˴˧˶ˢ ˧ˤ˞'A  ˪˰w  ˢ˧ˢ˸0 1... nr r r  ˶˷˞˩0 0r q¡=  ˪˩˪ˣ

0 i n¢ < ( )1 1,
i

i i

s r

r s wd+ +

Í

=8 . ˪˩˪i  ˫˧˧˵˸ˬi iq rÍ . ˦˶˲˟ ˭˩˪n nq rÍ x-'nr FÍ , ˶ˬˣ˪˩

( )'w L AÍ. 

˧ˮ˷ ˡ˴ˬ , ˫˞( )'w L AÍ  ˢ˴˧˶ˢ ˤ˞0 1... nr r r  ˪˷'A  ˪˰w ˸˪˟˵ˬ ˞˧ˢ . ˶ˬˣ˪˩0 0r q¡= ,

'nr FÍ  ˪˩˪ˣ0 i n¢ <  ˫˧˧˵˸ˬ( ) ( )1 1 1' , ,
i

i i i i

s r

r r w s wd d+ + +

Í

= =8 . ˶ˣ˥˟˪ ˪˩ˣˮ ˢ˪˞ ˨ˣ˸ˬ

 ˢ˶ˡ˯0 1... nq q q ˷ ˨˩-i iq rÍ ,nq FÍ x-( )1 1,i i iq q wd+ +Í  ˪˩˪0 i n¢ < . ˢ˴˧˶ ˞˧ˢ ˸˞ˤ

 ˪˷ ˸˪˟˵ˬA  ˪˰w . ˭˩˪()w L AÍ. 

J 

 

ˢ˶˰ˢ :˯˞ˬ ˶˟˰ˬˢ"˯˞˪ ˪"˸˧˩˧˶˰ˬ ˪ˣˡˠ˪ ˪ˣ˩˧ ˫˧˟˴ˬˢ ˶˲˯ˬ ˪ˣ˵˷ ˡ!! 

 

ˢˬˠˣˡ : 

 

 ˞˶˵ˮ ˭˞˩ ˫˧˷ˣ˰˷ ˨˧˪ˢ˸ˢ˭ˣ˴˶˧˥. 

0,1

1q0q 2q

0,1

1 0

A

'A

{ }0q { }0 1,q q { }0 2,q q { }0 1 2, ,q q q
1

1

1

0 0

0

0

1
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˦˲˷ˬ : ˸ˣ˲˷ ˪˷ ˢ˥˲˷ˬ ˷˧{ }nL  ˪˩˪˷ ˨˩1 n¢ ˫˧˧˵˸ˬ: 

1. nL ˰ ˧ˣˢ˧ˤ˪ ˸ˮ˸˧ˮ"˯˞ ˧" ˫˰ ˪()O n ˫˧˟˴ˬ 

2. ˯˞ ˢ" ˶ˣ˟˰ ˶˸ˣ˧˟ ˭˦˵ˢ ˡnL  ˸ˣ˥˲˪ ˨˧˶˴2n
 ˫˧˟˴ˬ. 

ˢ˥˩ˣˢ :˶˧ˡˠˮ{ } { }{ }1 1 1 1... # : 1 1,..., ,...,n k k i k kL i k ns s s s s s s+ += " ¢ ¢ Í Ø Í ˞ˢ ˪˰ˬ" ˟

{ }1,..., ,#n nS =. 

˸˧˷˞˶ ,˯˞ ˢ˞˶ˮ" ˪˟˵ˬ˷ ˪˞ ˸nL  ˫˰()O n ˫˧˟˴ˬ .˯˞ˢ"˞˟ˢ ˭˲ˣ˞˟ ˪˰˲˧ ˪ : ˸˞ ˷˥ˮ˧ ˞ˣˢ

 ˢˮˣ˶˥˞ˢ ˸ˣ˞ˢ) ˷˧n ˥˸ˢ ˟˴ˬ ˸˥˞ ˪˩˪ˣ ˢ˪˞˩ ˸ˣ˧ˣ˶˷˲˞ˡ˥˞ ˧˸˪ (ˢ˞˟ˢ ˢˮˣ˩ˬˢ ˸˞ ˪˧˰˲˧ˣ: 

 

ˢ˯"˯˞˟ ˩" ˷˧ ˪3 2n+  ˫˧˟˴ˬ- 3 ˪˟˵ˬ ˶ˣ˟ˣ ˢ˥ˣˡ ˶ˣ˟ ˡˣ˰ˣ ˸ˣ˞ ˪˩˪ ˫˧˟˴ˬ . ˭˩˞˷ ˸ˣ˞˶˪ ˪˵

˰ ˸˪˟˵˸ˬ ˢ˲˷ˢ"˯˞ˢ ˧"ˢˤˢ ˪ . ˫˞1... ... #k ni i Ls s Í ˯˞ˢ ˤ˞" ˪ ˢ˴˧˶ˢ ˸˞ ˪˧˥˸ˢ˪ ˶˥˟˧

˷ ˷ˣ˥˧ˮ˪ ˫˧˞˸ˬ˷ ˧˸˪˥˸ˢˢ ˟˴ˬ˟-i ˢˮˣ˶˥˞ˢ ˸ˣ˞ˢ ˞˧ˢ . ˪˟˵˸˸ ˭˩˞ ˢ˪˧ˬˢ˷ ˸ˣ˞˶˪ ˪˵ ˤ˞ˣ

ˢˤ ˟˧˩˶˟ . ˫˞ˣnw LÎ ˯˞ˢ ˷˥ˮ˧ ˟˧˩˶ ˢˤ˧˞˟ ˢˮ˷ˬ ˞˪˷ ˶ˣ˶˟"˳ˣ˶˪ ˪˧˥˸ˢ˪ ˪ , ˢ˪˧ˬˢ ˪˰ ˢ˴˧˶ˢ

ˢ˥ˣˡ ˢ˧ˢ˸. 

˯˞˟˷ ˢ˞˶ˮ ˸˰˩"l  ˸ˣ˥˲˪ ˸ˣ˧ˢ˪ ˫˧˟˧˧˥ ˢ˲˷ˢ ˸˞ ˪˟˵ˬ˷2n
 ˫˧˟˴ˬ .˯˞ ˷˧˷ ˢ˪˧˪˷˟ ˥˧ˮˮ" ˡ

nA ˬ ˸ˣ˥˲ ˫˰-2n
 ˷ ˨˩ ˫˧˟˴ˬ-( )n nL A L= .˪-{ }1,...,n  ˷˧2n

 ˣ˴ˣ˟˵˸ˣ˧˵˪˥ ˸ , ˸ˣ˥˲ ˷˧ ˪˟˞

-ˬ2n
  ˸ˣ˴ˣ˟˵ ˧˸˷ ˸ˣˬ˧˧˵ ˫˧ˮˣ˧ˢ ˨˟ˣ˷ ˭ˣ˶˵˧˰ˬ ˭˩˪ˣ ˫˧˟˴ˬ{ }1 2, 1,...,S S nË ˷ ˨˩ ˫˧˪˧ˬˢ

 ˟˴ˬ ˣ˸ˣ˞˪ ˸ˣ˰˧ˠˬ ˭ˢ˟ ˸ˣ˧˸ˣ˞ˬ ˸ˣ˟˩˶ˣˬ˷q ˢ˴˧˶˟ . ˢˮ˧˧ˢ˸i is SÍ ˩˶ˣˬ˷ ˫˧˪˧ˬˢ ˸ˣ˟

 ˸ˣ˧˸ˣ˞ˬiS ˧˲˶ˠˣ˵˧˯˵˪ ˶ˡ˯˟. 

 ˶ˣ˟

ˢ˥ˣˡ 

{ }\ ,#n iS

nS

{}\ #nS

i #

i

nS

# {}\n iS
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ˢ˟ ˧ˢ˸" ˩1 2\S SsÍ . ˧ˤ˞1 # ns LsÍ  ˪˟˞2 # ns LsÎ .˟ ˭ˮˣ˟˸ˮ-( )( )' ,# ,q qd d s=. 

¶  ˫˞'q FÍ ˪˟˵ˮ ˷-2 # ns LsÍ  ˪˟˞2 # ns LsÎ. 

¶  ˫˞'q FÎ  ˪˷ ˢˡ˧˥˧ˢ ˢ˴˧˶ˢ˷ ˪˟˵ˮ1 #s s ˷ ˨˩˪ ˢ˶˧˸˯˟ ˢˤˣ ˢ˥ˣˡ-1 # ns LsÍ. 

 ˭˩˪ˣ ˢ˶˧˸˯ ˣˮ˪˟˧˵ ˢ˶˵ˬ ˪˩˟˟˷ ˸ˣ˧ˢ˪ ˪ˣ˩˧ ˞˪-nA ˬ ˸ˣ˥˲ ˷˧-2n
 ˫˧˟˴ˬ .J 

 

ˢˮ˵˯ˬ :˭ˣ˸˥˸ ˫˯˥ ˷˧ ˭ˣ˴˶˧˥ˢ ˪˷ ˧˩˧˶˰ˬˢ ˥ˣ˲˧ˮ˪ , ˸˧˪˞˧ˬˣˮ˧˪ˣ˲ ˢ˧˧ˮ˟ ˞ˣ˴ˬ˪ ˣˮ˪ˣ˩˧ ˞˪ ˶ˬˣ˪˩

˯˞ ˪˷"˪ˣ˵˷ ˡ .˧˶ˢ˷ ,˸˧˪˞˧ˬˣˮ˧˪ˣ˲ ˢ˧ˮ˟ ˷˧ ˫˞ , ˢ˥˲˷ˬˢ ˪˰ ˢ˸ˣ˞ ˪˧˰˲ˢ˪ ˪˩ˣˮ ˤ˞{ }nL 

 ˫˧˧˵˷ ˥˦˟ˣˬˣ0 n< ˫˧˟˴ˬ ˵˧˲˯ˬ ˣ˧ˢ˧ ˞˪ ˸˧˪˞˧ˬˣˮ˧˪ˣ˲ ˢ˧˧ˮ˟˟ ˣ˶ˣ˟˰˷. 

 

ˢˬˠˣˡ :( )( )( )( )( )
*

0 1 1 0 1 0 1 0 1 0 1L= + + + + +  ˭ˢ˟ ˰˧˲ˣˬ˷ ˫˧˪˧ˬˢ ˪˩ ˪˷1  ˧˷˧ˬ˥ˢ ˫ˣ˵ˬ˟

˱ˣ˯ˢˬ. 

˯˞ ˶˞˸ˮ" ˪A  ˸˞ ˪˟˵ˬ˷L: 

 

 ˭˩˞˷ ˸ˣ˞˶˪ ˪˵()L A L= . ˫˞1 5 4 2 1... n n n n nw w w w w w L- - - - Í  ˤ˞5 1nw - =  ˢ˴˧˶ˢ ˤ˞ˣ

I0 0 1 2 3 4 5

4

...

n

q q q q q q q

-

  ˪˷ ˸˪˟˵ˬ ˢ˴˧˶ ˞˧ˢA . ˫˞ ˧ˮ˷ ˡ˴ˬw LÎ  ˤ˞5 0nw - =  ˧˸ˬ ˢˮ˷ˬ ˞˪ ˤ˞ˣ

˯˞ˢ ˢ˴˧˶˟"˪ ˶ˣ˟˰˪ ˷˥ˮ˧ ˪-1q ,˟ ˶ˬˠ˧˸ ˞˪ ˢ˴˧˶ˢ-5q. 

˯˞˟˷ ˭˰˦ˮ" ˸˞ ˪˟˵ˬ˷ ˡL  ˸ˣ˥˲˪ ˷˧32 ˫˧˟˴ˬ .˷ ˥˧ˮˮ-A ˯˞"˷ ˨˩ ˡ-()L A L= . ˢ˪˧ˬ ˪˩˪

1 5...w w w=  ˭ˬ˯ˮ( )*

0,wq q wd= . ˫˞˷ ˭˰˦ˮ,u v  ˤ˞ ˸ˣ˧˸ˣ˞ ˷ˬ˥ ˸ˣˮ˟ ˸ˣˮˣ˷ ˫˧˪˧ˬv uq q̧ .

0q
1q 2q

3q4q5q

0,1

0,1

0,1

0,10,1

1

0q q

1s

2s
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˷ ˢ˪˧˪˷˟ ˥˧ˮˮ-v uq q= .˥˧ˮˮ ˢ ˸ˣ˞˟ ˸ˣˮˣ˷ ˭ˢ˷-i .ˢ˟"ˢ ˸ˣ˞ˢ ˩-i  ˪˷v  ˞˧ˢ0 ˢ ˸ˣ˞ˢ ˣ˪˧˞ˣ-

i  ˪˷u  ˞˧ˢ1 .˪˰ ˪˩˸˯ˮ  ˫˧˪˧ˬˢ
10iv -

 x-
10iu -

 . ˪˷ ˢ˴˧˶ˢ˷ ˶ˣ˶˟A  ˢ˪˞ˢ ˫˧˪˧ˬˢ ˧˸˷ ˪˰

 ˧˶ˢ˷ ˟˴ˬ ˣ˸ˣ˞˟ ˸˶ˬˠˮA ˧˦˯˧ˮ˧ˬ˶˦ˡ . ˪˟˞
10iu L-Í ˷ ˡˣ˰˟-

10iv L-Î. 

˩ ˫˞ ˨,˟ ˢˮˣ˷ ˢ˴˧˶ ˷˧ ˸ˣ˧˸ˣ˞ ˷ˬ˥ ˸ˣˮ˟ ˸ˣˮˣ˷ ˫˧˪˧ˬ ˧˸˷ ˪˩˪-A . ˷˧ ˪˟˞
52 32=  ˫˧˪˧ˬ

ˢ˪˞˩ . ˸ˣ˥˲˪ ˷˧ ˭˩˪32 ˟ ˫˧ˮˣ˷ ˫˧˟˴ˬ-A! 

 

˫˧˧˶˪ˣˠ˶ ˫˧˧ˣ˦˧˟ 

 

˶ˡˠˢ˸ˣ : 

1.  ˶˧ˡˠˮ˧˶˪ˣˠ˶ ˧ˣ˦˧˟ ˞ ˪˰" ˟S ˧˟˧˦˵ˣˡˮ˧˞ ˭˲ˣ˞˟: 

¶ aÍS ,e x-Å ˫˧˧˶˪ˣˠ˶ ˫˧˧ˣ˦˧˟ ˫ˢ 

¶  ˫˞1 2,r r ˫˧˧˶˪ˣˠ˶ ˫˧˧ˣ˦˧˟ ˫ˢ ˫˧˞˟ˢ ˫ˠ ˤ˞ ˫˧˧˶˪ˣˠ˶ ˫˧˧ˣ˦˧˟: 

i. 1 2r r+ 

ii. 1 2r rÖ 

iii. 
*

1r 

2.  ˧˶˪ˣˠ˶ ˧ˣ˦˧˟ ˪˩r  ˢ˲˷ ˶˧ˡˠˬ() *L r ËS ˞˟ˢ ˭˲ˣ˞˟: 

¶ (){}L a a= ,(){}L e e= x-()L Å =Å 

¶  ˫˞1 2,r r ˤ˞ ˫˧˧˶˪ˣˠ˶ ˫˧˧ˣ˦˧˟: 

i. ( ) () ()1 2 1 2L r r L r L r+ = Ç 

ii. ( ) () ()1 2 1 2L r r L r L rÖ = Ö 

iii. () ()( )
**

1 1L r L r= 

3.  ˶ˣ˴˧˵˟ ˭ˬ˯ˮ
*r r r+= Ö 

4. ˟ ˭ˬ˯ˮ-REG ˰ ˸ˣ˪˟˵˸ˬ˷ ˸ˣ˲˷ˢ ˸˵˪˥ˬ ˸˞"˫˧˧˶˪ˣˠ˶ ˫˧˧ˣ˦˧˟ ˧. 

 

˸ˣ˞ˬˠˣˡ : ˪˰ ˪˩˸˯ˮ{ }0,1S= 

1.  ˰˧˲ˣˬ ˫ˢ˟˷ ˫˧˪˧ˬˢ ˪˩ ˸˲˷1 ˰ ˸˶ˡˠˣˬ ˱ˣ˯ˢ ˧ˮ˲˪ ˸ˣˬˣ˵ˬ ˧ˮ˷"˧˶˪ˣˠ˶ˢ ˧ˣ˦˧˟ˢ ˧

( )( )( )
*

0 1 1 0 1 0 1+ + + 

2.  ˭ˢ˟ ˰˧˲ˣˬ˷ ˫˧˪˧ˬ1 ˰ ˸ˣ˶ˡˠˣˬ ˵ˣ˧ˡ˟ ˡ˥˞" ˧
* *0 10 

3. ˭ˢ˟ ˰˧˲ˣˬ˷ ˫˧˪˧ˬ 1 ˲˪ ˡ˥˞˥˰ ˸ˣ˶ˡˠˣˬ ˸ˣ" ˧( )( )
* *

0 1 1 0 1+ + 

4.  ˞ˣˢ ˭ˢ˟ ˭ˣ˶˥˞ˢ ˣ˸ˢ˷ ˫˧˪˧ˬ0  ˭ˢ( )
*

0 1 0+ 
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ˢˮ˰˦ :REG NFA= 

ˢ˥˩ˣˢ :˫˧ˮˣˣ˧˩ˢ ˧ˮ˷˟ ˢ˪˩ˢ ˥˧˩ˣˮ. 

)Ë ( ˧ˢ˧r ˧˶˪ˣˠ˶ ˧ˣ˦˧˟ .˯˞ ˫˧˧˵˷ ˢ˞˶ˮ" ˪A ˷ ˨˩-() ()L r L A= . ˢ˧˧ˮ˟ˢ ˪˰ ˢ˧˴˵ˣˡˮ˧˞˟ ˥˧˩ˣˮ

 ˪˷r: 

1. ˫˧˧˯˧˯˟ ˫˧˧˶˪ˣˠ˶ ˫˧˧ˣ˦˧˟ ˶ˣ˟˰: 

¶  ˫˞r =Å ()L r =Å ˰ ˸˪˟˵˸ˬ"˯˞ˢ ˧" ˪ 

¶  ˫˞r e=  ˤ˞(){}L r e= ˰ ˸˪˟˵˸ˬ"˯˞ˢ ˧" ˪ 

¶  ˫˞r a=  ˶ˣ˟˰aÍS  ˤ˞(){}L r a= ˰ ˸˪˟˵˸ˬ"˯˞ˢ ˧" ˪ 

2.  ˶ˣ˟˰ ˢˮˣ˩ˮ ˢˮ˰˦ˢ˷ ˥˧ˮˮ1 2,r r x-1 2,A A ˯˞" ˶ˣ˟˰ ˫˧˪() ()1 2,L r L r ˢˬ˞˸ˢ˟.  ˭˸˧ˮ

ˢ˟ ˥˧ˮˢ˪"˪˷ ˩-1A ˪x-2A ˡ˧˥˧ ˧˸˪˥˸ˢ ˟˴ˬ , ˡ˵˲˸˧˷ ˷ˡ˥ ˟˴ˬ ˱˧˯ˣˢ˪ ˭˸˧ˮ ˧˶ˢ˷

 ˧˶˟˰ˬ ˣ˞˴˧ ˣˮˬˬˣ ˧˸˪˥˸ˢ ˟˴ˬ˩e ˫˧˧˶ˣ˵ˬˢ ˫˧˧˸˪˥˸ˢˢ ˫˧˟˴ˬˢ ˪˩˪. 

¶  ˫˞1 2r r r= +  ˤ˞()L r ˰ ˦ˣ˷˲ ˸˪˟˵˸ˬ" ˱ˣ˶˧˴ ˧1A x-2A ˯˞˪" ˡ˥˞ ˪A  ˷˧˷

 ˣ˟˧ˮ˷ ˫˧˧˸˪˥˸ˢ ˫˧˟˴ˬ. 

 

¶  ˫˞1 2r r r= Ö  ˤ˞()L r ˰ ˸˪˟˵˸ˬ"˯˞ˢ ˧" ˪A  ˧˶˟˰ˬ ˸˲˯ˣˢˬ ˪˟˵˸ˬ˷e 

 ˪˷ ˫˧˪˟˵ˬˢ ˫˧˟˴ˬˢˬ1A  ˧˸˪˥˸ˢˢ ˟˴ˬ˪ ˪˷2A  ˫˧˪˟˵ˬˢ ˫˧˟˴ˬˢ ˸˩˧˲ˢˣ

 ˪˷1A ˫˧˪˟˵ˬ ˞˪˪. 

 

¶  ˫˞
*

1r r=  ˤ˞()L r ˰ ˸˪˟˵˸ˬ"˯˞ˢ ˧"˨˩ ˶ˡˠˣˬˢ ˪: 

 

)È( ˦ˬˣ˦ˣ˞ ˶˧ˡˠˮ  ˪˪˩ˣˬ ˧˦˯˧ˮ˧ˬ˶˦ˡ ˞˪)˪˯˞ ˭˪ˢ˪"ˬ (˯˞ ˣˬ˩ ˵ˣ˧ˡ˟ ˞ˣˢ˷" ˫˧˶˟˰ˬˢ ˪˰˷ ˞˪˞ ˪

˸ˣ˧˸ˣ˞ ˞˪ˣ ˫˧˧˶˪ˣˠ˶ ˫˧˧ˣ˦˧˟ ˫˧ˬˣ˷˶ ˣ˪˷ . ˪˟˵ˬ ˟˴ˬˣ ˸ˣ˯ˮ˩ˮ ˸ˣ˸˷˵ ˞˪˪ ˡ˧˥˧ ˧˸˪˥˸ˢ ˟˴ˬ ˣ˪ ˷˧

˸ˣ˞˴ˣ˧ ˸ˣ˸˷˵ ˞˪˪ ˡ˧˥˧ .˶˟˰ˬ ˷˧ ˫˧˟˴ˬ ˧ˮ˷ ˪˩ ˭˧˟ ˣ˪˞ ˫˧˟˴ˬ ˡ˟˪ˬ . ˟˴ˬ˟ ˞˴ˬˮ ˦ˬˣ˦ˣ˞ˢ ˫˞

q  ˢ˪˧ˬˢ ˢ˶˞˷ˮˣw , ˟˴ˬ˪ ˶ˣ˟˰˪ ˪ˣ˩˧ ˦ˬˣ˦ˣ˞ˢ ˤ˞'q  ˧˶˪ˣˠ˶ ˧ˣ˦˧˟ ˫˰r ˬ˞" ˪˷ ˞˷˧˶ ˷˧ ˬw 

˪ ˸˩˧˧˷˷-()L r . ˫˞r e=  ˫˞ˣ ˡ˧ˬ˸ ˶ˣ˟˰˪ ˭˸˧ˮr =Å ˫˰˲ ˱˞ ˶ˣ˟˰˪ ˭˸˧ˮ ˞˪. 

˪˯˞ ˭ˬ˯ˮ" ˫˰ ˬk ˰ ˫˧˟˴ˬ" ˧kGNFA. 

1A

e
e
e
e

1A 2A
e

e

e

1A

2A

A

a
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˯˞ ˪˩˪˷ ˢ˞˶ˮ" ˫˰ ˪k ˪˯˞ ˫˧˧˵ ˫˧˟˴ˬ" ˫˰ ˪ˣ˵˷ ˬ2k+ ˧˟˴ˬ.˫ ˶ˣ˶˟ ˧ˡ ˢˤ ,˯˞ ˭˸ˮ˧˟ˢ ˧˩" ˪

A ˪˯˞˪ ˣ˸ˣ˞ ˨ˣ˲ˢ˪ ˪˩ˣˮ"˞˟ˢ ˭˲ˣ˞˟ ˬ: 

 

 ˫˰ ˸˷˵ ˱˧˯ˣˮ ˶˟˰ˬ ˫ˢ˧ˮ˧˟ ˭˧˞˷ ˫˧˟˴ˬ ˧ˮ˷ ˪˩˪Å .˪˯˞ ˣˮ˪˟˧˵˷ ˶ˣ˶˟"˪ˣ˵˷ ˬ. 

 ˪˩˪˷ ˢ˞˶ˮ ˸˰˩2 k<  ˪˩˪ˣkGNFA  ˫˧˧˵1kGNFA- ˪ˣ˵˷ . ˧ˢ˧q  ˧˸˪˥˸ˢ ˣˮ˧˞˷ ˣˢ˷˪˩ ˟˴ˬ

˪˟˵ˬ ˣˮ˧˞ˣ . ˫˧˟˴ˬ ˠˣˤ ˪˩˪1 2,q q ˞˟ˢ ˢ˲˪˥ˢˢ ˸˞ ˰˴˟ˮ: 

 

 ˪˩˪ ˸˞ˤ ˢ˷˰ˮ˷ ˧˶˥˞1 2,q q ˮ˩" ˸˞ ˵ˣ˶ˤˮ ˪q ˪˯˞ˢˬ"ˬ. 

˷ ˸ˬ˧˧˵ˬ ˣˮ˧˷˰˷ ˢ˧˧ˮ˟ˢ˷ ˢ˞˶ˮ-( ) ( )1k kL GNFA L GNFA-=: 

)Ë(  ˫˞( )kw L GNFAÍ  ˧ˢ˸0 1... ns s s s= ˸˪˟˵ˬ ˢ˴˧˶ . ˫˞s ˟ ˸˶˟ˣ˰ ˞˪-q  ˤ˞s  ˫ˠ ˞˧ˢ

 ˪˷ ˢ˴˧˶1kGNFA-  ˪˰w. ˷ ˥˧ˮˮ ˸˶˥˞-0... ...i j ns s s q s s+= . ˭˧˟ ˸˞˶˵ˮ˷ ˢ˪˧ˬˢ ˸˸ ˧ˤ˞is ˪-

js  ˢ˲˷˪ ˸˩˧˧˷
*

1 2 3r r rÖ Ö )˶ˣ˧˞˟ ˫˧ˮˣˬ˧˯ˢ ˧˲˪ .( ˪˷ ˢ˴˧˶˟ ˭˩˪1kGNFA-  ˢ˸ˣ˞ ˸˞ ˞ˣ˶˵˪ ˭˸˧ˮ

ˬ ˶˟˰ˬ˟ ˢ˪˧ˬ ˸˸ˢ-is ˪-js 

)È(  ˫˞( )1kw L GNFA-Í  ˧ˢ˸0 1... ns s s s= ˸˪˟˵ˬ ˢ˴˧˶ . ˪˰ ˪˩˸˯ˮ1,i is s+ . ˶˟˰ˬˢ˷ ˥˧ˮˮ

˰ ˢ˷˰ˮ ˫ˢ˧ˮ˧˟" ˧4r .˟ ˫ˠ ˫˧˧˵ ˢ˧ˢ ˶˟˰ˬˢ ˫˞-kGNFA ˢ˧˰˟ ˭˧˞ ˤ˞ .˰ ˢ˷˰ˮ ˶˟˰ˬˢ ˸˶˥˞" ˧

*

1 2 3r r rÖ Ö ˟ ˤ˞ˣ-kGFNA  ˟˴ˬˢ ˨˶ˡ ˢˤˢ ˶˟˰ˬˢ ˸˞ ˸ˣ˷˰˪ ˭˸˧ˮq ˢ˧˧ˮ˟˟ ˣˮ˞˴ˣˢ˷ .˟ ˫ˠ ˭˩˪-

kGNFA ˸˪˟˵ˬ ˢ˴˧˶ ˢ˧ˢ˸. 

˸˰˩ , ˸˞ ˨ˣ˲ˢ˪ ˪˩ˣˮ ˢ˧˴˵ˣˡˮ˧˞˟kGNFA ˪-2GNFA . ˪˟˞2GNFA ˢ˶ˣ˴ˢˬ ˞ˣˢ 

 ˞˧ˢ ˣ˪˷ ˢ˲˷ˢˣ()L r ,˟ ˞˧ˢ ˶ˬˣ˪˩-REG. 

J 

 

1q 2q

q

1q 2q
1r

4r

2r

3r
( )*

4 1 2 3.r r r r+ Ö

A
e

e

e
e
e

r
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˸ˣ˧˶˪ˣˠ˶ ˞˪ ˸ˣ˲˷ 

 

ˢˮ˰˦ : ˢ˲˷ˢ{ }0 1 : 0n nL n= ² ˸˧˶˪ˣˠ˶ ˢˮ˧˞ 

ˢ˥˩ˣˢ :˯˞ ˫˧˧˵˷ ˢ˪˧˪˷˟ ˥˧ˮˮ" ˡA ˷ ˨˩-()L A L=. ˪ ˷˧˷ ˥˧ˮˮ-A k ˫˧˟˴ˬ . ˢ˪˧ˬ˟ ˪˩˸˯ˮ

0 1k k LÍ . ˧ˢ˸
0 1 1 2... ...k k kr r r r r r+=  ˪˷ ˸˪˟˵ˬ ˢ˴˧˶A  ˪˰0 1k k

 . ˨˶ˣ˞˟ ˞˧ˢ ˢ˪˧ˬˢ˷ ˪˪ˠ˟2k 

˯˞˪ ˷˧ˣ" ˵˶ ˡk ˪ˠ˰ˬ ˢ˴˧˶˟ ˸ˣ˧ˢ˪ ˟˧˧˥ ˫˧ˮˣ˧ˢ ˨˟ˣ˷ ˭ˣ˶˵˧˰ ˧˲˪ ˤ˞ ˫˧˟˴ˬ . ˰˴ˬˮ ˪ˠ˰ˬˢ ˢ˷˰ˬ˪

 ˵˪˥˟ ˶˟˩
0 1... kr r r  ˣ˟ ˫˧˰˧˲ˣˬ˷1k+ ˫˧˟˴ˬ . ˭˩˪˫˧ˬ˧˧˵ 0 i j k¢ < ¢ ˩˷ ˨-i jr r= .˷ ˰˟ˣˮ-

A  ˢ˪˧ˬˢ ˸˞ ˫ˠ ˪˟˵ˬ( )
0 1

k j i k+ -
 ˢ˲˷˟ ˢˮ˧˞ ˶˷˞ ,˷ ˨˩˪ ˢ˶˧˸˯˟-()L A L=. 

J 

 

˥ˣ˲˧ˮˢ ˸ˬ˪ : ˫˞L  ˫˧˧˵ ˤ˞ ˸˧˶˪ˣˠ˶1 p¢ )˷ ˣ˪ ˞˶˵ˮ˥ˣ˲˧ˮˢ ˰ˣ˟˵ ( ˪˩˪˷ ˨˩ύᶰὒ  ˸ˬ˧˧˵ˬˢ

w p²  ˢ˵ˣ˪˥ ˸ˬ˧˧˵w xyz= ˷ ˨˩- 

1.  ˪˩˪0 i¢ ixy z LÍ 

2. 0 y< 

3. xy p¢ 

ˢ˥˩ˣˢ : ˧ˢ˧0, , , ,A Q q Fd= S ˯˞"˷ ˨˩ ˡ-()L A L= . ˭ˬ˯ˮp Q= . ˧ˢ˸
1 2... nw w w w= 

 ˶ˣ˟˰p n¢.  ˧ˢ˸
0 1... nr r r r=  ˪˷ ˢ˴˧˶ˢA  ˪˰w . ˢ˴ˣ˟˵˟{ }0,..., pr r  ˷˧1p+  ˭˩˪ˣ ˫˧˟˴ˬ

 ˫˧ˬ˧˧˵ ˫˧ˮˣ˧ˢ ˨˟ˣ˷ ˭ˣ˶˵˧˰ ˧˲˪0 j l p¢ < ¢ ˷ ˨˩-j lr r= . ˸˞ ˵˪˥ˮ ˤ˞w ˞˟ˢ ˭˲ˣ˞˟ :

w xyz=  ˶˷˞˩1 1 1... , ... , ...j j l l nx w w y w w z w w+ += = = .˫˧˷ˣ˶ˡˢ ˫˧˞ˮ˸ˢ ˫˧ˬ˧˧˵˸ˬ˷ ˢ˞˶ˮ: 

1.  ˢ˷ˣ˪˷˪ ˢ˴˧˶ˢ ˪˷ ˢ˵ˣ˪˥ ˢ˶˷ˬ ˢ˪˧ˬˢ ˪˷ ˢ˵ˣ˪˥ˢ

˫˧˵˪˥ . ˪˩˪0 i¢  ˢ˴˧˶ˢ( )0 1 1... ... ...
i

j j l l nr r r r r r+ +  ˞˧ˢ

 ˪˷ ˸˪˟˵ˬ ˢ˴˧˶A  ˪˰ixy z ,˧˶ˢ˷ j lr r= ˭˩˪ , ˶˷˞˩

 ˸˞ ˞˶˵ˮ1...j lw w+ ˪ ˶ˣˤ˥ˮ ˫˰˲ ˪˩˟ ˟ˣ˷ˣ ˟ˣ˷-1jr + ˫˧˟˴ˬ ˫˸ˣ˞ ˪˰ ˵ˣ˧ˡ˟ ˶ˣ˟˰ˮˣ. 

2. y ȩ  ˧˶ˢ˷j l< 

3. xy l p= ¢ 

J 

 

ˢˮ˵˯ˬ : ˧ˢ˸L ˲˷ ˪˩˪˷ ˨˩ ˢp  ˨˶ˣ˞˟ ˢ˪˧ˬ ˸ˬ˧˧˵p  ˸ˬ˪˟ ˣˬ˩ ˢ˥˲ˮ˪ ˭˸˧ˮ ˞˪˷ ˸ˣ˥˲˪

˥ˣ˲˧ˮˢ . ˧ˤ˞L ˸˧˶˪ˣˠ˶ ˢˮ˧˞. 

0r j lr r= nr
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ˢˮ˰˦ :{ }0 1 : 0n nL n= ² ˸˧˶˪ˣˠ˶ ˢˮ˧˞. 

ˢ˥˩ˣˢ : ˭˸ˮ˧ˢ˟p ˩˸˯ˮ ˢ˪˧ˬˢ ˪˰ ˪0 1p p
 . ˵˪˥˪ ˢ˯ˮˮ ˫˞0 1p p xyz= ˷ ˨˩-xy p¢ x-y ȩ 

 ˥˶˩ˢ˟* *0 , 00x y= = . ˪˰ ˪˩˸˯ˮ ˫˞ ˤ˞2xy z  ˶˲˯ˬˬ ˪ˣˡˠ ˫˷ ˫˧˯˲˞ˢ ˶˲˯ˬ˷ ˪˟˵ˮ

ˡ˥˞ˢ˸ˣ , ˶ˬˣ˪˩2xy z LÎ. 

J 

 

ˢˮ˰˦ :{ }: the number of 0s equals the number of 1sL w= ˸˧˶˪ˣˠ˶ ˢˮ˧˞. 

˞ ˢ˥˩ˣˢ : ˭˸ˮ˧ˢ˟p  ˢ˪˧ˬˢ ˪˰ ˪˩˸˯ˮ0 1p p
 . ˢ˵ˣ˪˥ ˪˩˪ ˸ˬˡˣ˵ˢ ˢˮ˰˦˟ ˣˬ˩0 1p p xyz=  ˪˟˵ˮ

-˷* *0 00x y= = .˟ ˭˩˪-2xy z ˸ˣˡ˥˞ˢ ˶˲˯ˬˬ ˪ˣˡˠ ˫˧˯˲˞ˢ ˶˲˯ˬ. 

J 

˟ ˢ˥˩ˣˢ : ˫˧˧˵˸ˬ˷ ˟˪ ˫˧˷ˮ{ } ( )* *0 1 : 0 0 1n n n L L² = Æ .˨ˣ˸˧˥˪ ˸ˣ˶ˣˠ˯ ˸ˣ˧˶˪ˣˠ˶ˢ ˸ˣ˲˷ˢ .

 ˣ˪˧˞ ˭˩˪L  ˫ˠ ˸˧˶˪ˣˠ˶ ˢ˸˧˧ˢ{ }0 1 : 0n n n² ˸˧˶˪ˣˠ˶ ˢ˸˧˧ˢ ,˪ ˢ˶˧˸˯˟˸ˬˡˣ˵ˢ ˢˮ˰˦. 

J 

 

ˢˮ˰˦ : ˢ˲˷ˢ{ }*:L ww w= ÍS ˸˧˶˪ˣˠ˶ ˢˮ˧˞. 

ˢ˥˩ˣˢ : ˭˸ˮ˧ˢ˟p  ˢ˪˧ˬˢ ˪˰ ˪˩˸˯ˮ0 10 1p p LÍ . ˢ˵ˣ˪˥ ˪˩˪0 10 1p p xyz= ˷ ˨˩-y eÎ x-

xy p¢ ˫˧˧˵˸ˬ ˷-
0 0 10 1

p y pxy z xz
-

= =  ˢ˶ˣ˴ˢˬ ˢˮ˧˞ ˞˧ˢˣww .˶ˬˣ˪˩ , ˸˞0 10 1p p
  ˧˞

˥˲ˮ˪ ˶˷˲˞ . ˭˩˪L ˸˧˶˪ˣˠ˶ ˢˮ˧˞. 

J 

 

ˢˮ˰˦ : ˢ˲˷ˢ{ }
2

1 :0nL n= ¢ ˸˧˶˪ˣˠ˶ ˢˮ˧˞. 

ˢ˥˩ˣˢ :˷ ˢ˪˧˪˷˟ ˥˧ˮˮ-L  ˞ˣˢ ˢ˪˷ ˥ˣ˲˧ˮˢ ˰ˣ˟˵ˣ ˸˧˶˪ˣˠ˶p . ˢ˪˧ˬ˟ ˪˩˸˯ˮ
2

1pw L= Í . ˥˧ˮˮ

-˷w xyz=  ˪˷ ˢ˵ˣ˪˥w ˷ ˨˩-1 , 1 , 1a b cx y z= = = . ˪˰ ˪˩˸˯ˮ
2 21a b cxy z + += .˧˷ ˰ˣˡ-

2p a b c= + + x-a b p+ ¢ . ˭˩ ˣˬ˩0 b<  ˪˩˪ˣ0 i¢ 
2a ib c k+ + =  ˶ˣ˟˰k ˣˢ˷˪˩ . ˧ˤ˞

2 2p a b c a b c= + + < + + .˷ ˪˟˵ˮ ˤ˞ ˪˟˞- 

( )
2 21 2 1 2 2 1 1 2p p p a b c a b a b c a b a b c+ = + + ² + + + + + ² + + + + + > + + 
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 ˭˩˪ˣ( )
22 2 1p a b c p< + + < + . ˫˧˧˵ ˞˪ ˦˶˲˟k ˷ ˨˩-

2 2k a b c+ + +. 

J 

 

ˢˮ˰˦ :{ }: , ,  represent binary numbers and equality holdsL m n k m n k= + = ˞ˢ ˪˰ˬ" ˟

{ }0,1, ,S= + = ˸˧˶˪ˣˠ˶ ˢˮ˧˞. 

ˢ˥˩ˣˢ : ˭˸ˮ˧ˢ˟p ˢ ˪˰ ˪˩˸˯ˮ ˢ˪˧ˬ1 0 1p pw= + = . ˢ˵ˣ˪˥ ˪˩˟w xyz= ˷ ˨˩-xy p¢ xy 

 ˵˪˥˟ ˫˧˞˴ˬˮ1p
  ˸˞ ˥˲ˮ˪ ˭˸˧ˮ ˞˪ ˭˟ˣˬ˩ ˤ˞ˣy ˢ˶ˣ˴ ˫ˣ˷˟ .˷ ˫ˣ˷ˬ-1 0 1q p+ ¸  ˪˩˪q p¸. 

J 

 

ˢ˶ˡˠˢ : ˢ˲˷ ˧ˢ˸
*LËS . ˯˥˧ ˶˧ˡˠˮ

* *~LËS ³S ˞˟ˢ ˭˲ˣ˞˟ :~Lx y ˬ˞" ˪˩˪ ˬ
*zÍS 

xz L yz LÍ ª Í . ˫˧˧˵ ˫˞z  ˞˶˵ˮ ˞ˣˢ ˫˧˧˵˸ˬ ˞˪ ˢˤ ˣ˶ˣ˟˰˷ˡ˧˶˲ˬ ˟ˮˤ. 

ˢˬˠˣˡ :( ) ( )
*

0 1 0 0 1L= + + . ˧ˤ˞11~ 111L
 ,10 ~ 11L/ ) ˧˩1 ˡ˧˶˲ˬ ˟ˮˤ (x-01~ 11L/ ) ˧˩e 

ˡ˧˶˲ˬ ˟ˮˤ.( 

 

˦ˢˮ˰ :~L
 ˸ˣ˪˧˵˷ ˯˥˧ ˞ˣˢ. 

ˢ˥˩ˣˢ :˸ˣ˷ˣ˶ˡˢ ˸ˣˮˣ˩˸ˢ ˪˩ ˸ˣˬ˧˧˵˸ˬ˷ ˢ˞˶ˮ: 

1. ˸ˣ˧˟˧˯˵˪˲˶ :˷ ˶ˣ˶˟-~Lx x  ˪˩˪ ˧˶ˢ˷
*zÍS xz L xz LÍ ª Í. 

2. ˸ˣ˧˶˦ˬ˧˯ : ˫˞~Lx y  ˪˩˪ ˤ˞
*zÍS xz L yz LÍ ª Í , ˶ˬˣ˪˩yz L xz LÍ ª Í 

 ˭˩˪ˣ~Ly x. 

3. ˸ˣ˧˟˧˦˧ˤˮ˶˦ : ˫˞~Lx y  ˫ˠˣ~Ly w  ˪˩˪ ˤ˞
*zÍS xz L yz LÍ ª Í  ˪˩˪ ˫ˠˣ

*zÍS yz L wz LÍ ª Í . ˪˩˪ ˶ˬˣ˪˩
*zÍS 

( )( )xz L yz L yz L wz LÍ ª Í Ø Í ª Í , ˪˩˪ ˶ˬˣ˪˩
*zÍS xz L wz LÍ ª Í 

˷ ˶˟ˡˢ ˷ˣ˶˧˲ˣ-~Lx w. 

J 
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 ˦˲˷ˬMyhill-Nerode : ˶˲˯ˬ ˪˷ ˸ˣ˪˧˵˷ˢ ˸ˣ˵˪˥ˬ~L
 ˬ˞ ˧˲ˣ˯ ˞ˣˢ" ˬL ˸˧˶˪ˣˠ˶. 

ˢ˥˩ˣˢ : ˧ˢ˸
*LËS ˢ˲˷. 

)Û ( ˪˷ ˸ˣ˪˧˵˷ˢ ˸ˣ˵˪˥ˬ ˶˲˯ˬ˷ ˥˧ˮˮ~L
 ˧˲ˣ˯ ˞ˣˢ .˯˞ ˶˧ˡˠˮ" ˡ0, , , ,A Q q Fd= S  ˭˲ˣ˞˟

˞˟ˢ: 

¶ Q-   ˪˷ ˸ˣ˪˧˵˷ˢ ˸ˣ˵˪˥ˬ~L
 

¶ []0q e= 

¶ []( )[ ],x a xad = 

¶ []{ }:F w w L= Í 

˷ ˭˰˦ˮ ˸˧˷˞˶-d ˟˦˧ˢ ˸˶ˡˠˣˬ .˪˸ ˢˮ˧˞ ˞˧ˢ˷ ˸ˣ˞˶ˢ˪ ˷˧ˠ˧˴ˮˢ ˸˶˧˥˟˟ ˢ˧ˣ .˷ ˥˧ˮˮ-[][]x y= .

 ˪˩˪ ˧ˤ˞aÍS  ˫˧˧˵˸ˬxa L ya LÍ ª Í .˷ ˥˧ˮˮ-~Lxa ya/ . ˡ˧˶˲ˬ ˢˮˤ ˫˧˧˵ ˧ˤ˞w  ˨˩

ˢ˟˷" ˩xaw LÍ  ˪˟˞yaw LÎ . ˤ˞ ˪˟˞aw  ˭˧˟ ˡ˧˶˲ˬ ˢˮˤx ˪-y ,ˢ˥ˮˢ˪ ˢ˶˧˸˯˟ . ˭˩˪

[ ][ ]xa ya= , ˭˩˞ ˶ˬˣ˪˩d ˠ˧˴ˮˢ ˸˶˧˥˟˟ ˢ˧ˣ˪˸ ˢˮ˧˞. 

˷ ˸ˣ˞˶˪ ˪˵-()L A L= . ˫˞
1... nw w w L= Í  ˢ˴˧˶ˢ ˪˰ ˪˩˸˯ˮ ˤ˞

0 1... nr r r r=  ˪˷A  ˪˰w .

 ˫˧˧˵˸ˬ[]0r e=  ˪˩˪ˣ0 i n¢ <  ˫˧˧˵˸ˬ[ ]1 1 1...i i ir w w w+ += , ˦˶˲˟[]nr w F= Í .˧ˮ˷ ˡ˴ˬ , ˫˞

w LÎ  ˤ˞[]nr w F= Î. 

)Ý(  ˧ˢ˧0, , , ,A Q q Fd= S ˯˞"˷ ˨˩ ˡ-()L A L= . ˸ˣ˪˧˵˷ ˯˥˧ ˶˧ˡˠˮ~A
  ˪˰

*S ˰" ˧

~Ax y ˬ˞" ˬ( ) ( )* *

0 0, ,q x q yd d= ) ˶ˬˣ˪˩A  ˸˞˧˶˵˟ ˟˴ˬ ˣ˸ˣ˞˪ ˰˧ˠˬx ˸˞˧˶˵˟ˣy .( ˶ˣ˶˟

-˷~A
 ˪˧˵˷ ˯˥˧ ˭˩˞ ˞ˣˢˣ ˟˦˧ˢ ˶ˡˠˣˬ˷ ˶˥˞ˬ ˸ˣ-A ˧˦˯˧ˮ˧ˬ˶˦ˡ . 

 ˪˷ ˸ˣ˪˧˵˷ˢ ˸ˣ˵˪˥ˬ ˶˲˯ˬ˷ ˢ˞˶ˮ~A
  ˪˷ ˸ˣ˪˧˵˷ˢ ˸ˣ˵˪˥ˬ ˶˲˯ˬ ˸ˣ˥˲ˢ ˪˩˪ ˞ˣˢ~L

  ˶˥˞ˬˣ

 ˪˷ ˸ˣ˪˧˵˷ˢ ˸ˣ˵˪˥ˬ ˶˲˯ˬ˷~A
 ˰ ˫ˣ˯˥" ˧Q ˢˮ˰˦ˢ ˸˞ ˪˟˵ˮ. ˷ ˥˧ˮˮ-~Ax y ˷ ˢ˞˶ˮˣ-

~Lx y . ˪˩˪
*aÍS  ˫˧˧˵˸ˬ

( ) ( )( ) ( )( ) ( )* * * *

0 0 0 0, , , , , ,q xa q x a q y a q yad d d d d d= = = . ˭˩˪xa L ya LÍ ª Í ,

 ˶ˬˣ˪˩~Lx y . ˪˷ ˸ˣ˪˧˵˷ˢ ˸ˣ˵˪˥ˬ ˶˲˯ˬ ˭˩˪~A
 ˰ ˢ˦ˬ˪ˬ ˫ˣ˯˥" ˸ˣ˪˧˵˷ˢ ˸ˣ˵˪˥ˬ ˶˲˯ˬ ˧

 ˪˷~L
 ˣˮˬ˧˧˯ˣ. 

J 
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ˢˬˠˣˡ :˪˰ ˪˩˸˯ˮ ( ) ( )
*

0 1 0 0 1L= + + . ˧˸˷˟ ˵˶ˣ ˨˞ ˢ˧ˣ˪˸ ˢ˲˷˪ ˢ˪˧ˬ ˸ˣ˩˧˧˷˷ ˸ˣ˞˶˪ ˭˸˧ˮ

ˢ˪˷ ˸ˣˮˣ˶˥˞ˢ ˸ˣ˧˸ˣ˞ˢ . ˪˷ ˸ˣ˪˧˵˷ˢ ˸ˣ˵˪˥ˬ ˭˩˪~L
 ˭s: 

¶ *,1, 11e S 

¶ 
* 01S 

¶ *0, 10S 

¶ 
* 00S 

˯˞ ˢˮ˟ˮ" ˸˞ ˪˟˵ˬ˷ ˡL ˢ˥˩ˣˢ˟ ˠ˴ˣˢ˷ ˫˸˧˶ˣˠ˪˞ˢ ˧˲˪: 

˟ 

 ˞˶˵ˮ ˢˤˮˣˮ˵ˢ ˧˦˯˧ˮ˧ˬ˶˦ˡˢ ˦ˬˣ˦ˣ˞ˢ ˧ ˪˷L.  ˫˧˟˴ˬˢ ˶˲˯ˬ ˪˰˟ ˦ˬˣ˦ˣ˞ˢ ˢˤ˧˪˞ˬ˧ˮ˧ˬˢ 

 ˸˞ ˪˟˵ˬ˷L . ˪˷ ˸ˣ˪˧˵˷ˢ ˸ˣ˵˪˥ˬ ˶˲˯ˬ~L
 ˟ ˵˶ˣ ˨˞ ˧ˣ˪˸-L ˢ˸ˣ˞ ˪˟˵ˬ˷ ˦ˬˣ˦ˣ˞˟ ˞˪ˣ .

 ˫˞˷ ˦˲˷ˬ˟ ˣˮ˥˩ˣˢA  ˸˞ ˪˟˵ˬL  ˸ˣ˵˪˥ˬ ˶˲˯ˬ ˸ˣ˥˲ˢ ˪˩˪ ˞ˣˢ ˣ˪˷ ˫˧˟˴ˬˢ ˶˲˯ˬ ˧ˤ˞

 ˪˷ ˸ˣ˪˧˵˷ˢ~L
 . ˦ˬˣ˦ˣ˞ ˭˩˪˧˪˞ˬ˧ˮ˧ˬ  ˸˞ ˪˟˵ˬ˷L  ˞ˣˢ ˣ˪˷ ˫˧˟˴ˬˢ ˶˲˯ˬ˷ ˦ˬˣ˦ˣ˞ ˞ˣˢ

˸ˣ˪˧˵˷ˢ ˸ˣ˵˪˥ˬ ˶˲˯ˬ˩ ,ˣˮ˪˷ ˢˬˠˣˡ˟ ˣˬ˩! 

 

ˬˠˣˡ˸ˣ˞ : 

1. ˷ ˥˧˩ˣˮ-{ }0 1 :0n nL n= ¢  ˦˲˷ˬ ˸˶ˤ˰˟ ˸˧˶˪ˣˠ˶ ˢˮ˧˞Myhill-Nerode . ˪˩˪˷ ˟˪ ˫˧˷ˮ

i j̧  ˫˧˧˵˸ˬ0 ~ 0i j

L/ ˷ ˫ˣ˷ˬ-1i
 ˡ˧˶˲ˬ ˟ˮˤ ˞ˣˢ .˪ ˷˧ ˭˩˪-L ˵˪˥ˬ ˱ˣ˯ˮ˧˞ ˸ˣ˪˧˵˷ ˸ˣ

˷ ˭˞˩ˬˣ-L ˸˧˶˪ˣˠ˶ ˢˮ˧˞. 

2. ˷ ˥˧˩ˣˮ-{ }*:L ww w= ÍS ˸˧˶˪ˣˠ˶ ˢˮ˧˞ . ˫˧˪˧ˬˢ ˪˰ ˪˩˸˯ˮ01i  ˪˩˪0 i< . ˶ˣ˟˰

i j̧ 01i ˡ˧˶˲ˬ ˞˲˧˯ ˞˧ˢ ˭˧˟ ˢ01i ˪-0 1j . ˱ˣ˯ˮ˧˞ ˷˧˷ ˶˥˞ˬi- ˸ˣ˵˪˥ˬ ˱ˣ˯ˮ˧˞ ˷˧ ˫˧

˸˧˶˪ˣˠ˶ ˢˮ˧˞ ˢ˲˷ˢ ˭˩˪ˣ ˸ˣ˪˧˵˷. 

3.  ˪˰ ˪˩˸˯ˮ( ){ }01 :gcd , 1i jL i j= = . ˫˧˧ˮˣ˷˞˶ ˧ˮ˷ ˪˩˪p q̧ 1p
  ˢˡ˧˶˲ˬ ˞˲˧˯ ˞˧ˢ

 ˭˧˟0p
 ˪-0q

 . ˭˩˪ˣ ˸ˣ˪˧˵˷ ˸ˣ˵˪˥ˬ ˱ˣ˯ˮ˧˞ ˷˧ ˫˧˧ˮˣ˷˞˶ ˱ˣ˯ˮ˧˞ ˷˧˷ ˭ˣˣ˧˩L  ˢˮ˧˞

˸˧˶˪ˣˠ˶. 

 

*1 11e+ +S *0 10+S

* 01S

* 00S

1

0

1 11 0



 

 
32 

 

˫˧˦ˬˣ˦ˣ˞ ˪˷ ˢ˧˴ˤ˧ˬ˧ˮ˧ˬ 

 

ˢˬˠˣˡ :˯˞ˢ ˪˰ ˪˩˸˯ˮ"˞˟ˢ ˡ: 

 

 ˞˧ˢ ˣ˪˷ ˢ˲˷ˢ
*0  ˞˪ ˞ˣˢ ˪˟˞˧˪˞ˬ˧ˮ˧ˬ . ˦ˬˣ˦ˣ˞˧˪˞ˬ˧ˮ˧ˬ  ˶ˣ˟˰

*0 ˞ˣˢ: 

 

 

˶ˡˠˢ˸ˣ: 

1. ˯˞ ˭˸ˮ˧ˢ˟" ˡ0, , , ,A Q q Fd= S  ˪˰ ˶˧ˡˠˮQ  ˸ˣ˪˧˵˷ ˯˥˧~F ˞˟ˢ ˭˲ˣ˞˟ : 

~Fp q ˬ˞" ˬ( ) ( )( )* * *, ,w p w F q w Fd d" ÍS Í ª Í 

 ˪˟˵˪ˣ ˡ˥˞ ˟˴ˬ˪ ˫˸ˣ˞ ˡ˥˞˪ ˭˸˧ˮ ˫˧˪ˣ˵˷ ˫ˢ ˫˧˟˴ˬ ˧ˮ˷ ˫˞ ˭˩ˣ ˸ˣ˪˧˵˷ ˯˥˧ ˢˤ˷ ˶ˣ˶˟

˯˞"˪ˣ˵˷ ˡ. 

2.  ˪˩˪0 i¢  ˸ˣ˪˧˵˷ ˯˥˧  ˶˧ˡˠˮ~i  ˪˰Q ˞˟ˢ ˭˲ˣ˞˟: 

~ip q ˬ˞" ˬ( ) ( )( )( )* * *, ,w w i p w F q w Fd d" ÍS ¢ ­ Í ª Í 

˫˧˪˧ˬ˟ ,˸ˣ˶˥˞ ,~ip q ˬ˞" ˶˸ˣ˧ˢ ˪˩˪ ˨˶ˣ˞˟ ˢˡ˧˶˲ˬ ˞˲˧˯ ˭˧˞ ˬi  ˭˧˟p ˪-q . ˫˧˷ˮ

˷ ˟˪-~F ˪ ˫˧˞˸ˬ-~¤. 

 

 

 

 

 

0

1

0,1

0

0

0

1 1

0,1 0,1
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ˢˮ˰˦ :˯˞ ˭˸ˮ˧ˢ˟" ˡ0, , , ,A Q q Fd= S  ˪˷ ˸ˣ˪˧˵˷ˢ ˸ˣ˵˪˥ˬ ˸˞ ˞˴ˣˬ ˞˟ˢ ˫˸˧˶ˣˠ˪˞ˢ~F: 

1.  ˶ˣ˟˰0i= { }, \
i

Q
F Q F=

¹
 

2.  ˶ˣ˟˰0 i<  ˪˩˪1ip q-¹  ˪˩˪ ˵ˣˡ˟aÍS  ˫˞( ) ( )1, ,ip a q ad d-¹ 

1.2. ˭˩ ˫˞ , ˤ˞ip q¹ 

2.2. ˸˶˥˞ ,ip q¹/ 

3.  ˫˞
1i i

Q Q

-

=
¹ ¹

 ˶ˣ˴˰ 

ˢ˥˩ˣˢ :˧˶ˣˠ˪˞ˢ ˸ˣˮˣ˩ˮ ˸˞ ˢ˞˶ˮ˫˧˟˪˷˟ ˫˸: 

.˞ ˷ ˢ˞˶ˮ-ip q¹ ˬ˞" ˬ~ip q. 

 ˪˰ ˢ˧˴˵ˣˡˮ˧˞˟i: 

1.  ˶ˣ˟˰0i=  ˧˩ ˢ˶ˣ˶˟ ˢˮ˰˦ˢe  ˭˧˟ ˡ˧˶˲ˬF ˪-\Q F 

2.  ˶ˣ˟˰0i>  ˸˶ˡˠˢˬ ˫˸˧˶ˣˠ˪˞ˢ˰˟ˣˮ ˷-ip q¹ ˬ˞" ˬ

( ) ( )( )1, ,ia p a q ad d-" ÍS ¹ .ˬˬ˞ ˭ˣ˩ˮ ˢˤ ˢ˧˴˵ˣˡˮ˧˞ˢ ˸˥ˮˢ" ˬ

( ) ( )( )1, ~ ,ia p a q ad d-" ÍS .ˬ ˸˶ˡˠˢ~i ˬ˞ ˭ˣ˩ˮ ˢˤ"ˬ 

( )( ) ( )( )( )( )* * *1 ,1 , , ,a w w i p w F q a w Fd d d d" ÍS" ÍS ¢ - ­ Í ª Í 

ˬ˞" ˬ( ) ( )( )( )* * *, ,a w aw i p aw F q aw Fd d" ÍS" ÍS ¢ ­ Í ª Í ˬ˞" ˬ

( ) ( )( )( )* * *, ,z z i p z F q z Fd d" ÍS ¢ ­ Í ª Í ˬ˞" ˬ~ip q. 

.˟ ˶˴ˣ˰ ˫˸˧˶ˣˠ˪˞ˢ˷ ˢ˞˶ˮ. 

 ˯˥˧ˢ˷ ˟˪ ˫˧˷ˮ1i+¹  ˯˥˧ˢ ˸˞ ˭ˡ˰ˬi¹ ,˪˴˲˸ˢ˪ ˢ˪ˣ˩˧ ˢ˵˪˥ˬˢ ˟˪˷ ˪˩˟ ˶ˬˣ˪˩ .

˰ ˫ˣ˯˥ ˫˧˪ˣ˴˧˲ˢ ˶˲˯ˬ" ˧Q ˰ ˫ˣ˯˥ ˫˸˧˶ˣˠ˪˞ˢ ˪˷ ˸ˣ˧˴˶˦˧˞ˢ ˶˲˯ˬ ˭˩˪ˣ" ˧Q. 

.ɣ ˟ ˣˮ˶˴˰ ˫˞˷ ˢ˞˶ˮ-i k=  ˪˩˪ ˤ˞k j¢  ˫˧˧˵˸ˬj kp q p q¹ ª ¹. 

 ˪˰ ˢ˧˴˵ˣˡˮ˧˞˟j: 

1.  ˶ˣ˟˰j k= ˶ˣ˶˟ ˭˟ˣˬ˩ ˢˤ. 

2.  ˶ˣ˟˰k j< ˫˧˧˵˸ˬ 

( ) ( )( )( )

( ) ( )( )( )

( ) ( )( )( )
1

1 1

1 1

, ,

, ,

, ,
k k

j j j

IH

k k

Q Q

k k

k

p q p q a p a q a

p q a p a q a

p q a p a q a

p q

d d

d d

d d
-

- -

=
¹ ¹

- -

¹ ª ¹ Ø " ÍS ¹

ª ¹ Ø " ÍS ¹

ª ¹ Ø " ÍS ¹

ª ¹

 

.l ˷ ˰˟ˣˮ ˭˞˩ˬ-~ ~k Fp q p q p q¤¹ ª ª  ˰ˠ˶˟ ˧˶ˢ˷kp q¹  ˪˩˪ ˫ˠ ˭ˣ˩ˮ ˢˤj k² 

˪˩˟ ˭˧˞ ˭˩˪ˣˢˡ˧˶˲ˬ ˢ˪˧ˬ ˪. 

J 



 

 
34 

 

ˢˮ˵˯ˬ :˯˞ ˭˸ˮ˧ˢ˟" ˡ0, , , ,A Q q Fd= S ˯˞ ˸ˣˮ˟˪ ˭˸˧ˮ" ˡ˧˪˞ˬ˧ˮ˧ˬ ˰ ˪ˣ˵˷" ˧

[]0 ~
' , , ', ,

~ ~
Q FA qd

¤¤ ¤

= S  ˶˷˞˩[]( ) ( )
~ ~

' , ,q a q ad d
¤ ¤

=è øê ú. 

ˢ˥˩ˣˢ :˷ ˸ˣ˞˶ˢ˪ ˨˧˶˴ ˸˧˷˞˶-'d ˟˦˧ˢ ˸˶ˡˠˣˬ , ˶ˬˣ˪˩[]( )~
' ,q ad

¤

 ˠ˧˴ˮˢ ˸˶˧˥˟˟ ˧ˣ˪˸ ˣˮ˧˞.  

˶ˣ˶˟ ˢˤ ˪˟˞  ˪˷ ˢ˶ˡˠˢˢˬ[]
~

q
¤

 . ˪˩˪ ˢ˶ˡˠˢ ˧˲˪[]
~

p q
¤

Í  ˫˧˧˵˸ˬ( ) ( ), ,p a q ad d=. 

˷ ˶ˣ˶˟-() ( )'L A L A=  ˸˶ˡˠˢ ˧˲˪~¤ . 

˷ ˢ˞˶ˮ-( ) ( )* *

0 0~ , ~ ,Lx y q x q yd d¤ª: 

( )

( ) ( )( )

( )( ) ( )( )( )
( ) ( )

*

* * *

0 0

* * * * *

0 0

* *

0 0

~

, ,

, , , ,

, ~ ,

Lx y z xz L yz L

z q xz F q yz F

z q x z F q y z F

q x q y

d d

d d d d

d d¤

ª " ÍS Í ª Í

ª " ÍS Í ª Í

ª " ÍS Í ª Í

ª

 

˶˥˞ˬ ˬ ˶˲˯ˬ˷ ˪˷ ˸ˣ˪˧˵˷ˢ ˸ˣ˵˪˥~¤  ˪˷ ˸ˣ˪˧˵˷ˢ ˸ˣ˵˪˥ˬ ˶˲˯ˬ˪ ˢˣˣ˷~L ˷ ˪˟˵ˮ-'A 

˧˪˞ˬ˧ˮ˧ˬ. 

J 

 

˫˧˦ˬˣ˦ˣ˞ ˪˰ ˸ˣˮ˧˧ˮ˰ˬ ˸ˣ˪˞˷ 

 

 ˦ˬˣ˦ˣ˞ ˭˸ˮ˧ˢ˟A ˫˧˶˟ˡ ˢˬ˩ ˣ˧˪˰ ˸˰ˡ˪ ˫˧˴ˣ˶ ˣˮ˧˧ˢ: 

1. ˸ˣ˩˧˧˷  ˦ˬˣ˦ˣ˞ˢ ˸˲˷˪ ˢ˪˧ˬ ˪˷ï  ˫˞ˢ()w L AÍ? 

2. ˸ˣˮ˵˧˶ ï  ˫˞ˢ()L A =Å? 

3. ˸ˣ˧˪˞˯˶˟˧ˮˣ˞ ï  ˫˞ˢ() *L A =S? 

˸ˣ˦ˣ˷˲ ˸ˣ˟ˣ˷˸ ˷˧ ˢ˪˞ˢ ˸ˣ˪˞˷ˢ ˪˩˪  ˫˞ ˢˮ˸˷ˬ ˭ˣ˶˸˧˲ˢ ˪˷ ˸ˣ˪˧˰˧ˢ ˪˟˞A  ˣ˞ ˧˦˯˧ˮ˧ˬ˶˦ˡ

˞˪. 

1. ˸ˣ˩˧˧˷ : 

-  ˫˞A  ˸˞ ˫˧˴˧˶ˬ ˦ˣ˷˲ ˧˦˯˧ˮ˧ˬ˶˦ˡA  ˪˰w  ˨ˣ˸ ˸˪˟˵˸ˬ ˢ˟ˣ˷˸ˢˣ( )O w 

˫˧ˡ˰˴. 

-  ˫˞A ˫˧˩˶ˡ ˷ˣ˪˷˟ ˪ˣ˰˲˪ ˭˸˧ˮ ˧˦˯˧ˮ˧ˬ˶˦ˡ ˞˪ . ˸˞ ˸ˣˮ˟˪ ˞˧ˢ ˸˧˟˧˞ˮˢ ˨˶ˡˢ

˯˞ˢ"ˣ˸ˣ˞ ˳˧˶ˢ˪ ˤ˞ˣ ˪ˣ˵˷ˢ ˡ . ˣˮ˪ ˢ˪˰˧ ˢˤ( )2
Q

O w+ ˫˧ˡ˰˴ . ˸˶˥˞ ˢ˷˧ˠ ˞˧ˢ

ˢ˴˧˶ ˧ˡ˩ ˨ˣ˸ ˸˧˦˯˧ˮ˧ˬ˶˦ˡ ˢ˯˶ˠ ˸ˣˮ˟˪ , ˫˧˟˴ˬˢ ˸˞ ˵˶ ˶ˣ˴˧˪ ˟˪˷ ˪˩˟ ˶ˬˣ˪˩
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ˣˮ˪˷ ˸˧˲˧˴˲˯ˢ ˢ˪˧ˬˢ ˶ˣ˟˰ ˫˧˴ˣ˥ˮ˷ . ˵˶ ˨˶ˣ˴ ˢˤˢ ˨˧˪ˢ˸ˢ( )2
O Q w ˫˧ˡ˰˴ .

 ˪˷ ˨ˣ˸˧˥ˢ ˦ˬˣ˦ˣ˞ ˸˞ ˸ˣˮ˟˪ ˞˧ˢ ˢ˟ˣ˦ ˧˩ˢ ˢ˧˴˲ˣ˞ˢ{} ()w L AÆ  ˵ˣˡ˟˪ ˤ˞ˣ

˸ˣˮ˵˧˶. 

2. ˸ˣˮ˵˧˶ :ˬˣ˦ˣ˞ˢ ˪˷ ˸ˣ˧˦˯˧ˮ˧ˬ˶˦ˡˢˬ ˸˰˲˷ˣˬ ˞˪ ˢ˟ˣ˷˸ˢ ˭˞˩ ˦. ˵˧˶ ˞˪ ˞ˣˢ ˦ˬˣ˦ˣ˞

ˬ˞"ˣˢ˷˪˩ ˪˟˵ˬ ˟˴ˬ˪ ˧˸˪˥˸ˢ ˟˴ˬˬ ˪ˣ˪˯ˬ ˫˧˧˵ ˬ . ˢ˵˧ˡ˟ ˞˧ˢ ˸˞ˤˢ ˢ˵˧ˡ˟ˢ

ˢ˦ˣ˷˲ ˸˧˪˞˧ˬˣˮ˧˪ˣ˲ ,˰ ˪˷ˬ˪" ˧DFS. 

3. ˸ˣ˧˪˞˯˶˟˧ˮˣ˞ :˫˧˪˷ˬˢ ˦ˬˣ˦ˣ˞ˢ ˪˷ ˸ˣˮ˵˧˶ˢ ˸˞ ˵ˣˡ˟˪ ˷˧. 

- ˯˞ ˶ˣ˟˰"˯˞ ˫˧˩˲ˣˢ ˨˧˞ ˣˮ˧˞˶ ˶˟˩ˣ ˡˣ˞ˬ ˦ˣ˷˲ ˢˤ ˡ"˯˞˪ ˡ"˫˧˪˷ˬˢ ˡ. 

- ˯˞ ˶ˣ˟˰"˪ ˭˸˧ˮ ˞˪ ˪˯˞ˢ ˸˞ ˪˟˵"˯˞˪ ˣˬ˩ ˭˲ˣ˞ ˣ˸ˣ˞˟ ˫˧˪ˬˢ ˪"l . ˢ˶˧˶˟ ˭˧˞ ˭˩˪

˸ˣ˧˪˞˯˶˟˧ˮˣ˞ ˵ˣˡ˟˪ ˤ˞ˣ ˣ˸ˣ˞ ˭˴˶˥˪ ˞˪˞. 

 

 

 

 

 

 

 

 

  



 

 
36 

 

˷˶˷˵ˢ ˸ˣ˶˯˥ ˸ˣ˲ 

 

˶˷˵ˢ ˧˶˯˥ ˫˧˵ˣˡ˵ˡ 

 

˶ˡˠˢ˸ˣ : 

1. ˶˷˵ˢ ˶˯˥ ˵ˣˡ˵ˡ  ˢ˧˧˰˧˟˶ ˞ˣˢ, , ,G V R S= S ˶˷˞˩ 

¶ V ˫˧ˮ˸˷ˬ ˪˷ ˸˧˲ˣ˯ ˢ˴ˣ˟˵ 

¶ S ˪ ˢ˶ˤ˷ ˫˧˪ˮ˧ˬ˶˦ ˪˷ ˸˧˲ˣ˯ ˢ˴ˣ˟˵-V 

¶ R  ˸˧˲ˣ˯ ˢ˴ˣ˟˵ ˢ˶ˣ˴ˢˬ ˢ˶˧ˤˠ ˧˵ˣ˥ ˪˷( ) ( ) ( )
* * *

V V V VSÇ SÇ ­ SÇ 

¶ S VÍ ˧˸˪˥˸ˢ ˢˮ˸˷ˬ 

2. ˬ˞ˮ˷ ˶-uAv uwvÝ  ˫˞A w­  ˶˷˞˩ ˵ˣˡ˵ˡ˟ ˵ˣ˥A VÍ x-( )
*

, ,w u v VÍ SÇ .

˷ ˶ˬ˞ˮ-u vÝÝ  ˢ˶ˡ˯ ˸ˬ˧˧˵ ˫˞1,..., ku u  ˶ˣ˟˰1 k¢ ˷ ˨˩-

1 2 ... ku u u u v= Ý Ý Ý = . ˞˶˵ˮ ˢˤ ˨˧˪ˢ˸ˢ˶˧ˤˠ  ˪˷v ˬ-u. 

3. ˵ˣˡ˵ˡ ˪˷ ˢ˲˷ˢ  ˞˧ˢ(){ }* :L G w s w= ÍS ÝÝ. 

4. ˰ ˸˪˟˵˸ˬ ˶˷˞ ˢ˲˷" ˸˞˶˵ˮ ˶˷˵ˢ ˶˯˥ ˵ˣˡ˵ˡ ˧˶˷˵ˢ ˸˶˯˥ ˢ˲˷ )˥˷ ˭˪ˢ˪"s(. 

5. ˶˯˥ ˸ˣ˲˷ˢ ˸˵˪˥ˬ ˸˞ ˭ˬ˯ˮ˟ ˶˷˵ˢˢ ˸ˣ-CFL. 

 

˸ˣ˞ˬˠˣˡ: 

1.  ˶˷˵ˢ ˶˯˥ ˵ˣˡ˵ˡ ˶˧ˡˠˮ, , ,G V R S= S ˰"˧: 

¶ { },V A B= 

¶ { }0,1,#S= 

¶ ˫ˢ ˢ˶˧ˤˠˢ ˧˵ˣ˥: 

i. 0 1A A­ 

ii. A B­ 

iii. #B­ 

¶  ˞ˣˢ ˧˸˪˥˸ˢˢ ˢˮ˸˷ˬˢA 

˪˷ˬ˪ , ˢ˪˧ˬˢ ˪˷ ˢ˶˧ˤˠ ˢˮˢ00#11 :0 1 00 11 00 11 00#11A A A BÝ Ý Ý Ý . ˸˞

˰ ˶˞˸˪ ˫ˠ ˭˸˧ˮ ˢ˶˧ˤˠˢ" ˧ˢ˶˧ˤˠ ˳˰: 
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˷ ˸ˣ˞˶˪ ˪˵-(){ }0 #1 : 0n nL G n= ². 

2.  ˢ˲˷ˢ ˶ˣ˟˰ ˵ˣˡ˵ˡ ˟ˣ˸˩ˮ( ) ( )
*

0 1 0 0 1+ + 

¶ { },V S A= 

¶ { }0,1S= 

¶ ˢ˶˧ˤˠˢ ˧˵ˣ˥: 

i. 00S A­ 

ii. 01S A­ 

iii. | 0 |1A A Ae­ 

3. ˧˵ˣ˥ ˭˲ˣ˞˟ ˫˧ˮˮˣ˵ˬˢ ˫˧˧˶ˠˣ˯ˢ ˸˲˷ :{}{ }, , , ,G S a b R S=  ˫ˢ ˢ˶˧ˤˠˢ ˧˵ˣ˥ ˶˷˞˩

| |S aSb SSe­ . ˧˶ˢ˷ ˸˧˶˪ˣˠ˶ ˢˮ˧˞ ˣˤ ˢ˲˷˷ ˟˪ ˫˧˷ˮ

() { }* * : 0n nL G a b a b nÆ = ¢ . ˣ˪˧˞()L G  ˫ˠ˷ ˫˧˪˟˵ˬ ˣˮ˧ˢ ˸˧˶˪ˣˠ˶ ˢ˸˧˧ˢ

{ }: 0n na b n¢ ˸˧˶˪ˣˠ˶ ,˫ˡˣ˵ ˣˮ˥˩ˣˢ ˶˟˩˷ ˢˬ˪ ˡˣˠ˧ˮ˟. 

4.  ˫˧ˬˣ˶ˡˮ˧˪˲ˢ ˸˲˷{ }{ }*
0,1 : RL w w w= Í = ˰ ˸˪˟˵˸ˬ" ˧ ˢ˶˧ˤˠˢ ˵ˣ˥

0 0 |1 1| 0 |1|S S S e­. 

5.  ˡˣ˥˧˞ˢ ˸˲˷{ } { }0 1 :0 1 0 :0n n n nn n¢ Ç ¢ ˰ ˸˪˟˵˸ˬ"˞˟ˢ ˢ˶˧ˡˠˢ ˧˵ˣ˥ ˧˫˧: 

¶ |S A B­ 

¶ 0 1|A A e­ 

¶ 1 0 |A A e­ 

˶˷˵ˢ ˸ˣ˲˷ ˧˸˷ ˪˷ ˡˣ˥˧˞ ˞˧ˢ˷ ˢ˲˷ ˪˩˪ ˵ˣˡ˵ˡ ˶˧ˡˠˢ˪ ˭˸˧ˮ ˭˲ˣ˞ ˣ˸ˣ˞˟ . ˣ˧ˢ˧

1 1 1 1 1, , ,G V R S= S ,2 2 2 2 2, , ,G V R S= S ˶˷˵ˢ ˧˶˯˥ ˫˧˵ˣˡ˵ˡ ˧ˮ˷ . ˧ˤ˞

( ) ( )1 2L G L GÇ ˰ ˸˪˟˵˸ˬ" ˵ˣˡ˵ˡ ˧, , ,G V R S= S ˞˟ˢ ˭˲ˣ˞˟ ˶ˡˠˣˬˢ: 

¶ {}1 2V V V S= Ç Ç  ˶˷˞˩S ˧˸˪˥˸ˢˢ ˢˮ˸˷ˬˢ ˞ˣˢˣ ˷ˡ˥ ˢˮ˸˷ˬ 

¶ 1 2S=S ÇS 

¶ { }1 2 1 2|R S S S R R= ­ Ç Ç 

 

A

A

A

B

#0 0 11
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˦˲˷ˬ: ˶˷˵ˢˢ ˸ˣ˶˯˥ ˸ˣ˲˷ˢ ˸˵˪˥ˬ˟ ˸˪˩ˣˬ ˸ˣ˧˶˪ˣˠ˶ˢ ˸ˣ˲˷ˢ ˸˵˪˥ˬ. 

ˢ˥˩ˣˢ :˯˞ ˭˸ˮ˧ˢ˟˷ ˸ˣ˞˶ˢ˪ ˨˧˶˴" ˡ0, , , ,A Q q Fd= S  ˶˷˵ˢ ˶˯˥ ˵ˣˡ˵ˡ ˫˧˧˵

, , ,G V R S= S ˷ ˨˩-() ()L A L G=. 

 ˸˞ ˶˧ˡˠˮG ˞˟ˢ ˭˲ˣ˞˟: 

1.  ˪˩˪iq QÍ  ˢˮ˸˷ˬ ˶˧ˡˠˮiv 

2. 0v ˪ ˫˧˞˸ˬˢ-0q ˧˸˪˥˸ˢˢ ˢˮ˸˷ˬˢ ˞ˣˢ 

3. ˨˩ ˢ˶˧ˤˠˢ ˧˪˪˩ ˸˞ ˶˧ˡˠˮ: 

¶  ˫˞( ),i jq a qd =  ˵ˣ˥ ˱˧˯ˣˮi jv av­ 

¶  ˫˞iq FÍ  ˵ˣ˥ ˱˧˯ˣˮiv e­ 

˷ ˸˰˩ ˢ˞˶ˮ-() ()L A L G= . ˧ˢ˸1... nw w w= ˷ ˢ˞˶ˮˣ-0v wÝÝ ˬ˞" ˬ()w L AÍ .

()w L AÍ ˬ˞" ˢ˴˧˶ ˸ˬ˧˧˵ ˬ0 1... nr r r ˩˷ ˨-0 0r q= ,nr FÍ x-( )1 1,i i ir w rd + +=  ˪˩˪

0 i n¢ < ˬ˞ ˭ˣ˩ˮ ˢˤˣ" ˸ˣ˶˧ˤˠ ˸˶˷˶˷ ˸ˬ˧˧˵ ˬ

0 1 1 1 2 2 1 1... ... ...n n nV wV w w V w w V w wÝ Ý Ý Ý Ý  ˶˷˞˩i iV r=  ˪˩˪0 i n¢ ¢. 

J 

 

ˢˬˠˣˡ :( )
*

L a b a= + ˟ ˸ˣ˶ˬˠˮˢ ˫˧˪˧ˬˢ ˪˩ ˸˲˷-a. 

 

˯˞˟" ˭˩˪ˣ ˫˧˟˴ˬ ˧ˮ˷ ˷˧ ˡˣˬ˧˞˸˧  ˫˧ˮ˸˷ˬ ˧ˮ˷ ˫ˢ˪{ }0 1,V v v= ˣ˧ˢ˧ ˢ˶˧ˤˠˢ ˧˵ˣ˥ˣ: 

1. 0 1 0|v av bv­ 

2. 1 0 1| |v bv av e­ 

 

˦˲˷ˬ :REG CFLË 

ˢ˥˩ˣˢ : ˧˶˪ˣˠ˶ ˧ˣ˦˧˟ ˭˸ˮ˧ˢ˟ ˭˧˞ ˢ˞˶ˮr ˟ˮ˵ˣˡ˵ˡ ˢˮ G ˢ˲˷ˢ ˢ˸ˣ˞ ˸˞ ˶˧ˡˠˬ˷.  ˥˧˩ˣˮ

 ˧˶˪ˣˠ˶ˢ ˧ˣ˦˧˟ˢ ˪˷ ˢ˧˧ˮ˟ˢ ˪˰ ˢ˧˴˵ˣˡˮ˧˞˟r. 

1. ˫˧˧˯˧˯˟ ˫˧˧˶˪ˣˠ˶ ˫˧˧ˣ˦˧˟ ˶ˣ˟˰: 

¶  ˫˞r =Å  ˞ˣˢ ˵ˣˡ˵ˡˢS S­ 

¶  ˫˞r e=  ˞ˣˢ ˵ˣˡ˵ˡˢS e­ 

b

0q 1q

a
a

b
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¶  ˫˞r a=  ˶ˣ˟˰aÍS  ˞ˣˢ ˵ˣˡ˵ˡˢS a­ 

2. ˫˧˟˩˶ˣˬ ˫˧˧˶˪ˣˠ˶ ˫˧˧ˣ˦˧˟ ˶ˣ˟˰ . ˣ˧ˢ˧1 2,r r  ˫˧˶ˤˣˠ˷ ˫˧˵ˣˡ˵ˡ ˷˧˷ ˥˧ˮˮˣ ˫˧˧˶˪ˣˠ˶ ˫˧˧ˣ˦˧˟

 ˸˞ ˫˧˧˸˪˥˸ˢ ˫˧ˮ˸˷ˬ ˫˰ ˸ˣ˲˷ˢ ˭˸ˣ˞1 2,S S ˢˬ˞˸ˢ˟. 

¶  ˫˞1 2r r r= +  ˸˞ ˪ˣ˪˩˧ ˵ˣˡ˵ˡˢ ˤ˞1 2|S S S­  ˵ˣˡ˵ˡˢ ˪˷ ˢ˶˧ˤˠˢ ˧˵ˣ˥ ˤ˞ˣ

 ˪˷()1L r  ˪˷ˣ()2L r. 

¶  ˫˞1 2.r r r=  ˸˞ ˪ˣ˪˩˧ ˵ˣˡ˵ˡˢ ˤ˞1 2S S S­  ˪˷ ˵ˣˡ˵ˡˢ ˪˷ ˢ˶˧ˤˠˢ ˧˵ˣ˥ ˤ˞ˣ

()1L r  ˪˷ˣ()2L r. 

¶  ˫˞*

1r r=  ˸˞ ˪ˣ˪˩˧ ˵ˣˡ˵ˡˢ ˤ˞1S S S­  ˪˷ ˵ˣˡ˵ˡˢ ˪˷ ˢ˶˧ˤˠˢ ˧˵ˣ˥ ˸˞ˣ

()1L r. 

˷ ˶ˣ˶˟-() ()L G L r=. 

J 

 

ˢ˶ˡˠˢ:  ˧ˢ˧G ˣˡ˵ˡ˶˷˵ˢ ˶˯˥ ˵ .G  ˢ˶ˣ˴ˢˬ ˫ˢ ˣ˟ ˫˧˵ˣ˥ˢ ˪˩ ˫˞ ˧ˮˬ˧ ˧˶˞ˮ˧˪ ˵ˣˡ˵ˡ ˞˶˵˧˧

'V aV­  ˣ˞V e­  ˶˷˞˩, 'V V ˣ ˫˧ˮ˸˷ˬ-a ˪˶˦˧˪ .G  ˪˩ ˫˞ ˧˪˞ˬ˷ ˧˶˞ˮ˧˪ ˵ˣˡ˵ˡ ˞˶˵˧˧

 ˢ˶ˣ˴ˢˬ ˣ˟ ˫˧˵ˣ˥ˢ'V V a­  ˣ˞V e­. 

 

ˢˮ˵˯ˬ : ˢ˲˷L ˬ˞ ˸˧˶˪ˣˠ˶ ˞˧ˢ" ˧ˮˬ˧ ˧˶˞ˮ˧˪ ˵ˣˡ˵ˡ ˫˧˧˵ ˬG ˷ ˨˩-()L G L=. 

ˢ˥˩ˣˢ: 

)Û (˷ ˣˮ˧˞˶ ˸˧˶˪ˣˠ˶ ˞˧ˢ ˢ˲˷ˢ ˫˞ ˵ˣˡ˵ˡ ˫˧˧˵G ˷ ˨˩-()L G L=  ˪˷ ˢ˶ˡˠˢˢˬˣG  ˰˟ˣˮ

˧ˮˬ˧ ˧˶˞ˮ˧˪ ˵ˣˡ˵ˡ ˞ˣˢ˷. 

)Ý( ˢ˩˧˲ˢ ˞˧ˢ ˫ˡˣ˵ˢ ˦˲˷ˬˢ ˸˥˩ˣˢ˟ ˣˮ˧˷˰˷ ˢ˧˧ˮ˟ˢ˷ ˟˪ ˫˧˷ˮ . ˧ˮˬ˧ ˧˶˞ˮ˧˪ ˵ˣˡ˵ˡ ˭˸ˮ˧ˢ˟ ˭˩˪

˯˞ ˸ˣˮ˟˪ ˪˩ˣˮ" ˡA ˷ ˨˩-() ()L G L A=  ˭˩˪ˣ()L G ˸˧˶˪ˣˠ˶ ˞˧ˢ. 

J 
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˸ˣ˞ˬˠˣˡ: 

1. ˫˧˧ˮˣ˟˷˥ ˫˧˧ˣ˦˧˟˪ ˵ˣˡ˵ˡ: 

¶ { }0,...,9, ,S= +³ 

¶ | | 0 | ... | 9E E E E E­ ³ + 

 ˢ˪˧ˬ˪3 5 2³ +  ˧ˮ˷ ˷˧˫˧ˮˣ˷ ˢ˶˧ˤˠ ˧˴˰: 

 

˪ ˞˧ˢ ˢˮˣˣ˩ˢ ˫˞ ˶ˣ˶˟ ˞˪-( )3 5 2³ + ˪ ˣ˞-( )3 5 2³ +. 

2. ˫˧ˮˣ˷ ˫ˢ ˢ˶˧ˤˠˢ ˧˴˰˷ ˶ˬˣ˞ ˥˶˩ˢ˟ ˞˪ ˢˤ ˢ˪˧ˬˢ ˢ˸ˣ˞˪ ˸ˣˮˣ˷ ˸ˣ˶˧ˤˠ ˧˸˷ ˷˧ ˫˞ .

˪˷ˬ˪ ,˰ ˸˶ˡˠˣˬˢ ˧˵ˣ˥ ˭˲ˣ˞˟ ˫˧ˮˮˣ˵ˬˢ ˫˧˧˶ˠˣ˯ˢ ˸˲˷ ˪˰ ˪˩˸˯ˮ" ˧| |S aSb SSe­ .

 ˢ˪˧ˬ˪abab ˸ˣˮˣ˷ ˸ˣ˶˧ˤˠ ˧˸˷ ˷˧: 

¶ S SS aSbS aSbaSb abaSb abab­ ­ ­ ­ ­ 

¶ S SS aSbS abS abaSb abab­ ­ ­ ­ ­ 

˴˰ ˪˟˞˫˧ˢˤ ˫ˢ ˸ˣ˶˧ˤˠˢ ˧˸˷ ˪˷ ˢ˶˧ˤˠˢ ˧: 

 

 

˶ˡˠˢ˸ˣ: 

1.  ˧ˢ˧G ˷ ˥˧ˮˮˣ ˶˷˵ˢ ˶˯˥ ˵ˣˡ˵ˡ-S wÝÝ . ˪˷ ˢ˶˧ˤˠˢ˷ ˶ˬ˞ˮw  ˞˧ˢ ˸˧˪˞ˬ˷

˶˸ˣ˧˟ ˶˸ˣ˧˟ ˧˪˞ˬ˷ˢ ˢˮ˸˷ˬˢ ˱˪˥ˣˬ ˢ˶˧ˤˠ˟ ˡ˰˴ ˪˩˟ ˫˞. 

2. ˷ ˶ˬ˞ˮ-w ˧˰ˬ˷ˬ ˟˶ ˭˲ˣ˞˟ ˸˶ˤˠˮ ˪ ˷˧ ˫˞-w  ˸ˣˮˣ˷ ˶˸ˣ˧˟ ˸ˣ˧˪˞ˬ˷ ˸ˣ˶˧ˤˠ ˧˸˷

ˬˣ˸ˣ˧˪˞ˬ˧ˮ˧. 

3.  ˞ˣˢ ˵ˣˡ˵ˡ˧˰ˬ˷ˬ ˟˶  ˢ˪˧ˬ ˸ˬ˧˧˵ ˫˞w ˧˰ˬ˷ˬ ˟˶ ˭˲ˣ˞˟ ˸˶ˤˠˮ ˶˷˞. 

 

S

S S

Sa b Sa b

e e

E

E E

E E

+³ 23 5

( )3 5 2³ +

E

E E

E E

+³ 23 5

( )3 5 2³ +
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ˢ˶˰ˢ :˧˰ˬ˷ˬ ˟˶ ˞ˣˢ ˭˸ˣ˞ ˶ˤˣˠ˷ ˵ˣˡ˵ˡ ˪˩ ˶˷˞ ˶˷˵ˢ ˸ˣ˶˯˥ ˸ˣ˲˷ ˸ˣˬ˧˧˵. 

˶˷˵ˢ ˧˶˯˥ ˫˧˵ˣˡ˵ˡ ˪˰ ˫˧ˮ˧˧ˮ˰ˬ ˸ˣ˪˞˷ 

 

ˣˮ˵˧˶ ˵ˣˡ˟˪ˣ ˵ˣˡ˵ˡ˪ ˢ˪˧ˬ ˪˷ ˸ˣ˩˧˧˷ ˵ˣˡ˟˪ ˸˰ˡ˪ ˫˧˴ˣ˶ ˣˮ˧˧ˢ ˫˧˦ˬˣ˦ˣ˞ ˪˷ ˢ˶˵ˬ˟ ˣˬ˩ ˪˷ ˸

˵ˣˡ˵ˡ .˫˧˷ˡ˥ ˫˧˪˩ ˢˬ˩˪ ˵˵ˡˤˮ ˢ˶˦ˬˢ ˨˶ˣ˴˪. 

 

ˢ˶ˡˠˢ :˟ ˞ˣˢ ˶˷˵ˢ ˶˯˥ ˵ˣˡ˵ˡ ˢ˶ˣ˴˸˧˪˞ˬ˶ˣˮ ˯ˬˣ˥ ˪˷˵˧  ˸˥˞ˬ ˫ˢ ˢ˶˧ˤˠˢ ˧˵ˣ˥ ˪˩ ˫˞

˸ˣ˞˟ˢ ˸ˣ˶ˣ˴ˢ: 

1. A BC­  ˶ˣ˟˰, ,A B C VÍ x-,B C Ş  ˶˷˞˩S ˧˸˪˥˸ˢˢ ˢˮ˸˷ˬˢ 

2. A a­  ˶ˣ˟˰A VÍ x-aÍS 

3. S e­ 

 

ˢˮ˰˦ : ˶˷˵ˢ ˶˯˥ ˵ˣˡ˵ˡ ˪˩˪G  ˪ˣ˵˷ ˶˷˵ˢ ˶˯˥ ˵ˣˡ˵ˡ ˫˧˧˵'G  ˢ˶ˣ˴˟˪˞ˬ˶ˣˮ˸˧ ˧˵˯ˬˣ˥ ˪˷. 

ˢ˥˩ˣˢ : ˵ˣˡ˵ˡ ˭˸ˮ˧ˢ˟ ˨˧˞ ˢ˞˶ˮG  ˢ˶ˣ˴˟ ˪ˣ˵˷ ˵ˣˡ˵ˡ˪ ˣ˸ˣ˞ ˨ˣ˲ˢ˪ ˪˩ˣˮ˸˧˪˞ˬ˶ˣˮ ˧˵˯ˬˣ˥ ˪˷ .

˵ˣˡ˵ˡˢ ˪˷ ˢ˲˷ˢ ˸˞ ˫˧ˮ˷ˬ ˣˮˮ˧˞ ˟˪˷ ˪˩˟˷ ˟˪ ˫˧˷ˮˣ ˫˧˟˪˷˟ ˸˞ˤ ˢ˷˰ˮ .˫˧˟˪˷ˢ ˫ˣ˧˯˟ , ˪˩

˸ˣ˷ˣ˶ˡˢ ˸ˣ˶ˣ˴ˢ ˸˥˞˟ ˣ˧ˢ˧ ˢ˶˧ˤˠˢ ˧˵ˣ˥. 

1.  ˣ˟˷ ˢ˶˧ˤˠ ˵ˣ˥ ˷˧ ˫˞S  ˭˧ˬ˧ ˡ˴˟ ˰˧˲ˣˬ ˷ˡ˥ ˧˸˪˥˸ˢ ˢˮ˸˷ˬ ˶˧ˡˠˮ'S  ˵ˣ˥ ˱˧˯ˣˮˣ

'S S­. 

2.  ˵ˣ˥ ˷˧ ˫˞A e­  ˶ˣ˟˰A Ş , ˢ˶ˣ˴ˢˬ ˵ˣ˥ ˪˩˪B uAv­  ˶˷˞˩( )
*

,u v VÍ SÇ 

 ˵ˣ˥ˢ ˸˞ ˱˧˯ˣˮB uv­ . ˵ˣ˥ ˫˧˧˵ ˞˪ ˫˞B uAv­  ˤ˞ ˢˤ˩A  ˪˷ ˭˧ˬ˧ ˡ˴˟ ˰˧˲ˣˬ ˞˪

 ˸˞ ˵ˣ˶ˤ˪ ˦ˣ˷˲ ˫˧˪ˣ˩˧ ˣˮ˥ˮ˞ ˭˩˪ˣ ˢ˶˧ˤˠ ˵ˣ˥ ˱˞A e­. 

3.  ˢ˶ˣ˴ˢˬ ˵ˣ˥ ˷˧ ˫˞A B­ , ˢ˶ˣ˴ˢˬ ˵ˣ˥ ˪˩˪B u­  ˶ˣ˟˰( )
*

u VÍ SÇ  ˵ˣ˥ ˱˧˯ˣˮ

A u­ ) ˞˪˞˭˩ ˫˞ ,˫ˡˣ˵ ˣ˟ ˣˮ˪˲˧˦ ˶˟˩ .( ˸˞ ˵ˣ˶ˤ˪ ˭˸˧ˮ ˸˰˩A B­  ˶˞˷˧ˮˣ ˢ˲˷ˢˬ

˪ˣ˵˷ ˵ˣˡ˵ˡ ˫˰. 

4.  ˢ˶ˣ˴ˢˬ ˵ˣ˥ ˪˩˪1... kA u u­  ˶˷˞˩3 k¢ x-iu VÍSÇ ˟ ˣ˸ˣ˞ ˱˧˪˥ˮ-1k-  ˫˧˵ˣ˥

˫˧˷ˡ˥ :1 1 1 2 2 2 1, ,..., k k kA u A A u A A u u- -­ ­ ­  ˶˷˞˩1 2,..., kA A- ˫˧˷ˡ˥ ˫˧ˮ˸˷ˬ. 

5.  ˢ˶ˣ˴ˢˬ ˵ˣ˥ ˪˩˪1 2A u u­  ˶˷˞˩1 2,u u VÍSÇ , ˫˞1u ÍS  ˷ˡ˥ ˢˮ˸˷ˬ ˶˧ˠˡˮ1U 

 ˫˧˵ˣ˥ˢ ˸˞ ˱˧˯ˣˮˣ1 1U u­ x-1 2A U u­ .ˮ˩" ˶ˣ˟˰ ˪2u. 

˫˧˟˪˷ˢ ˪˩˟ ,˶ˣ˶˟ ˪ˣ˵˷ ˵ˣˡ˵ˡ˪ ˣˮ˶˟˰˷ , ˢ˶ˣ˴˟ ˶˷˵ˢ ˶˯˥ ˵ˣˡ˵ˡ ˫˰ ˣˮ˶˸ˣˮ ˱ˣ˯˟˪ˣ˸˧˪˞ˬ˶ˣˮ 

˧˶ˣ˵ˬˢ ˵ˣˡ˵ˡ˪ ˪ˣ˵˷ ˶˷˞ ˧˵˯ˬˣ˥ ˪˷. 

J 
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ˢˮ˰˦ : ˶˷˵ˢ ˶˯˥ ˵ˣˡ˵ˡ ˧ˢ˧, , ,G V R S= S . ˢ˶˧ˤˠ ˸ˬ˧˧˵ ˫˞S wÝÝ  ˢ˶˧ˤˠ ˸ˬ˧˧˵ ˤ˞

 ˢ˶ˣ˴ˢˬ1 2 1 2 3 1 2 1 2... ... ...n nS A A B B B Z Z Z w w wÝ Ý Ý Ý Ý. 

ˢ˥˩ˣˢ : ˢ˶ˣ˴˟ ˭ˣ˸ˮ ˵ˣˡ˵ˡˢ˷ ˥˧ˮˢ˪ ˭˸˧ˮ˸˧˪˞ˬ˶ˣˮ ˧˵˯ˬˣ˥ ˪˷ . ˣˮ˪˟˧˵ ˫˞1... nw w  ˷˧˷ ˭ˬ˧˯

˷ˬ˫ˢ˧˪˞ ˣ˶˟˰˷ ˫˧ˮ˸ ,ˡ˥˞ ˢˮ˸˷ˬˬ ˣ˞˟ ˫˧ˮ˸˷ˬ ˧ˮ˷ ˪˩ˣ. 

J 

 

ˢˮ˵˯ˬ :˥˷˪ ˢ˪˧ˬ ˪˷ ˸ˣ˩˧˧˷ ˸ˣ˪˧˰˧˟ˣ ˸ˣ˪˵˟ ˵ˣˡ˟˪ ˭˸˧ˮ"s. 

ˢ˥˩ˣˢ :˧ˬ˞ˮ˧ˡ ˭ˣˮ˩˸˟ ˷ˬ˸˷ˮ .˟ ˭ˬ˯ˮ-[ ],T i j  ˢ˪˧ˬˢ ˸˸ ˸˞ ˶ˣˤˠ˪ ˭˸˧ˮ ˫ˢˬ˷ ˫˧ˮ˸˷ˬˢ ˪˩ ˸˞

...i jw w , ˶ˬˣ˪˩[ ]{ }, : ...i jT i j A V A w w= Í ÝÝ . ˫˞ ˸˰ˡ˪ ˫˧˴ˣ˶ ˣˮ˥ˮ˞[ ]1,S T nÍ. 

˨˩ ˪˰˲˧ ˫˸˧˶ˣˠ˪˞ˢ: 

1. ˪ˣ˥˸˞ : ˪˩˪1,...,i n= []{ }, : iT i i A V A w= Í ­ . ˢ˶ˣ˴˟ ˭ˣ˸ˮ ˵ˣˡ˵ˡˢ˷ ˪˪ˠ˟˸˧˪˞ˬ˶ˣˮ 

˷ˬˬ ˢ˪˵ ˸˞ˤˢ ˢ˵˧ˡ˟ˢ ˧˵˯ˬˣ˥ ˪˷. 

2.  ˪˩˪1,..., 1k n= - )k  ˸ˣ˥˲ ˢ˪˧ˬ ˸˸ˢ ˨˶ˣ˞ ˸˞ ˪ˬ˯ˬ1( 

1.2.  ˪˩˪1,...,i n k= - )i ˢ˪˧ˬ ˸˸ˢ ˨ˣ˸˟ ˫ˣ˵˧ˬˢ ˸˞ ˪ˬ˯ˬ( 

1.1.2.  ˪˩˪0,..., 1j k= - )j  ˸ˣ˥˲ ˭ˣ˷˞˶ˢ ˵˪˥ˢ ˨˶ˣ˞ ˸˞ ˪ˬ˯ˬ1( 

1.1.1.2.  ˢ˶ˣ˴ˢˬ ˵ˣ˥ ˷˧ ˫˞A BC­  ˶˷˞˩[ ],B T i i jÍ + x-

[ ]1,C T i j i kÍ + + + 

1.1.1.1.2.  ˸˞ ˱˧˯ˣˮA ˪-[ ],T i i k+ 

ˢ˶˧ˤˠˢ ˧˵ˣ˥ ˶˲˯ˬ˟ ˧ˣ˪˸ ˧ˬ˧ˮ˲ˢ ˵˪˥ˢˣ ˸ˣˮˮˣ˵ˬ ˸ˣ˞˪ˣ˪ ˷ˣ˪˷ ˫˸˧˶ˣˠ˪˞˟ ˷˧ , ˪˷ ˢ˴˧˶ˢ ˭ˬˤ ˭˩˪

 ˞ˣˢ ˫˸˧˶ˣˠ˪˞ˢ( )3O n R. 

J 

 

˦˲˷ˬ :˶˷˵ˢ ˶˯˥ ˵ˣˡ˵ˡ ˪˷ ˸ˣˮ˵˧˶ ˸ˣ˪˧˰˧˟ ˵ˣˡ˟˪ ˭˸˧ˮ. 

ˢ˥˩ˣˢ : ˵ˣˡ˵ˡ ˧ˢ˧, , ,G V R S= S . ˢ˴ˣ˟˵ ˢˮ˟ˮE ˫˧˪˧ˬ ˶ˣˤˠ˪ ˭˸˧ˮ ˫ˢˬ˷ ˫˧ˮ˸˷ˬ ˪˷ . ˢ˴˶ˮ

 ˢ˴ˣ˟˵ˢ ˫˞ ˸˰ˡ˪ ˸˞ ˢ˪˧˩ˬS ˞˞˪ ˣ .ˢ˧˴˵ˣˡˮ˧˞˟ ˸ˣ˴ˣ˟˵ ˪˷ ˢ˶ˡ˯ ˶˧ˡˠˮ: 

( )( ){ }

( )( ){ }

1

1

:

: ,i i i

E A V a A a R

E E A V B C E A BC R+

= Í $ ÍS ­ Í

= Ç Í $ Í ­ Í
 

˷ ˭˰˦ˮ-iE ˨ˣ˸ ˧ˢ˷˪˩ ˢ˪˧ˬ ˶ˣˤˠ˪ ˭˸˧ˮ ˫ˢˬ˷ ˫˧ˮ˸˷ˬˢ ˪˩ ˸˴ˣ˟˵ ˞˧ˢ ˶˸ˣ˧ˢ ˪˩˪ i ˫˧ˡ˰˴. 
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 ˪˰ ˢ˧˴˵ˣˡˮ˧˞˟ ˥˧˩ˣˮi: 

1.  ˶ˣ˟˰1i=  ˪˷ ˢ˶ˡˠˢˢˬ ˸ˣ˶˧˷˧ ˰˟ˣˮ ˢˤ1E 

2.  ˶ˣ˟˰ ˥˧ˮˮi  ˶ˣ˟˰ ˥˧˩ˣˮˣ1i+ . ˫˞1iA E+Í  ˤ˞iA EÍ  ˨ˣ˸ ˢ˪˧ˬ ˣˮˬˬ ˶ˣˤˠ˪ ˭˸˧ˮ ˶ˬˣ˪˩

i  ˫˧ˡ˰˴ ˶˸ˣ˧ˢ ˪˩˪) ˨ˣ˸ ˦˶˲˟ˣ1i+ ˶˸ˣ˧ˢ ˪˩˪ ˫˧ˡ˰˴ ( ˫˧ˬ˧˧˵ ˣ˞, iB C EÍ ˷ ˨˩-

A BC­ ˵ˣˡ˵ˡ˟ ˵ˣ˥ .ˬ ˢ˧˴˵ˣˡˮ˧˞ˢ ˸˥ˮˢ ˧˲˪-B ˬx-C  ˪˩˪ ˨ˣ˸ ˢ˪˧ˬ ˶ˣˤˠ˪ ˭˸˧ˮ

 ˶˸ˣ˧ˢi ˫˧ˡ˰˴ . ˵ˣ˥ˢˬ ˭˩˪A BC­  ˧˸˷ ˪˷ ˶ˣ˷˶˷ˢ ˞˧ˢ˷ ˢ˪˧ˬˢ ˸˞ ˶ˣˤˠ˪ ˭˸˧ˮ

 ˨ˣ˸ ˫˧˪˧ˬˢ1i+ ˶˸ˣ˧ˢ ˪˩˪ ˫˧ˡ˰˴. 

 ˫˧˧˵˷ ˭˰˦ˮ ˸˰˩i ˷ ˨˩-1i iE E+= ,˶ˣ˶˟ ˢˤ ˪˟˞  ˸ˣ˧ˢ˪ ˪ˣ˩˧ ˶˸ˣ˧ˢ ˪˩˪˷ ˫ˣ˷ˬE V= . ˸˰˩

˷ ˶ˣ˶˟-
1

k

i k

i

E E E
=

= =ä  ˶˷˞˩1k kE E += . ˸˞ ˶˴˧˧˪ ˧ˡ˩E  ˶˸ˣ˧ˢ ˪˩˪˟ ˨˶ˣ˴ ˷˧V  ˸ˣ˧˴˶˦˧˞

 ˸ˣ˷˰˪ ˷˧ ˢ˧˴˶˦˧˞ ˪˩˟ˣR ˸ˣ˵˧ˡ˟ .˭˩˪ , ˭ˬˤ ˨ˣ˸( )O V R  ˸˞ ˞˴ˬˮE .˱ˣ˯˟˪ , ˵˶ ˶˸ˣˮ

 ˫˞ ˵ˣˡ˟˪S EÍ  ˣ˞S EÎ. 

J 

 

˸˧ˮ˯˥ˬ ˦ˬˣ˦ˣ˞ 

 

˸ˣ˶ˡˠˢ: 

1. ˸˧ˮ˯˥ˬ ˦ˬˣ˦ˣ˞ )˞ ˭˪ˢ˪"ˬ ( ˢ˧˧˷˧˷ ˞ˣˢ0, , , , ,A Q Q Fd= S G ˶˷˞˩: 

¶ Q ˸˧˲ˣ˯ ˫˧˟˴ˬ ˸˴ˣ˟˵ 

¶ S ˞"ˢ˲˷ˢ ˪˷ ˧˲ˣ˯ ˟ 

¶ G ˞"˸˧ˮ˯˥ˬˢ ˪˷ ˧˲ˣ˯ ˟ 

¶ {}( ) {}( ) {}( )
: 2

Q
Q

e
d e e

³ GÇ
³ SÇ ³ GÇ ­ ˸˧˦˯˧ˮ˧ˬ˶˦ˡ ˞˪ ˫˧˶˟˰ˬ ˸˧˧˴˵ˮˣ˲ 

¶ 0Q QË ˫˧˧˸˪˥˸ˢ ˫˧˟˴ˬ ˸˴ˣ˟˵ 

¶ F QË ˫˧˪˟˵ˬ ˫˧˟˴ˬ ˸˴ˣ˟˵ 

2. ˢ˧˴˶ˣˠ˧˲ˮˣ˵ ˞ ˪˷" ˬA ˷ ˟˴ˬˢ ˞˧ˢ-A ˸˧ˮ˯˥ˬˢ ˪˷ ˟˴ˬˢˣ ˣ˟ ˞˴ˬˮ . ˫˞A  ˞˴ˬˮ

 ˟˴ˬ˟q  ˫ˣ˷˶ ˸˧ˮ˯˥ˬ˟ˣ1... nw w  ˶˷˞˩1w  ˫˷˶ˮ˷ ˭ˣ˶˥˞ˢ ˣ˸ˢˣ ˸˧ˮ˯˥ˬ˟-nw  ˣ˸ˢ

˟ ˢ˧˴˶ˣˠ˧˲ˮˣ˵ˢ ˸˞ ˭ˬ˯ˮ ˫˷˶ˮ˷ ˭ˣ˷˞˶ˢ-1, ... nq w w. 

3.  ˢ˧˴˶ˣˠ˧˲ˮˣ˵', 'q s  ˞˧ˢs-˸˟˵ˣ˰ ˪-,q s  ˫˞s  ˢ˵ˣ˪˥˪ ˸ˮ˸˧ˮs at=  ˶˷˞˩

{}a eÍGÇ x-
*tÍG ˷ ˨˩-( )', , ,q b q ad sÍ x-'s bt=. 

4. ˢ˴˧˶  ˪˷A  ˢ˪˧ˬ ˪˰
*wÍS  ˸ˣ˧˴˶ˣˠ˧˲ˮˣ˵ ˪˷ ˢ˶ˡ˯ ˧ˢ0,..., mc c ˷ ˨˩-w  ˸ˮ˸˧ˮ

˩ ˢ˟˧˸˩˪-1... mw w  ˶˷˞˩{}iw eÍSÇ  ˪˩˪1 i m¢ ¢ ˫˧˧˵˸ˬˣ: 

¶ 0 0,c q e=  ˶ˣ˟˰0 0q QÍ 
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¶  ˪˩˪0 1i m¢ ¢ -  ˢ˧˴˶ˣˠ˧˲ˮˣ˵ˢ1ic+  ˞˧ˢ1iw+-˪ ˸˟˵ˣ˰-ic 

5. ˸˧˸˪˥˸ˢ ˢ˧˴˶ˣˠ˧˲ˮˣ˵  ˞˧ˢ,qe  ˶ˣ˟˰0q QÍ ˣˢ˷˪˩. 

6. ˸˪˟˵ˬ ˢ˧˴˶ˣˠ˧˲ˮˣ˵  ˞˧ˢ,q s  ˶ˣ˟˰q FÍ. 

7. ˢ˴˧˶ 0,..., mc c  ˞˧ˢ˸˪˟˵ˬ  ˫˞mc ˸˪˟˵ˬ ˢ˧˴˶ˣˠ˧˲ˮˣ˵. 

8. ˞ ˪˷ ˢ˲˷ˢ"˸˪˟˵ˬ ˢ˴˧˶ ˭˶ˣ˟˰ ˸ˬ˧˧˵˷ ˫˧˪˧ˬˢ ˪˩ ˸˴ˣ˟˵ ˞˧ˢ ˬ . ˪˷ ˢ˲˷ˢ ˸˞A 

˟ ˫˧ˮˬ˯ˬ-()L A. 

 

ˢˬˠˣˡ :˞ ˭ˮ˩˸ˮ" ˢ˲˷ˢ ˶ˣ˟˰ ˬ{ }0 1 :0n nL n= ¢ .ˬ˟ ˷ˬ˸˷ˢ˪ ˞ˣˢ ˭ˣ˧˰˶ˢ ˶ˣ˩ˤ˪ ˸ˮˬ ˪˰ ˸˧ˮ˯˥

ˣˮ˞˶˵ ˫˧˯˲˞ ˢˬ˩ . ˪˷ ˢ˞˧˶˵ ˪˩˟0 ˸˧ˮ˯˥ˬ˪ ˣˢ˷˪˩ ˭ˬ˧˯ ˱ˣ˥ˡˮ . ˸˞˧˶˵˟1 ˭ˬ˧˯ˢ ˸˞ ˱ˣ˪˷ˮ .

ˢ˲˷˟ ˢ˪˧ˬˢ˷ ˭ˬ˧˯ ˢ˵˧˶ ˸˧ˮ˯˥ˬˢ ˢ˪˧ˬˢ ˸˞˧˶˵ ˱ˣ˯˟ ˫˞ .˫˧˦˶˲ ˢˬ˩˪ ˟˪ ˫˧˷ˮ: 

¶ ˸˧ˮ˯˥ˬˢ ˸˪˧˥˸ ˸˞ ˭ˬ˯˧˷ ˭ˬ˧˯˟ ˨˶ˣ˴ ˷˧ 

¶  ˭˩ˬ ˶˥˞˪ˣ ˫˧˯˲˞ˢ ˪˩ ˫˧˰˧˲ˣˬ ˫ˡˣ˵˷ ˫ˠ ˞ˡˣˣ˪ ˷˧˸ˣˡ˥˞ˢ ˪˩ 

˞ ˸˰˩ ˶˧ˡˠˮ" ˬ0, , , , ,A Q Q Fd= S G ˞˟ˢ ˭˲ˣ˞˟: 

¶ { }1 2 3 4, , ,Q q q q q= 

¶ { }0,1S= 

¶ { }0,$G=  ˶˷˞˩$ ˸˧ˮ˯˥ˬˢ ˸˪˧˥˸ ˸˞ ˭ˬ˯˧ 

¶ {}0 1Q q= 

¶ { }1 4,F q q= 

¶ ˨˩ ˸˶ˡˠˣˬ ˫˧˶˟˰ˬˢ ˸˧˧˴˵ˮˣ˲: 

o ( ) ( ){ }1 2, , ,$q qd e e=-   ˫˰ ˸˧ˮ˯˥ˬˢ ˸˞ ˫˧˪˥˸˞ˬ$. 

o ( ) ( ){ }2 2,0, ,0q qd e=-   ˫˧˲˥ˣˡ ˫˧˯˲˞ ˫˧˰˧ˠˬ ˡˣ˰ ˪˩0 ˸˧ˮ˯˥ˬ˪. 

o ( ) ( ){ }2 3,1,0 ,q qd e=-  ˢ ˰˧ˠˬ˷ ˰ˠ˶˟-1  ˫˧˲˪ˣ˷ ˭ˣ˷˞˶ˢ0  ˸˧ˮ˯˥ˬˢˬ

˞˟ˢ ˢ˴ˬ˪ ˫˧˶˟ˣ˰ˣ. 

o ( ) ( ){ }3 3,0,0 ,q qd e=-  ˞ ˸ˣ˰˧ˠˬ ˡˣ˰ ˪˩ ˫˧˲˪ˣ˷ ˸ˣˡ˥0 ˸˧ˮ˯˥ˬˢˬ. 

o ( ) ( ){ }3 4,1,$ ,q qd e=-   ˸ˣˡ˥˞ˢ ˶˲˯ˬ˷ ˭ˬ˧˯ ˸˧ˮ˯˥ˬˢ ˸˪˧˥˸˪ ˣˮ˰ˠˢ ˫˞

ˢ˲˷˟ ˢ˪˧ˬˢˣ ˫˧˯˲˞ˢ ˶˲˯ˬ˪ ˢˣˣ˷. 

"˞˸˧˲˞˶ˠ ˢ˶ˣ˴˟ ˶˞˸˪ ˭˸˧ˮ ˬ . ˫˞( ) ( )', ' , ,q qg d s gÍ ˨˩ ˸˞ˤ ˶˞˸ˮ: 

 

˞ˢ ˢˮˢ ˤ˞" ˬA ˷ ˨˩-()L A L=: 

q 'q
/ 's g g­
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ˢˬˠˣˡ :˨˶ˣ˞˟ ˫˧ˬˣ˶ˡˮ˧˪˲ˢ ˸˲˷  ˧ˠˣˤ{ }{ }*: 0,1RL w w w= Ö Í .L ˰ ˸˪˟˵˸ˬ ˫ˠ" ˵ˣˡ˵ˡˢ ˧

0 0 |1 1|S S S e­ .˸˧ˮ˯˥ˬˢ ˪˰ ˢ˩ ˡ˰ ˣˮ˞˶˵˷ ˢ˪˧ˬˢ ˸˞ ˶ˣˬ˷ˮ˷ ˞ˣˢ ˭ˣ˧˰˶ˢ . ˦˧˪˥ˮ˷ ˰ˠ˶˟

˸ˣ˰˧ˠˬ˷ ˸ˣ˧˸ˣ˞˪ ˢˬ˞˸ˢ˟ ˸˧ˮ˯˥ˬˢˬ ˱ˣ˪˷˪ ˪˧˥˸ˮ ˢ˪˧ˬˢ ˰˴ˬ˞˪ ˣˮ˰ˠˢ˷. 

 

 

˦˲˷ˬ :˰ ˸ˣ˪˟˵˸ˬ˷ ˸ˣ˲˷ˢ ˸˵˪˥ˬ˪ ˢˣˣ˷ ˶˷˵ˢˢ ˸ˣ˶˯˥ ˸ˣ˲˷ˢ ˸˵˪˥ˬ"˞ ˧"ˬ. 

ˢ˥˩ˣˢ : ˢ˸˧˟˷ˢ ˪˪ˠ˟ ˢ˪˦˟˸ˢ) ˪˷ ˢˮˣ˷˞˶ˢ ˢ˶ˣˡˢˬ˟ ˢ˸ˣ˞ ˞ˣ˴ˬ˪ ˪ˣ˩˧ ˭˧˧ˮ˰˸ˬ˷ ˧ˬSipser 

 ˡˣˬ˰˟106  ˡˣˬ˰˟ ˢ˧˧ˮ˷ˢ ˢ˶ˣˡˢˬ˟ ˣ˞115.( 

 

/ $e e­
1q 2q

3q4q

/e e e­

1/ 1e­

0/0 e­

/$e e­

0/ 0e­

1/1 e­

˰˴ˬ˞ˢ ˷ˣ˥˧ˮ 

 ˧˴˥ˢ ˸˞˧˶˵

˧ˮ˷ˢ  ˪˷ˢ˪˧ˬˢ 

˶ˢ ˧˴˥ˢ ˸˞˧˶˵˞ ˭ˣ˷

 ˪˷ˢ˪˧ˬˢ 

/ $e e­
1q 2q

3q4q

1/0 e­

1/ 0e­

1/0 e­

/$e e­
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˶˷˵ˢ ˸ˣ˶˯˥ ˞˪ ˸ˣ˲˷ 

 

˶˷˵ˢ ˸ˣ˶˯˥ ˸ˣ˲˷˪ ˥ˣ˲˧ˮˢ ˸ˬ˪ : ˧ˢ˸L ˶˷˵ˢ ˸˶˯˥ ˢ˲˷ . ˫˧˧˵ ˧ˤ˞1 p¢ ) ˰ˣ˟˵ ˣ˪ ˞˶˵ˮ˷

˥ˣ˲˧ˮˢ ( ˪˩˪˷ ˨˩w LÍ ˷ ˨˩-w p² ˵ˣ˪˥ ˸ˬ˧˧˵ ˢw uvxyz= ˸ˬ˧˧˵ˬˢ: 

1.  ˪˩˪0 i¢ i iuv xy z LÍ 

2. 1vy² 

3. vxy p¢ 

ˢ˥˩ˣˢ : ˧ˢ˧b  ˸˞ ˶ˤˣˠ˷ ˵ˣˡ˵ˡ˟ ˵ˣ˥ ˪˷ ˭˧ˬ˧ ˡ˴ ˪˷ ˧˪ˬ˧˯˵ˬˢ ˨˶ˣ˞ˢL .˷ ˥˧ˮˮ-2b² ) ˸˶˥˞

˟ ˫˧˪˧ˬˢ ˪˩-L  ˨˶ˣ˞˟ ˭ˢ1  ˣ˞2 ˢ˶ˣ˶˟ ˢˮ˰˦ˢ ˤ˞ˣ.( 

 ˧ˢ˸w LÍ . ˢ˶˧ˤˠˢ ˳˰˟T  ˪˷w  ˶˸ˣ˧ˢ ˪˩˪ ˸ˬˣ˴ ˪˩˪ ˷˧b ˫˧ˮ˟ .˫˧˧˵˸ˬ ˤ˞: 

¶  ˫˞()height T h=  ˶˸ˣ˧ˢ ˪˩˪ ˞ˣˢ ˳˰˟ ˫˧˪˰ˢ ˶˲˯ˬ ˤ˞
hb. 

¶  ˫˞()height T h< ˬ ˷ˬˬ ˭˦˵ ˳˰˟ ˫˧˪˰ˢ ˶˲˯ˬ ˤ˞-
hb. 

¶  ˫˞()height T h²  ˸ˣ˥˲ˢ ˪˩˪ ˞ˣˢ ˳˰˟ ˫˧˪˰ˢ ˶˲˯ˬ ˤ˞
hb. 

 ˶˥˟ˮ
1V

p b
+

=1 . ˫˞w p²  ˢ˶˧ˤˠˢ ˳˰ ˢ˟ˣˠ ˤ˞˧˪˞ˬ˧ˮ˧ˬˢ2  ˸ˣ˥˲˪ ˞ˣˢ1V + . ˨˶ˣ˞ ˧˶ˢ˷

˳˰˟ ˫˧˪˰ˢ ˶˲˯ˬ ˞ˣˢ ˢ˪˧ˬˢ . ˸ˣ˥˲ˢ ˪˩˪ ˞ˣˢ ˫˧˪˰ˢ ˶˲˯ˬ ˫˞p  ˸ˣ˥˲ˢ ˪˩˪ ˞ˣˢ ˢ˟ˣˠˢ ˤ˞

1
log log 1

V

b bp b V
+

= = + .ˬ ˣ˧˪˞ ˪ˣ˪˯ˬ˟˷ ˪ˮ˧ˬ˶˦ ˷˧ ˤ˞-S  ˸ˣ˥˲˪ ˷˧1V + ˫˧˸ˬ˴ . ˪˟˞

 ˢˮ˸˷ˬ ˫˧˧˵ ˫˧ˮˣ˧ˢ ˨˟ˣ˷ ˭ˣ˶˵˧˰ ˧˲˪ ˤ˞R ˟ ˫˧˧ˬ˰˲ ˸ˣ˥˲˪ ˶ˤˣ˥˷-1V + ˸ˣˮˣ˸˥˸ˢ ˸ˣˬ˶ˢ. 

 ˸˞ ˵˪˥ˮw ˞˟ˢ ˭˲ˣ˞˟ ˣˬ˩: 

 

 

 

                                                             
1
 ˷ ˶ˣ˩ˤˮ-V ˵ˣˡ˵ˡˢ ˪˷ ˫˧ˮ˸˷ˬˢ ˫ˢ 

2
 ˪ ˭˧˞ ˶ˬˣ˪˩-w ˫˧˸ˬ˴ ˸ˣ˥˲ ˫˰ ˢ˶˧ˤˠ ˳˰ 

S

R

R

u v x y z
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˫˧˷ˣ˶ˡˢ ˫˧˞ˮ˸ˢ ˫˧ˬ˧˧˵˸ˬ˷ ˢ˞˶ˮ: 

¶  ˪˩˪0 i¢ i iuv xy z LÍ 

o  ˧˞ˡˣˣ˟uxz LÍ ˨˩ ˢ˸ˣ˞ ˶ˣˤˠ˪ ˭˸˧ˮ ˢ˧ˢ˷ ˫ˣ˷ˬ: 

 

o  ˫˞0i>  ˸˞ ˶ˣˤˠ˪ ˭˸˧ˮ
i iuv xy z ˞˟ˢ ˭˲ˣ˞˟: 

 

¶ 0vy>  ˫˞ ˧˶ˢ˷v ye= =  ˢ˶˧˸˯ ˫˧˪˟˵ˬ ˣˮ˧˧ˢ ˤ˞˸ˣ˧˪˞ˬ˧ˮ˧ˬ˪  ˪˷ ˢ˶˧ˤˠˢ ˳˰ ˪˷w

. 

¶ vxy p¢ ˷ ˫ˣ˷ˬ-R ˟ ˣˬ˴˰ ˪˰ ˶ˤˣ˥-1V +  ˭˩˪ˣ  ˸ˣˮˣ˶˥˞ˢ ˸ˣˬ˶ˢvxy ˬ ˶ˤˠˮ-R 

 ˶˸ˣ˧ˢ ˪˩˪ ˣˢ˟ˣˠ˷ ˳˰˟1V + . ˭˩˪
1V

vxy b p
+

¢ =. 

J 

 

ˢ˶˰ˢ :˸ˣ˧˶˪ˣˠ˶ ˸ˣ˲˷˟ ˣˬ˩ ,˪˟ ˸˶˯˥ ˢˮ˧˞ ˞˧ˢ ˢ˲˷˷ ˸ˣ˞˶ˢ˪ ˧ˡ˩ ˶˵˧˰˟ ˫˧˷ˬ˸˷ˬ ˥ˣ˲˧ˮˢ ˸ˬ

˶˷˵ˢ .ˢ˲˷ ˭˸ˮ˧ˢ˟ ˫˞ , ˪˩˪˷ ˫˧˞˶ˬp  ˸ˣ˥˲˪ ˨˶ˣ˞˟ ˢ˪˧ˬ ˸ˬ˧˧˵p ˢ˸ˣ˞ ˥˲ˮ˪ ˭˸˧ˮ ˞˪ ˶˷˞ ,

˶˷˵ˢ ˸˶˯˥ ˢˮ˧˞ ˢ˲˷ˢ ˤ˞. 

 

˸ˣ˞ˬˠˣˡ: 

1. { }: 0n n nL a b c n= ¢ 

 ˭˸ˮ˧ˢ˟p  ˢ˪˧ˬˢ ˪˰ ˪˩˸˯ˮ
p p pw a b c= . ˢ˵ˣ˪˥ ˸ˬ˧˧˵˷ ˥˧ˮˮw uvxyz=  ˸ˬ˪˟ ˣˬ˩

˥ˣ˲˧ˮˢ .˷ ˶˥˞ˬ-vxy p¢  ˣ˟ ˸ˣ˰˧˲ˣˬ˸ˣˮˣ˷ ˸ˣ˧˸ˣ˞ ˧˸˷ ˶˸ˣ˧ˢ ˪˩˪ .˭˩˪ , ˫˧˥˲ˮˬ ˫˞

 ˸˞v  ˸˞ˣy ˸ˣ˧˸ˣ˞ ˧ˡˬ ˦˰ˬ ˷˧ ˸˧˷˧˪˷ˢ ˸ˣ˞ˢ ˶ˣ˟˰˷ ˪˟˵ˮ! 

S

R

R

u x
iy z

iv

S

R

u x z
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2. { }{ }*: 0,1L w w w= Ö Í 

 ˭˸ˮ˧ˢ˟p  ˢ˪˧ˬˢ ˪˰ ˪˩˸˯ˮ0 1 0 1p p p pw= ˷ ˥˧ˮˮˣ-w uvxyz=. 

¶  ˪˩ ˫˞vxy  ˪˷ ˭ˣ˷˞˶ˢ ˧˴˥˟ ˞˴ˬˮw  ˪˷ ˰˴ˬ˞ˢ ˧˶˥˞ ˸ˣ˞ˢ ˤ˞
2 2uv xy z  ˞˧ˢ

1  ˭˩˪ˣ
2 2uv xy z LÎ. 

¶  ˪˩ ˫˞vxy  ˪˷ ˧ˮ˷ˢ ˧˴˥˟ ˞˴ˬˮw  ˪˷ ˰˴ˬ˞ˢ ˧ˮ˲˪ ˸ˣ˞ˢ ˤ˞
2 2uv xy z  ˞˧ˢ0 

 ˭˩˪ˣ
2 2uv xy z LÎ. 

¶  ˫˞vxy  ˤ˞ ˸˧˰˴ˬ˞ ˸ˣ˞ ˪˪ˣ˩uxz  ˢ˶ˣ˴ˢˬ0 10 1p i j p
  ˶ˣ˟˰2i j p+ <  ˭˩˪ˣ

uxz LÎ. 
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˸ˣ˧˟ˣ˷˧˥ˢ ˸˶ˣ˸ 
 

 

 

 

  



 

 
51 

 

 

 

 

  



 

 
52 

 

˴ ˪˷ ˢˤ˸ˢ'˳˶ 'ˠˮ˧˶ˣ˧˦ˣ 

 

ˠˮ˧˶ˣ˧˦ ˸ˣˮˣ˩ˬ 

 

˸ˣ˶ˡˠˢ: 

1. ˸˧˦˯˧ˮ˧ˬ˶˦ˡ ˠˮ˧˶ˣ˧˦ ˸ˮˣ˩ˬ )˦ˬ ˭˪ˢ˪"l ( ˢ˧˧˰˧˟˷ ˞˧ˢ
0, , , , , ,acc rejM Q q q qd= S G 

˶˷˞˩: 

¶ S ˞" ˣ˸ˢ ˸˞ ˪˪ˣ˩ ˣˮ˧˞ˣ ˦˪˵ˢ ˟_ 

¶ G ˞" ˶˷˞˩ ˢˡˣ˟˰ˢ ˟SËG x-_ÍG 

¶ { }: ,Q Q L Rd ³G­ ³G³ ˸˧˦˯˧ˮ˧ˬ˶˦ˡ ˫˧˶˟˰ˬ ˸˧˧˴˵ˮˣ˲. 

¶ 0q QÍ ˧˸˪˥˸ˢ ˟˴ˬ 

¶ accq QÍ ˪˟˵ˬ ˟˴ˬ 

¶ rejq QÍ ˢ˥ˣˡ ˟˴ˬ 

 ˸˪˧ˬ ˣ˧˪˰ ˢ˟ˣ˸˩ ˢ˴˧˶ˢ ˸˪˧˥˸˟˷ ˧˲ˣ˯ˮ˧˞ ˢˡˣ˟˰ ˦˶˯ ˷˧ ˫˧˟˴ˬ˪ ˱˯ˣˮ˟ ˠˮ˧˶ˣ˧˦ ˸ˮˣ˩ˬ˪

˦˪˵ˢ . ˢ˴˧˶ˢ ˸˪˧˥˸˟ ˦˶˯ˢ ˪˷ ˭ˣ˷˞˶ˢ ˞˸˟ ˞˴ˬˮ ˶˷˞ ˞˶ˣ˵ ˷˞˶ ˷˧ ˢˮˣ˩ˬ˪ ˨˯ˣˮ˟

 ˪˩˟ ˤˣˤ˪ ˪ˣ˩˧ˣˢ˪˞ˬ˷ ˡ˥˞ ˞˸ ˣ˞ ˢˮ˧ˬ˧ ˡ˥˞ ˞˸ ˣ˞ ˟˪˷ . ˫˞( )( ), ', ',q q Rd g g= 

 ˢˮˣ˩ˬˢ ˫˞˷ ˶˟ˡˢ ˷ˣ˶˧˲ ˟˴ˬ˟ ˸˞˴ˬˮq  ˣ˸ˢ ˸˞ ˢ˞ˣ˶ ˞˶ˣ˵ˢ ˷˞˶ˢˣg  ˢˮˣ˩ˬˢ ˤ˞

 ˟˴ˬ˪ ˶ˣ˟˰˸'q , ˫ˣ˵ˬ˟ ˟ˣ˸˩˸g 'g ˢˮ˧ˬ˧ ˡ˥˞ ˞˸ ˶ˣ˟˰˸ˣ . ˫˞( )( ), ', ',q q Ld g g= 

 ˟˴ˬ˟ ˸˞˴ˬˮ ˢˮˣ˩ˬˢ ˫˞˷ ˶˟ˡˢ ˷ˣ˶˧˲q  ˣ˸ˢ ˸˞ ˢ˞ˣ˶ ˞˶ˣ˵ˢ ˷˞˶ˢˣg  ˢˮˣ˩ˬˢ ˤ˞

 ˟˴ˬ˪ ˶ˣ˟˰˸'q ,˩˸ ˫ˣ˵ˬ˟ ˟ˣ˸g 'g ˢ˪˞ˬ˷ ˡ˥˞ ˞˸ ˶ˣ˟˰˸ˣ. 

2.  ˠˮ˧˶ˣ˧˦ ˸ˮˣ˩ˬ ˧˞˸˧˦˯˧ˮ˧ˬ˶˦ˡ )˞˦ˬ ˭˪ˢ˪"l ( ˢ˧˧˰˧˟˷ ˞˧ˢ

0, , , , , ,acc rejM Q q q qd= S G ˶˷˞˩: 

¶ S ˞" ˣ˸ˢ ˸˞ ˪˪ˣ˩ ˣˮ˧˞ˣ ˦˪˵ˢ ˟_ 

¶ G ˞" ˶˷˞˩ ˢˡˣ˟˰ˢ ˟SËG x-_ÍG 

¶ 
{ },

: 2
Q L R

Qd
³G³

³G­ ˸˧˦˯˧ˮ˧ˬ˶˦ˡ ˧˞ ˫˧˶˟˰ˬ ˸˧˧˴˵ˮˣ˲. 

¶ 0q QÍ ˧˸˪˥˸ˢ ˟˴ˬ 

¶ accq QÍ ˪˟˵ˬ ˟˴ˬ 

¶ rejq QÍ ˢ˥ˣˡ ˟˴ˬ 

3. ˢ˧˴˶ˣˠ˧˲ˮˣ˵  ˧ˢ˷˪˩ ˠˮ˧˶ˣ˧˦ ˸ˮˣ˩ˬ ˪˷)ˬ ˭˪ˢ˪"˦ (˫˧˶˦ˬ˶˲ ˢ˷ˣ˪˷ ˸˪˪ˣ˩: 

¶ ˸˞˴ˬˮ ˢˮˣ˩ˬˢ ˣ˟˷ ˟˴ˬˢ 

¶ ˦˶˯ˢ ˭˩ˣ˸ 

¶ ˞˶ˣ˵ˢ ˷˞˶ˢ ˞˴ˬˮ ˣ˧˪˰˷ ˫ˣ˵ˬˢ 

 ˟˴ˬ˟ ˸˞˴ˬˮ ˢˮˣ˩ˬˢ ˫˞q , ˟ˣ˸˩ ˦˶˯˟uv  ˢˮˣ˷˞˶ˢ ˸ˣ˞ˢ ˪˰ ˰˧˟˴ˬ ˞˶ˣ˵ˢ ˷˞˶ˢˣ

 ˪˷v ˰ ˸˞ˤ ˭ˬ˯ˮ" ˧uqv )˭˟ˣˬ˩ ,u x-v ˢ˵˧˶ˢ ˢ˪˧ˬˢ ˸ˣ˧ˢ˪ ˫˧˪ˣ˩˧.( 
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4. ˢ˧˴˶ˣˠ˧˲ˮˣ˵ ˸˧˸˪˥˸ˢ ˦˪˵ ˸˪˧ˬ ˶ˣ˟˰ w  ˞˧ˢ0q w 

5. ˢ˧˴˶ˣˠ˧˲ˮˣ˵ ˸˧˲ˣ˯  ˢ˶ˣ˴ˢˬ ˞˧ˢaccuq v  ˣ˞rejuq v 

6. ˢ˧˴˶ˣˠ˧˲ˮˣ˵ ˸˪˟˵ˬ  ˢ˶ˣ˴ˢˬ ˞˧ˢaccuq v 

7. ˢ˧˴˶ˣˠ˧˲ˮˣ˵ ˢ˥ˣˡ  ˢ˶ˣ˴ˢˬ ˞˧ˢrejuq v 

8.  ˣ˧ˢ˧, ,a b cÍG ,
*,v uÍG x-, 'q q QÍ . ˧ˤ˞'uq acv ˸˟˵ˣ˰ ˢ˧˴˶ˣˠ˧˲ˮˣ˵ ˪-uaqbv  ˫˞

( )( ), ', ,q b q c Ld = x-'uacq v ˪ ˸˟˵ˣ˰ ˢ˧˴˶ˣˠ˧˲ˮˣ˵-uaqbv  ˫˞( )( ), ', ,q b q c Rd = .

˦˶˯ˢ ˸˪˧˥˸˪ ˰˧˟˴ˬ ˞˶ˣ˵ˢ ˷˞˶ˢ ˫˞ , ˞˧ˢ ˢ˧˴˶ˣˠ˧˲ˮˣ˵ˢ ˶ˬˣ˪˩qbv ˢ˪ ˸ˣ˪ˣ˩˧ ˤ˞ ˸ˣ˧

˸ˣ˟˵ˣ˰ ˸ˣ˧˴˶ˣˠ˧˲ˮˣ˵ ˧˸˷ ˢ˪ :'q cv ) ˫˞( )( ), ', ,q b q c Ld = (x-'cq v ) ˫˞

( )( ), ', ,q b q c Rd =.( 

˞˦ˬ˟ ˶˟ˣˡˬ ˫˞˷ ˟˪ ˫˧˷ˮ" ˫˧˶˟˰ˬˢ ˸˧˧˴˵ˮˣ˲˟ ˭ˣ˧ˣˣ˷ˢ ˧ˮˬ˧˯ ˪˩ ˸˞ ˱˧˪˥ˢ˪ ˷˧ ˡ

ˢ˪˩ˢ ˧ˮˬ˧˯˟. 

9. ˬ˷ ˶ˬ˞ˮ" ˦M ˸˪˟˵ˬ  ˸˞w  ˫˞˵ ˸ˣ˧˴˶ˣˠ˧˲ˮˣ˵ ˸˶ˡ˯ ˸ˬ˧˧0 1... kc c c ˷ ˨˩- 

¶ 0c ˸˧˸˪˥˸ˢ ˢ˧˴˶ˣˠ˧˲ˮˣ˵ 

¶ kc ˸˪˟˵ˬ ˢ˧˴˶ˣˠ˧˲ˮˣ˵ 

¶  ˪˩˪0 i k¢ < 1ic+ ˴˶ˣˠ˧˲ˮˣ˵˪ ˸˟˵ˣ˰ ˢ˧-ic 

01. ˢ˲˷ˢ ( )L M ˬ ˪˷" ˦M ˷ ˫˧˪˧ˬˢ ˪˩ ˸˴ˣ˟˵ ˞˧ˢ-M ˸˪˟˵ˬ. 

11.  ˫˞( )L M L= ˷ ˶ˬ˞ˮ-M ˢˢˤˬ  ˸˞L. 

21.  ˞˧ˢ ˢ˲˷˸˧˟˧˯˶ˣ˵˶ ˢ˧˧ˮˬ˪ ˸ˮ˸˧ˮ )˪ˮ ˭˪ˢ˪"˶ (ˬ ˸ˬ˧˧˵ ˫˞"ˢ˸ˣ˞ ˢˢˤˬ˷ ˦.  ˸˵˪˥ˬ

ˮˢ ˸ˣ˲˷ˢ"˟ ˸ˮˬˣ˯ˬ ˶˪-RE/ 

31. ˢ˲˷˷ ˶ˬ˞ˮ L  ˞˧ˢˢ˰˧˶˩  ˣ˞ ˸˧˟˧˯˶ˣ˵˶˦ˬ ˸ˬ˧˧˵ ˫˞"l M ˭˩ ˣˬ˩ˣ ˢ˸ˣ˞ ˢˢˤˬ˷ ,

M ˫˧˦˪˵ˢ ˪˩ ˪˰ ˸˶˴ˣ˰. ˢˤ ˢ˶˵ˬ˟ ,˷ ˶ˬ˞ˮ-M ˢ˰˧˶˩ˬ  ˸˞L.  ˸ˣ˲˷ˢ ˸˵˪˥ˬ

˟ ˸ˮˬˣ˯ˬ ˸ˣ˧˟˧˯˶ˣ˵˶ˢ-R3. 

41. ˞˦ˬ˷ ˶ˬ˞ˮ" ˡM ˸ˣ˶˴ˣ˰ ˸ˣ˧˶˷˲˞ˢ ˸ˣ˴˧˶ˢ ˪˩ ˦˪˵ ˪˩˪ ˫˞ ˢ˲˷ ˢ˰˧˶˩ˬ. 

51. ˪ˮ ˞˧ˢ ˭˸ˬ˧˪˷ˬ˷ ˸ˣ˲˷ˢ ˸˵˪˥ˬ"˰ ˸ˮˬˣ˯ˬ ˶" ˧{ }* : cco RE L L RE- = ËS Í. 

 

ˢˬˠˣˡ: 

˦ˬ ˭ˮ˩˸ˮ" ˡM  ˢ˲˷ˢ ˸˞ ˢˢˤˬ˷{ }20 : 0
n

L n= ². 

˧˰˟˦ˢ ˪˰ˬ ˦˵˧ˡ˶˲ ˶˧ˡˠˮ˞˟ˢ ˭˲ˣ˞˟ ˫˧ :() ( )2ng k n kª$ = . ˫˧˧˵˸ˬ˷ ˟˪ ˫˧˷ˮ

() ( )0 1
2

k
g k k k g

å õå õ
ª ¸ Ø = Ùæ öæ ö

ç ÷ç ÷
. 

 

 

                                                             
3
 ˷ ˶ˣ˶˟-R REË 
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M ˞˟ˢ ˭˲ˣ˞˟ ˪˰˲˸: 

.˞  ˪˩ ˵˥ˬˣ ˭˧ˬ˧˪ ˪˞ˬ˷ˬ ˦˶˯ˢ ˸˞ ˵ˣ˶˯0 ˧ˮ˷. 

.˟  ˵˶ ˸˰˩ ˟ˣ˸˩ ˦˶˯ˢ ˪˰ ˫˞0 ˪˟˵ 

.ɣ ˢ˥ˡ ˫˧˯˲˞ ˪˷ ˧ˠˣˤ ˧˞ ˶˲˯ˬ ˟ˣ˸˩ ˦˶˯˟ ˫˞ 

.l ˦˶˯ˢ ˸˪˧˥˸˪ ˢ˶ˣ˵ˢ ˷˞˶ˢ ˫˰ ˶ˣˤ˥ 

.s ˞ ˟˪˷˪ ˶ˣ˟˰' 

 ˸˞ ˶˞˸ˮM ˸˧˪˞ˬ˶ˣ˲ :{ }{}{ }1 2 3 4 5 1, , , , , , , 0 , 0, _, , , , ,acc rej acc rejM q q q q q q q x q q qd=. 

˶˞˸˪ ˭˸˧ˮ ˫˧˶˟˰ˬ ˸˧˧˴˵ˮˣ˲ ˞˟ˢ ˭˲ˣ˞˟ ˸˧˲˶ˠ ˢ˶ˣ˴˟: 

 

 ˸˞ ˭˩ ˫˞ ˶˧˧˴ˮM: 

 

 

ˬ ˶˞˸ˮ ˶˷˞˩ ˢ˸˰ˬ"˦ , ˢ˶ˡˠˢˢ ˸ˣ˰˴ˬ˞˟ ˶˸ˣ˧ ˶˞˸ˮ ˞˪˸˧˪˞ˬ˶ˣ˲ˢ  ˭˲ˣ˞ ˪˰ ˶˟˯ˢ ˭˸˧ˮ ˞˪˞

˸˧˪˧˰ ˢ˲˷˟ ˢ˸˪ˣ˰˲ . ˢ˵ˡ˴ˢˢ˸˧˪˞ˬ˶ˣ˲ˢ ˴ ˪˷ ˢˤ˸ˢ ˪˰ ˶˟ˡˮ ˶˷˞˩ ˭˸ˮ˧˸ ˨˩˪'˳˶ '˧˦ˠˮ˧˶ˣ , ˨˞

˰ ˰˴˟˪ ˭˸˧ˮ ˫˧ˬ˸˧˶ˣˠ˪˞˟ ˸ˣ˶˞ˣ˸ˬ˷ ˸ˣ˪ˣ˰˲ˢ ˪˩ ˸˞˷ ˥˩ˣˣ˧ˢ˪ ˢ˧ˢ˧ ˪˵ ˰ˠ˶˩"ˬ ˧"˦. 

 

 

0 _,R­
1q 2q 3q

5qaccq

rejq 4q

0 ,x R­

x R­ x R­

0 ,x R­

0 R­

x R­

0 L­

_ R­
_ R­

0 _,R­

_ R­

x L­

x R­

_ L­

q 'q,a b­ D

( )( ), ', ,q a q bd = D

q 'qa­D

( )( ), ', ,q a q ad = D



 

 
55 

 

˦˲˷ˬ : ˢ˵˪˥ˬˢR ˢˬ˪˷ˢ ˸˥˸ ˢ˶ˣˠ˯ 

ˢ˥˩ˣˢ : ˧ˢ˸L RÍ  ˧ˢ˸ˣ
0, , , , , ,acc rejM Q q q qd= S G  ˸˞ ˢ˰˧˶˩ˬ˷L . ˶˧ˡˠˮ

0' ', ', ', ', , ,acc rejM Q q q qd ¡ ¡ ¡= S G ˞˟ˢ ˭˲ˣ˞˟: 

¶ 'Q Q= 

¶ 'S =S 

¶ 'G =G 

¶ 'd d= 

¶ 0 0q q¡= 

¶ acc rejq q¡= 

¶ rej accq q¡= 

˷ ˸ˣ˞˶˪ ˪˵-( )' cL M L= , ˧˶ˢ˷M  ˫ˠ ˧˞ˡˣˣ˟ ˭˩˪ˣ ˦˪˵ ˪˵ ˪˰ ˸˶˴ˣ˰'M ˰˦˪˵ ˪˩ ˪˰ ˸˶˴ˣ. 

˭˩ ˪˰ ˶˸˧ , ˪˷ ˸ˣ˴˧˶ˢM  ˪˷ˣ'M ˦˪˵ ˪˩ ˪˰ ˸ˣˢˤ , ˪˷ ˪˟˵ˬˢ ˟˴ˬ˷ ˞˪˞'M  ˟˴ˬˢ ˞ˣˢ

 ˪˷ ˢ˥ˣˡˢM  ˪˷ ˢ˥ˣˡˢ ˟˴ˬˢˣ'M  ˪˷ ˪˟˵ˬˢ ˟˴ˬˢ ˞ˣˢM . ˭˩˪w ˰ ˸˪˟˵˸ˬ" ˧M ˬ˞" ˬ

˰ ˸˧˥ˡˮ ˞˧ˢ" ˧'M.  ˤ˞'M ˬ" ˸˞ ˢ˰˧˶˩ˬ˷ ˦
cL  ˭˩˪ˣ

cL RÍ. 

J 

 

ˬ˦˲˷ :R RE co RE= Æ - 

ˢ˥˩ˣˢ: 

)Ë (˷ ˥˧ˮˮ-L RÍ  ˧ˤ˞L REÍ  ˧˶ˢ˷R REË .ˣˢ ˦˲˷ˬˢ ˧˲˪ ˪˟˞ ˫ˠ ˫ˡ˵
cL RÍ  ˭˩˪ˣ

cL REÍ , ˶ˬˣ˪˩L co REÍ -. 

)È( ˷ ˥˧ˮˮ-L RE co REÍ Æ - .ˬ ˸ˬ˧˧˵ ˧ˤ˞" ˦'M  ˸˞ ˢˢˤˬ˷L ˬ ˷˧ˣ" ˦''M  ˸˞ ˢˢˤˬ˷
cL . ˢ˪˧ˬ ˭˸ˮ˧ˢ˟w ˷ ˰ˣˡ˧-'M  ˣ˞ ˫˧ˡ˰˴ ˪˷ ˧˲ˣ˯ ˶˲˯ˬ ˧˶˥˞ ˢ˧˪˰ ˢ˴˧˶˟ ˸˶˴ˣ˰''M  ˸˶˴ˣ˰

˫˧ˡ˰˴ ˪˷ ˧˲ˣ˯ ˶˲˯ˬ ˧˶˥˞ ˢ˧˪˰ ˢ˸˴˧˶˟. 

ˬ ˢˮ˟ˮ" ˦M ˞˟ˢ ˭˲ˣ˞˟ ˸˪˰ˣ˲ ˶˷˞: 

.˞  ˪˥˸˞ˮ0i=. 

.˟  ˸˞ ˳˧˶ˮ'M  ˪˰w i ˫˧ˡ˰˴. 

.ɣ  ˪˟˵ˬ ˟˴ˬ˪ ˣˮ˰ˠˢ ˫ˡˣ˵ˢ ˟˪˷˟ ˫˞M ˪˟˵˸. 

.l ˸˶˥˞ , ˸˞ ˳˧˶ˮ''M i ˫˧ˡ˰˴. 

.s  ˪˟˵ˬ ˟˴ˬ˪ ˣˮ˰ˠˢ ˫ˡˣ˵ˢ ˟˪˷˟ ˫˞M ˢ˥ˡ˸. 

.x  ˸˞ ˪˧ˡˠˮ ˸˶˥˞i ˟-1 ˟ ˟˪˷˪ ˶ˣˤ˥ˮˣ'. 

 ˣ˞˷ ˣˮ˪ ˥˦˟ˣˬ˷ ˪˪ˠ˟'M  ˣ˞''M  ˫˧˧˸˯ˢ˪ ˟˧˧˥ ˫˸˧˶ˣˠ˪˞ˢ ˫˧ˡ˰˴ ˪˷ ˧˲ˣ˯ ˶˲˯ˬ ˧˶˥˞ ˸˶˴ˣ˰

˫˧ˡ˰˴ ˪˷ ˧˲ˣ˯ ˶˲˯ˬ ˧˶˥˞ .ˣ˶˟ˣ˷ ˶-M  ˸˞ ˢ˰˧˶˩ˬL. 

J 
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ˠˮ˧˶ˣ˧˦ ˸ˣˮˣ˩ˬ ˪˷ ˸ˣ˧˴˞˧˶ˣ 

 

ˢ˶ˡˠˢ : ˫˰ ˠˮ˧˶ˣ˧˦ ˸ˮˣ˩ˬk ˫˧˦˶˯  ˢ˪ ˷˧˷ ˞˪˞ ˠˮ˧˶ˣ˧˦ ˸ˮˣ˩ˬ˪ ˢˢˤ˷ ˢˮˣ˩ˬ ˞˧ˢk ˫˧˦˶˯ .

 ˞˧ˢ ˫˧˶˟˰ˬˢ ˸˧˧˴˵ˮˣ˲ˣ ˣ˪˷ˬ ˞˶ˣ˵ ˷˞˶ ˷˧ ˦˶˯ ˪˩˪{ }: ,
kk kQ Q L Rd ³G ­ ³G ³ . ˟˪˷ ˪˩˟

˸˧ˮ˦˪ˣˬ˧˯ ˫˧˰ˮ ˫˧˞˶ˣ˵ˢ ˫˧˷˞˶ˢ ˪˩ .˪˵ˢ ˟ˣ˸˩ ˭ˣ˷˞˶ˢ ˦˶˯˟ ˢ˴˧˶ˢ ˸˪˧˥˸˟ ˫˧˦˶˯ˢ ˶˞˷ˣ ˦

˫˧˵˧˶. 

 

˦˲˷ˬ :ˬ ˪˩˪" ˫˰ ˦k ˬ ˸ˬ˧˧˵ ˫˧˦˶˯"ˡ˧˥˧ ˦˶˯ ˫˰ ˢ˪ˣ˵˷ ˦. 

ˢ˥˩ˣˢ :˧ˢ˸ 
0, , , , , ,acc rejM Q q q qd= S G ˬ" ˫˰ ˦k ˫˧˦˶˯ .ˬ ˢˮ˟ˮ" ˦

0' ', , ', ', , ,acc rejM Q q q qd ¡ ¡ ¡= S G ˢ˪ ˢ˪ˣ˵˷ ˡ˧˥˧ ˦˶˯ ˫˰ . ˵˶ ˢˤ ˫˧˩˧˶˴ ˣˮ˥ˮ˞˷ ˢˬ˷ ˶ˣ˶˟

 ˳˪ˬ˯˪ ˸˪ˣ˩˧ˢk ˡ˧˥˧ ˦˶˯ ˪˰ ˫˧˦˶˯ .˧˲ˣ˯ˮ˧˞ ˞ˣˢ ˦˶˯ ˪˩ ˸ˣ˶ˬ˪˷ ˟˪ ˫˧˷ˮ , ˦˶˯ ˪˩˟ ˟˪˷ ˪˩˟

ˬ˸˷ˬ˫˧˞˸ ˪˷ ˧˲ˣ˯ ˶˲˯ˬ˟ ˵˶ ˫˧˷ . ˸˰ˡ˪ ˣˮ˧˪˰ ˫˧˦˶˯ˢ ˸˪ˣ˩˸ ˪˩ ˸˞ ˶ˣˬ˷˪ ˪ˣ˩˧ˢ ˪˰ ˱˯ˣˮ

˫ˢˬ ˡ˥˞ ˪˩ ˪˷ ˞˶ˣ˵ˢ ˷˞˶ˢ ˞˴ˬˮ ˢ˲˧˞ . ˶˧ˡˠˮ ˨˩ ˨˶ˣ˴˪{ }:w wG= ÍG# # . ˢ˰˧˲ˣˬ ˦˶˯˟ ˫˞

 ˸ˣ˞ˢw# ˢ˧˪˰ˬ ˞˴ˬˮ ˫˧˦˶˯ˢ ˡ˥˞ ˪˷ ˞˶ˣ˵ˢ ˷˞˶ˢ˷ ˶˟ˡˢ ˷ˣ˶˧˲ . ˶˧ˡˠˮ ˤ˞

{}' #G =GÇ ÇG# ,ˢ ˦˶˯˟ ˫˞ ˤ˞ˣ-i  ˪˷M  ˫ˣ˷˶
1... i

i i

nw w ˶ˣ˵ˢ ˷˞˶ˢ ˶˷˞˩ ˪˰ˬ ˞
i

i

hw ˤ˞

 ˪˷ ˡ˧˥˧ˢ ˦˶˯˟M  ˫ˣ˷˶ ˢ˧ˢ˧
1 1

1 1 1

1 1... ... _#...# ... ... _#
k k

k k k

h n h nw w w w w w# # . ˢ˴˧˶ˢ ˸˪˧˥˸˟ ˤ˞

˨˩ ˢ˞˶˧˧ ˦˶˯ˢ :
1 1

1 1 1

1... ... _#_#...#_#$h nw w w#
# #

. 

 ˪˷ ˡ˥˞ ˡ˰˴ ˸ˣˬˡ˪ ˧ˡ˩M ,'M  ˫˧ˮˬ˧˯ˢ ˫ˢˬ ˰ˣ˟˵˪ ˧ˡ˩ ˭˧ˬ˧˪ ˪˞ˬ˷ˬ ˦˶˯ˢ ˸˞ ˸˵˶ˣ˯

˫˧˞˶ˣ˵ˢ ˫˧˷˞˶˪ ˸˥˸ˬ ˫˧˞˴ˬˮ˷ . ˭˩ˬ ˶˥˞˪'M  ˣ˸ˣ˞ ˭˩ˡ˰˪ ˧ˡ˩ ˦˶˯ˢ ˪˰ ˫˰˲ ˡˣ˰ ˸˶˟ˣ˰

˫˧˶˟˰ˬˢ ˸˧˧˴˵ˮˣ˲˪ ˫˞˸ˢ˟ .ˤ˧˞˟ ˫˞ ˪˰ ˰˧˟˴ˢ˪ ˶˟ˣ˰ ˞˶ˣ˵ ˷˞˶ ˣˢ˷ˤ˧˞ ˟˪˷ ˣˢ˷#  ˷ˣ˶˧˲

˟˷ ˶˟ˡˢ-M ˭˩˪ ˫ˡˣ˵ ˷ˣˬ˧˷ ˣ˟ ˢ˷˰ˮ ˞˪ ˡˣ˰˷ ˞˸ ˪˰ ˰˧˟˴ˢ˪ ˶ˣˬ˞ ˢ˧ˢ ˞ˣˢ . ˤ˞'M  ˸˟˸ˣ˩

_ ˢˮ˧ˬ˧ ˡ˥˞ ˞˸ ˢ˞˪ˢˣ ˣˤ ˢˡˣ˵ˮˬ ˦˶˯ˢ ˸˪ˣ˩˸ ˪˩ ˸˞ ˢ˶˧˟˰ˬˣ ˧˦ˮˣˣ˪˶ˢ ˫ˣ˵ˬ˟. 

 ˢ˩˩'M  ˪˩ ˸˞ ˰˴˟˪ ˢ˪ˣ˩˧˷ ˢˬ-M ˰˴˟˪ ˢ˪ˣ˩˧. 

˧˥ˬˢ ˸˞ ˸˰˩ ˭˥˟ˮˢˤˢ ˨˧˪ˢ˸ˢ ˪˷ ˶ .˷ ˥˧ˮˮ-M  ˦˪˵ ˪˰ ˸˶˴ˣ˰w  ˨ˣ˸T ˫˧ˡ˰˴ .'M  ˶ˣ˴˰˸

 ˧˶ˣ˵ˬˢ ˫˧ˡ˰˴ˢ ˶˲˯ˬ ˨ˣ˸ ˦˪˵ ˣ˸ˣ˞ ˪˰³ ˡ˧˥˧ ˧˶ˣ˵ˬ ˡ˰˴ ˧ˣˬ˧ˡ˪ ˷˶ˡˮ˷ ˫˧ˡ˰˴ˢ ˶˲˯ˬ . ˶˥˞ˬ

 ˞ˣˢ ˫˧ˡ˰˴ˢ ˶˲˯ˬ˷T ˰ ˫˧ˬˣ˯˥ ˫˧˦˶˯ˢ ˪˷ ˫˧˩˶ˣ˞ˢ" ˧kT n+ . ˪˷ ˸˲˯ˣ˸ˢn  ˢ˶˵ˬ˪ ˞˧ˢ

˦˪˵ˢ ˪˩ ˸˞ ˢ˞˶˵ ˞˪ ˢˮˣ˩ˬˢ˷ .˷ ˶˥˞ˬ ˪˟˞ˡ˟ ˢ˶ˣ˵ ˞˪ ˢˤ" ˫˧ˬˣ˯˥ ˫˧˩˶ˣ˞ˢ˷ ˥˧ˮˢ˪ ˪˩ˣˮ ˩

"˰ ˧kT . ˞˧ˢ ˧˶ˣ˵ˬ ˡ˰˴ ˪˷ ˢ˧˴˪ˣˬ˧˯˪ ˫˧ˡ˰˴ˢ ˶˲˯ˬ ˭˩˪( )O kT .ˢ˯" ˩'M  ˧˶˥˞ ˶ˣ˴˰˸

( )2O kT ˫˧ˡ˰˴ ,˪˪˩˟ ˰˶ ˞˪ ˢˤˣ! 

J 

 

 

 



 

 
57 

 

˦˲˷ˬ :˞˦ˬ ˪˩˪"˦ˬ ˸ˬ˧˧˵ ˡ"ˢ˪ˣ˵˷ ˡ. 

ˢ˥˩ˣˢ :˞˦ˬ ˭˸ˮ˧ˢ˟" ˡM ˦ˬ ˸ˣˮ˟˪ ˡ˴˧˩ ˢ˞˶ˮ" ˡD ˫˧˦˶˯ ˢ˷ˣ˪˷ ˫˰ ˢ˪ˣ˵˷ ,˷ˬˢ ˧˲˪ ˤ˞ˣ ˦˲

˷ˣ˶ˡˢ ˸˞ ˪˟˵ˮ ˫ˡˣ˵ˢ .˷ ˞ˣˢ ˭ˣ˧˰˶ˢ-D  ˪˷ ˸ˣ˴˧˶ ˶ˣ˟˰ ˸ˣ˧ˣ˶˷˲˞ˢ ˪˩ ˸˞ ˢ˯ˮ˸M . ˫˞

 ˤ˞ ˪˟˵ˬ ˟˴ˬ˪ ˰˧ˠ˸ ˞˧ˢ ˟˪˷ ˣˢ˷ˤ˧˞˟D ˪˟˵˸ , ˪˷ ˢ˴˧˶ˢ ˸˶˥˞D ˫˰˲ ˱˞ ˶ˬˠ˧˸ ˞˪. 

-˪D ˫˧˦˶˯ ˢ˷ˣ˪˷ ˣ˧ˢ˧ :ˣˮˬˬ ˫˧˞˶ˣ˵ ˵˶ ˞˪˞ ˣ˧˪˰ ˫˧˟˸ˣ˩ ˞˪˷ ˦˪˵ ˦˶˯ , ˷˧ ˣ˧˪˰˷ ˢˡˣ˟˰ ˦˶˯

 ˪˷ ˦˶˯ˢ ˪˷ ˵˸˰ˢM  ˸˞ ˶ˬˣ˷˷ ˷ˣ˥˧ˮ ˦˶˯ˣ ˧˦˯˧ˮ˧ˬ˶˦ˡ ˞˪ˢ ˢ˴˧˶ˢ ˳˰ ˪˷ ˱ˮ˰ ˣˢ˷ˤ˧˞ ˶ˣ˟˰

 ˪˷ ˫ˣ˵ˬˢD  ˪˷ ˢ˴˧˶ˢ ˳˰˟M  ˪˰w. 

 ˧ˢ˧b  ˪˷ ˸˧˦˯˧ˮ˧ˬ˶˦ˡ ˞˪ˢ ˫˧˶˟˰ˬˢ ˸˧˧˴˵ˮˣ˲ ˪˷ ˧˪ˬ˧˯˵ˬˢ ˪ˣ˴˧˲ˢM . ˳˰˟ ˸ˬˣ˴ ˪˩˪ ˧ˤ˞

 ˶˸ˣ˧ˢ ˪˩˪ ˷˧ ˢ˴˧˶ˢb ˫˧ˮ˟ . ˪˰ˬ ˢ˪˧ˬ ˞˧ˢ˷ ˸˟ˣ˸˩ ˭˸˧ˮ ˳˰˟ ˸ˬˣ˴ ˪˩˪{ }1,2,...,b bS = .

 ˸˟ˣ˸˩ˢ1... ki i ˷˨˩ ˢ˧˪˞ ˫˧˰˧ˠˬ˷ ˸ˬˣ˴˪ ˸˩˧˧ :ˢ ˭˟˪ ˫˧˶˟ˣ˰ ˷˶ˣ˷ˢˬ-1i ,ˢ ˭˟˪ ˫˧˶˟ˣ˰ ˣˮˬˬ-2i 

˰ ˣ˧˪˞ ˣˮ˰ˠˢ˷ ˸ˬˣ˴ˢ˷ ˡ˰ ˢ˞˪ˢ ˭˩ˣ" ˧1 1... ki i - ˢ ˭˟˪ ˫˧˶˟ˣ˰-ki ˣ˪˷ . ˪˰ˬ ˢ˪˧ˬ ˪˧˩ˬ ˷ˣ˥˧ˮˢ ˦˶˯

bS ˢ˴˧˶ˢ ˳˰ ˷˶ˣ˷ ˪˷ ˸˟ˣ˸˩˪ ˢˬ˧˞˸ˬ ˢ˵˧˶ˢ ˢ˪˧ˬˢ ˶˷˞˩. 

 ˸˪ˣ˰˲ ˸˞ ˶˞˸ˮ ˸˰˩D: 

1. ˷ˣ ˦˪˵ˢ ˸˞ ˪˧˩ˬ ˦˪˵ˢ ˦˶˯ ˢ˪˥˸ˢ˟˫˧˵˧˶ ˫˧˶˥˞ˢ ˫˧˦˶˯ˢ ˧ˮ. 

2. ˢˡˣ˟˰ˢ ˦˶˯˪ ˦˪˵ˢ ˦˶˯ ˸˞ ˫˧˵˧˸˰ˬ. 

3.  ˸˪ˣ˰˲ ˸˞ ˳˪ˬ˯˪ ˧ˡ˩ ˢˡˣ˟˰ˢ ˦˶˯˟ ˫˧˷ˬ˸˷ˬM  ˪˰w ˷ˣ˥˧ˮˢ ˦˶˯˟ ˫ˣ˷˶˷ ˱ˮ˰˟ .

˷ˣ˥˧ˮˢ ˦˶˯˟ ˸ˣ˧˥ˮˢˢ ˧˲˪ ˫˧˪˰ˣ˲ ˟˪˷ ˪˩˟ . ˦˶˯˷ ˣ˞ ˷ˣ˥˧ˮˢ ˦˶˯˟ ˫˧ˣˣ˸ ˡˣ˰ ˭˧˞ ˫˞

˸˧˵ˣ˥ ˞˪ ˸˟ˣ˸˩ ˠ˴˧˧ˬ ˷ˣ˥˧ˮˢ ,˞˟ˢ ˟˪˷˪ ˫˧˶˟ˣ˰ .˧ˠˬ ˫˞ ˟˪˷˪ ˫˧˶˟ˣ˰ ˢ˥ˣˡ ˟˴ˬ˪ ˫˧˰

˞˟ˢ .˪˟˵ˬ ˟˴ˬ˪ ˫˧˰˧ˠˬ ˫˞ ,ˢ˪˧ˬˢ ˸˞ ˫˧˪˟˵ˬ. 

4.  ˟˪˷˪ ˫˧˶˟ˣ˰ˣ ˧˲˶ˠˣ˵˧˯˵˪ˢ ˶ˡ˯˟ ˢ˞˟ˢ ˸˟ˣ˸˩˟ ˷ˣ˥˧ˮˢ ˦˶˯˟ ˸˟ˣ˸˩ˢ ˸˞ ˫˧˲˧˪˥ˬ2. 

˷ ˶ˣ˶˟-() ( )L D L M=. 

˸˰˩ ,˸ˣ˪˧˰˧ˢ ˸˞ ˭˥˟ˮ .˪ ˷˧˷ ˥˧ˮˮ-M  ˢ˴˧˶˸˧˪˞ˬ˧ˮ˧ˬ )˶˸ˣ˧˟ ˢ˶˴˵ ˶ˬˣ˪˩ ( ˸˞ ˸˪˟˵ˬ˷w 

 ˨ˣ˸T ˫˧ˡ˰˴ .˪˟˵˪ ˧ˡ˩ ˟ ˢ˪˧ˬˢ ˸˞-D  ˵ˬˣ˰ ˡ˰ ˢ˴˧˶ˢ ˳˰ ˪˩ ˪˰ ˶ˣ˟˰˪ ˷˧T . ˞ˣˢ ˢˤ˩ ˱ˮ˰ ˪˩

 ˶˸ˣ˧ˢ ˪˩˪ ˨˶ˣ˞˟T  ˶˸ˣ˧ˢ ˪˩˪ ˷˧ˣ
Tb ˢ˪˞˩ ˫˧˲ˮ˰ . ˪˷ ˢˡˣ˟˰ˢ ˭ˬˤ ˭˩˪D ˢ˧ˢ˧( )TO b. 

J 

 

ˢ˶˰ˢ :˦˲˷ˬˢ ˸˥˩ˣˢ ˪˷ ˫˧ˮˣˬ˧˯˟ , ˫˞˷ ˫˧˴ˣ˶ ˣˮ˧˧ˢM  ˫ˠ ˤ˞ ˢ˰˧˶˩ˬD ˢ˰˧˶˩ˬ . ˨˧˶˴ˬ ˢˤ

˪ ˢˮ˦˵ ˸˲˯ˣ˸-D .˸˩˷ ˧˰˧˟˶ ˦˶˯ ˱˧˯ˣˮˣ˧˷˩˰ ˢ˟ ˫˧˞˴ˬˮ ˣˮ˥ˮ˞˷ ˢˬ˶˪ ˨˷ˬˢ ˷˧ ˫˞ ˣ˟ ˟ˣ .

ˢˬ˶ ˫˧ˡ˶ˣ˧˷ ˫˰˲ ˪˩˟ ˯˲˞˸ˬ ˦˶˯ˢ . ˦˶˯˟ ˪˟˞ ˢˬ˶ ˸ˡ˶˪ ˫˧˩˧˶˴ ˣˮ˥ˮ˞˷ ˟˴ˬ˪ ˣˮ˰ˠˢ ˫˞

˨˷ˬˢ ˭˧˞˷ ˟ˣ˸˩ ˧˰˧˟˶ˢ , ˪˰ ˸ˣ˧˶˷˲˞ˢ ˸ˣ˴˧˶ˢ ˪˩˷ ˭ˬ˧˯w  ˭˩˪ˣ ˸ˣ˥ˣˡ ˭ˢD  ˸˞ ˢ˥ˣˡw. 

 

ˢ˶ˡˠˢ :˭˶˲˯ E ˬ ˞ˣˢ"˸˯˲ˡˬ ˫˰ ˦ .ˬˢ" ˸˯˲ˡˬ˟ ˸˷ˬ˸˷ˬ ˦ ˸˯˲ˡˬ˟ ˢ˯˧˲ˡˬˣ ˦˪˲ ˧˰˴ˬ˞˩

˫˧˪˧ˬ . ˭˶˲˯ˢ ˸˲˷()L E ˸˯˲ˡˬ˟ ˣ˯˲ˡˣ˧ ˶˟ˡ ˪˷ ˣ˲ˣ˯˟ ˶˷˞ ˫˧˪˧ˬˢ ˪˩ ˞˧ˢ. 
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˦˲˷ˬ :L REÍ ˬ˞" ˭˶˲˯ ˫˧˧˵ ˬE ˷ ˨˩-()L E L=. 

ˢ˥˩ˣˢ : 

)Û (˷ ˥˧ˮˮ-M ˬ" ˸˞ ˢˢˤˬ˷ ˞L .˷ ˰ˣˡ˧-
*S  ˟ˣ˸˩˪ ˭˸˧ˮ ˭˩˪ˣ ˢ˧ˮˬ ˸˟{ }*

0 1, ,...w wS = .

 ˭˶˲˯ ˶˧ˡˠˮE  ˸˞ ˯˧˲ˡˬ ˶˷˞L ˞˟ˢ ˭˲ˣ˞˟: 

.˞  ˪˥˸˞ˮ0i=. 

.˟  ˪˥˸˞ˮ0j =. 

.ɣ ˮ ˸˞ ˳˧˶M  ˪˰jw i ˫˧ˡ˰˴. 

.l  ˸˞ ˯˧˲ˡˮ ˪˟˵ˬ ˟˴ˬ˪ ˣˮ˰ˠˢ ˫ˡˣ˵ˢ ˟˪˷˟ ˫˞jw ˸˯˲ˡˬ˟. 

.s  ˫˞i j=  ˸˞ ˪˧ˡˠˮi ˟-1 ˟ ˟˪˷˪ ˶ˣˤ˥ˮˣ'. 

.x  ˸˞ ˪˧ˡˠˮ ˸˶˥˞j ˟-1 ˠ ˟˪˷˪ ˶ˣˤ˥ˮˣ'. 

˰ ˸ˣ˪˟˵˸ˬ˷ ˫˧˪˧ˬˢ ˸˞ ˵ˣ˧ˡ˟ ˯˧˲ˡ˧ ˭˶˲˯ˢ˷ ˶ˣ˶˟" ˧M , ˢ˪˧ˬ ˷˧ ˫˞ ˧˶ˢ˷w ˟-( )L M  ˤ˞

˟ˣ ˫˧ˡ˰˴ ˪˷ ˧˲ˣ˯ ˶˲˯ˬ ˧˶˥˞ ˸˪˟˵˸ˬ ˞˧ˢ ˸˞ ˳˧˶˧ ˣˮ˪˷ ˫˸˧˶ˣˠ˪˞ˢ ˶˟ˡ ˪˷ ˣ˲ˣ˯M  ˪˰w 

˷ˣ˶ˡˢ ˫˧ˡ˰˴ˢ ˶˲˯ˬ˩ . ˫˞ ˣ˪˧˞ˣ( )w L MÎ  ˵˶ ˫˧˯˧˲ˡˬ ˣˮ˥ˮ˞˷ ˫ˣ˷ˬ ˯˲ˡˣ˸ ˞˪ ˫˪ˣ˰˪ ˞˧ˢ

 ˫˞M ˪˟˵ˬ ˟˴ˬ˪ ˢ˰˧ˠˢ. 

)Ý(  ˭˶˲˯ ˫˧˧˵˷ ˥˧ˮˮE ˷ ˨˩-()L E L= ˬ ˸ˬ˧˧˵˷ ˢ˞˶ˮ" ˦M ˷ ˨˩-( )L M L= . ˭˸ˮ˧ˢ˟

w M  ˸˞ ˪˧˰˲˸E ˢ˪˧ˬˢ ˫˞ ˵ˣˡ˟˸ ˞˧ˢ ˢ˪˧ˬ ˯˧˲ˡ˧ ˞ˣˢ˷ ˫˰˲ ˪˩ˣ ˪ ˢˣˣ˷ ˯˧˲ˡˢ˷-w . ˫˞

˭˩ ,M  ˸˞ ˳˧˶ˢ˪ ˨˧˷ˬ˸ ˸˶˥˞ˣ ˪˟˵˸E .˷ ˶ˣ˶˟-M  ˸˞ ˢˢˤˬL. 

J 

 

˴ ˪˷ ˢˤ˸ˢ'˳˶' ˠˮ˧˶ˣ˧˦ˣ 

 

˴ ˪˷ ˢˤ˸ˢ'˳˶ 'ˠˮ˧˶ˣ˧˦ˣ :ˢ˧˴˵ˮˣ˲ ˪˩ ,ˢ˟˧˷˥˩ ˧˰˟˦ ˭˲ˣ˞˟ ˸˟˷˥ˮ ˢ˸˧˧ˢ ˶˷˞ , ˟ˣ˷˧˥˪ ˸ˮ˸˧ˮ

ˠˮ˧˶ˣ˧˦ ˸ˮˣ˩ˬ˟. 

 

ˢˤ˸ˢ ˞˧ˢ ˶˷˞˟ ˢ˧˴˵ˮˣ˲ ˪˩˷ ˸˶ˬˣ˞ ˞˧ˢˣ ˧ˡˬ˪ ˸˧ˮ˶ˬˣ˧, ˰˶˟˰˟ ˟ˣ˷˧˥ ˸˦˧˷ ˪˩ ˶ˣ˟ , ˢˣˣˢ˟

ˡ˧˸˰˟ˣ ,ˠˮ˧˶ˣ˧˦ ˸ˮˣ˩ˬ ˸ˣ˰˴ˬ˞˟ ˟˷˥˪ ˭˸˧ˮ .ˢ˶˰˷ˢ ˵˶ ˧ˢˣˤ ˨˞ .˸˧ˮ˶ˬˣ˧ ˸ˣ˥˲ ˢ˯˶ˠ ˥˧˩ˣˢ˪ ˭˸˧ˮ. 

 

ˢ˶ˡˠˢ : ˸ˮˣ˩ˬRAM ˫˧˟˧˩˶ˬ ˢˬ˩ ˣ˟ ˷˧˷ ˧˟ˣ˷˧˥ ˪ˡˣˬ ˞˧ˢ: 

¶ ˦˪˵ ˧˰˴ˬ˞ 

¶ ˭x ˶˩˧ˤ 

¶ ˶ˣ˦˞˪ˣˬˣ˵˞ ˫˷˟ ˶˦˯˧ˠ˶ 

¶ ˢˮˣ˩ˬˢ ˸˰˴˟ˬ˷ ˸˧ˮ˩˸ ˪˷ ˡˣ˵ 
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¶  ˫˷˟ ˶˦˯˧ˠ˶IP ˬ ˶˷˞˸˧ˮ˩˸˟ ˸ˣˡˣ˵˲˪ ˰˧˟˴ 

 ˢ˶ˣ˴ˢˬ ˸ˣˡˣ˵˲ˬ ˟˩˶ˣˬ ˡˣ˵ˢ[ ] operator operand . ˸ˣ˧ˢ˪ ˸ˣ˪ˣ˩˧ ˸ˣˡˣ˵˲˸ˣ˶˧˷˧ x˸ˣ˲˧˵˰ .

˟ ˭ˬ˯ˮ-()c i ˢ ˞˸ˢ ˭˩ˣ˸ ˸˞-i ˭ˣ˶˩˧ˤ˟ . ˢ˶ˣ˴ˢˬ ˭ˢ ˸ˣ˶˧˷˧ ˸ˣˡˣ˵˲ operator i  ˶˷˞˩i  ˶˲˯ˬ

 ˣ˞ ˣˢ˷˪˩() operator c i . ˢ˶ˣ˴ˢˬ ˭ˢ ˸ˣ˲˧˵˰ ˸ˣˡˣ˵˲()( ) operator c c i. 

˭ˢ ˸ˣ˧˶˷˲˞ˢ ˸ˣˡˣ˵˲ˢ: 

¶ Load n-   ˸˞ ˯ˮ˩ˢn ˶ˣ˦˞˪ˣˬˣ˵˞˪ 

¶ Store i-   ˣ˶˲˯ˬ˷ ˞˸˪ ˶ˣ˦˞˪ˣˬˣ˵˞ˢ ˨˶˰ ˸˞ ˯ˮ˩ˢi 

¶ Add n-   ˱˯ˣˢn ˶ˣ˦˞˪ˣˬˣ˵˞˪ 

¶ Sub n-   ˶˯˥ˢn ˣ˸ˣ˞ ˯˲˞ ˸˧˪˧˪˷ ˢ˞˴ˣ˸ˢ ˫˞ˣ ˶ˣ˦˞˪ˣˬˣ˵˞ˢˬ 

¶ Jump k-  ˢ ˨˶˰ ˸˞ ˢˮ˷-IP ˪-k 

¶ If=0 jump k-  ˢ ˨˶˰ ˸˞ ˢˮ˷-IP ˪-k  ˞ˣˢ ˶ˣ˦˞˪ˣˬˣ˵˞ˢ ˨˶˰ ˫˞0 

¶ If>0 jump k-  ˢ ˨˶˰ ˸˞ ˢˮ˷-IP ˪-k ˦˞˪ˣˬˣ˵˞ˢ ˨˶˰ ˫˞ˬ ˪ˣˡˠ ˶ˣ-0 

¶ Read ï ˶ˣ˦˞˪ˣˬˣ˵˞˪ ˦˪˵ ˪˷ ˣ˸ ˯ˮ˩ˢ 

¶ Accept ï ˦˪˵ˢ ˸˞ ˪˟˵ 

¶ Reject ï ˦˪˵ˢ ˸˞ ˢ˥ˡ 

˸ˣ˲˧˵˰ ˫ˠˣ ˸ˣ˶˧˷˧ ˫ˠ ˸ˣ˧ˢ˪ ˸ˣ˪ˣ˩˧ ˫˧ˡˮ˶˲ˣ˞ ˸ˣ˪˟˵ˬ˷ ˸ˣˡˣ˵˲ˢ ˪˩ . ˭ˬ˯ˮ ˶˲˯ˬ ˞ˣˢ ˡˮ˶˲ˣ˞ˢ ˫˞

˰ ˸˞ˤ" ˧n= , ˭ˬ˯ˮ ˭ˣ˶˩˧ˤ˟ ˞˸ ˪˷ ˨˶˰ ˞ˣˢ ˡˮ˶˲ˣ˞ˢ ˫˞()c i  ˞˸˪ ˰˧˟˴ˬ ˞ˣˢ ˡˮ˶˲ˣ˞ˢ ˫˞ˣ

˧ˤ˟˰ ˭ˬ˯ˮ ˭ˣ˶˩" ˧*k. 

ˣ ˯˲˞˪ ˪˥˸ˣ˞ˬ ˭ˣ˶˩˧ˤˢ ˪˩ ˶˷˞˩ ˢ˪˷ ˟ˣ˷˧˥ˢ ˸˞ ˢ˪˧˥˸ˬ ˢˮˣ˩ˬˢ-IP  ˢˮˣ˷˞˶ˢ ˢˡˣ˵˲˪ ˰˧˟˴ˬ

˸˧ˮ˩˸˟ . ˸ˡˣ˵˲˪ ˢ˰˧ˠˬ ˢ˪˷ ˢ˴˧˶ˢ ˫˞ ˢ˪˧ˬ ˸˪˟˵ˬ ˢˮˣ˩ˬˢaccept  ˞˧ˢ ˫˞ ˢ˪˧ˬ ˸˪˟˵ˬ ˞˪ˣ

 ˸ˡˣ˵˲˪ ˢ˰˧ˠˬ ˣ˞ ˸˧˲ˣ˯ˮ˧˞ ˢ˞˪ˣ˪˪ ˸˯ˮ˩ˮreject. 

 

˦˲˷ˬ : ˸ˮˣ˩ˬRAM ˢ ˠˮ˧˶ˣ˧˦ ˸ˮˣ˩ˬˣ˫˧˪ˣ˵˷ ˫˧˪ˡˣˬ ˫ 

ˢ˥˩ˣˢ : ˸ˮˣ˩ˬ˷ ˶ˣ˶˟RAM ˬ ˸ˣˬˡ˪ ˢ˪ˣ˩˧ ˟˷˥ˬ ˢ˶˵˧˰˟ ˞˧ˢ˷"˦ .ˬ˷ ˢ˞˶ˮ" ˸ˣˬˡ˪ ˢ˪ˣ˩˧ ˦

 ˸ˮˣ˩ˬRAM. 

 ˸ˮˣ˩ˬ ˪˷ ˢ˧˴˶ˣˠ˧˲ˮˣ˵RAM ˬ˟ ˠ˴˧˧˪ ˭˸˧ˮ" ˫˰ ˦5 ˫˧˦˶˯: 

1. ˦˪˵ ˦˶˯ 

2. ˢˣ ˸˧ˮ˩˸ˢ ˦˶˯-IP .˰ ˸ˮˬˣ˯ˬ ˸˧˥˩ˮˢ ˢˡˣ˵˲ˢ"ˣˢ˷˪˩ ˡ˥ˣ˧ˬ ˣ˸ ˧ ,˪˷ˬ˪

1 7 # * 6 # ...load add= 

3. ˶ˣ˦˞˪ˣˬˣ˵˞ˢ ˦˶˯ 

4. ˭ˣ˶˩˧ˤˢ ˦˶˯ ,ˬ˪ ˪˷( 1 , 2 ) (6 , 1 7 3 ) ... 

5. ˢˡˣ˟˰ ˦˶˯ 

 ˸ˮˣ˩ˬ ˪˷ ˢ˧˴˶ˣˠ˧˲ˮˣ˵ ˭˸ˮ˧ˢ˟ ˨˧˞ ˢ˞˶ˮRAM ˬ˟ ˸ˠ˴ˣ˧ˬ ˶˷˞" ˢ˧˴˶ˣˠ˧˲ˮˣ˵˪ ˶ˣ˟˰˪ ˭˸˧ˮ ˦

˸˟˵ˣ˰ . ˸ˮˣ˩ˬ ˪˷ ˢ˧˴˪ˣˬ˧˯ ˢ˧ˢ˸ ˫˴˰˟ ˸˞ˤRAM ˬ ˪˰"˦. 
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˸ˣˡˣ˵˲ˢ ˪˩ ˪˰ ˶ˣ˟˰ˮ ˞˪ .ˢ˧˧ˮ˷˪ ˸˥˞ ˸ˣˬˣˡ ˫˪ˣ˩ ˭ˢ .ˢ˞˶ˮ ,˪˷ˬ˪ , ˸˞ ˫˧˰˴˟ˬ ˨˧˞add *32: 

1. ˫˧˰˧ˠˬ˷ ˡ˰ ˸ˣˡˣ˵˲ˢ ˦˶˯ ˪˰ ˫˧˴˶ ˸˧˥˩ˮˢ ˢˡˣ˵˲˩ ˸ˮˬˣ˯ˬ˷ ˫˰ ˢˡˣ˵˲˪. 

2.  ˫˧˟˸ˣ˩*32 ˶ˤ˰ ˦˶˯ ˪˰. 

3.  ˞˸ ˪˷ ˨˶˰ ˫˧˷˲˥ˬˣ ˭ˣ˶˩˧ˤˢ ˪˰ ˫˧˴˶32 

.˞  ˞˸ˢ ˭˩ˣ˸ ˸˞ ˫˧˵˧˸˰ˬ ˣˮ˞˴ˬ ˫˞( )32c ˶ˤ˰ ˦˶˯˪ 

.˟  ˫˧˵˧˸˰ˬ ˣˮ˞˴ˬ ˞˪ ˫˞0 ˶ˤ˰ˢ ˦˶˯˪ 

4. ˶ˤ˰ˢ ˦˶˯ ˪˰ ˟ˣ˸˩ ˣ˶˲˯ˬ˷ ˞˸ˢ ˨˶˰ ˸˞ ˫˧˷˲˥ˬ ˢˬˣˡ ˢ˶ˣ˴˟ 

5.  ˟ˣ˸˩˷ ˢˬ˪ ˶ˤ˰ˢ ˦˶˯˟ ˟ˣ˸˩˷ ˢˬ ˸˞ ˫˧˲˧˯ˣˬ˶ˣ˦˞˪ˣˬˣ˵˞˟ 

6. ˶ˣ˸˟ ˢ˞˟ˢ ˢˡˣ˵˲˪ ˸˧˥˩ˮˢ ˢˡˣ˵˲ ˪˷ ˭ˣˬ˧˯ˢ ˸˞ ˫˧˶˧˟˰ˬ 

ˢˮˣ˩ˬˢ ˪˷ ˸ˣˡˣ˵˲ˢ ˪˩ ˸˞ ˳˪ˬ˯˪ ˭˸˧ˮ ˢˬˣˡ ˭˲ˣ˞˟ .˶˧˥ˬˢ ˪˷ ˢ˪˞˷ˢ ˵˶ ˸˶˞˷ˮ . ˞˸˟ ˫˞i 

 ˟ˣ˸˩j  ˞ˣˢ ˫ˢ˪˷ ˢ˶˧ˬ˷ˢ ˶˧˥ˬlog logi j+ . ˧ˮˣ˧˴˶ˣ˲ˣ˶˲ ˞ˣˢ ˢ˧˴˶ˣˠ˧˲ˮˣ˵˟ ˶ˬ˷ˮ˷ ˭ˣ˶˩˧ˤˢ

 ˸ˮˣ˩ˬ ˸˧˧˴˶ˣˠ˧˲ˮˣ˵˟ ˫˧˞˸ˢ ˧˶˧˥ˬ ˫ˣ˩˯˪-sRAM . ˭ˬˤ˟ ˢ˴˶˷ ˢˮˣ˩ˬ ˶ˣ˟˰ ˭˩˪T , ˫ˣ˩˯ ˫˞

 ˞ˣˢ ˧˪ˬ˧˯˵ˬˢ ˫˧˶˧˥ˬˢp ˬˢ ˪˷ ˢ˴˧˶ˢ ˭ˬˤ ˤ˞"˪ ˧ˮˣ˧˴˶ˣ˲ˣ˶˲ ˢ˪ˣ˵˷ˢ ˦-T pÖ .ˬ˪ ˪˟˞" ˦

 ˞ˣˢ ˶˧˥ˬˢ ˭˩˪ˣ ˫˧˦˶˯ ˶˲˯ˬ ˷˧ ˢ˪ˣ˵˷ˢ( )
2

T pÖ. 

J 

 

ˢˮ˵˯ˬ :ˬ ˸˶ˤ˰˟ ˷ˬˬ˪ ˶˷˲˞ ˰˴˟˪ ˪ˣ˩˧ ˣˮ˧ˬ˧˟ ˟˷˥ˬ˷ ˫˸˧˶ˣˠ˪˞ ˪˩"˦. 

 

˸ˣˬ˶ ˷ˣ˪˷˟ ˶˞˸˪ ˭˸˧ˮ ˫˸˧˶ˣˠ˪˞: 

1. ˸ ˶ˣ˞˧˧˪˞ˬ˶ˣ˲ ˬ ˪˷"˦ 

2. ˬˢ ˸˪ˣ˰˲ ˪˷ ˸˧˪˧˰ ˢ˲˷˟ ˶ˣ˞˧˸"˦ 

3. ˸˧˰˟˦ ˢ˲˷˟ ˫˸˧˶ˣˠ˪˞ˢ ˪˷ ˧˦˵˶˦˯˟˞ ˶ˣ˞˧˸ 

˫˧˲˶ˠ ˪˰ˬ ˫ˢ ˫˧ˬ˸˧˶ˣˠ˪˞˷ ˞˧ˢ ˢ˧˰˟ˢ ,ˣ˩ˣ ˸ˣ˴˧˶˦ˬ ,'ˬ˷ ˡˣ˰˟"˞ ˪˰ˬ ˭ˢ ˦" ˣˢ˷˪˩ ˟S . ˤ˞

 ˢ˲˷˪ ˰ˡ˧ˬˢ ˸˞ ˡˡˣ˵˪ ˨˶ˡ ˫˧˩˧˶˴ ˣˮ˥ˮ˞˸˧˪˞ˬ˶ˣ˲ ,ˬ˷ ˧ˡ˩"ˣ˸˧˞ ˡˣ˟˰˪ ˣ˪˩ˣ˧ ˦ .˪˷ˬ˪ ,˱˶ˠ 

,G V E= ˞˟ˢ ˭˲ˣ˞˟ ˡˡˣ˵˪ ˭˸˧ˮ :( ) ( )
1 21 2#...# $ , #...# ,

k ni i i iG v v v v v v= . ˡˡˣ˵˪ ˫ˠ ˶˷˲˞

"ˬ˸˶˥˞ ˦ ,˨˩ ˪˷ˬ˪ :
0 1 1 0#...# $ #...# $ #...# $...$ $ $n m m acc rejM q q q q qs s g g= . ˫˧ˡˣˡ˧˵ˢ

ˬˢˣ ˷˞˶ˬ ˭ˣ˸ˮ ˫ˢ˪˷ ˶˧˟˥˸ˢˣ ˫˧˰ˣ˟˵ ˫ˢ ˢ˪˞ˢ"˶˧˟˥˸ˢ ˧˵ˣ˥ ˸˞ ˸˰ˡˣ˧ ˫ˢ˧˪˰ ˸˪˰ˣ˲˷ ˦ .˨˩ ,

ˬ ˣ˞ ˱˶ˠ ˠ˴˧˧ˬ ˭˩˞ˣ ˧˵ˣ˥ ˞ˣˢ ˫˞ ˵ˣˡ˟˪ˣ ˦˪˵ˢ ˪˰ ˶ˣ˟˰˪ ˞ˣˢ ˸ˣ˷˰˪ ˷˧˷ ˭ˣ˷˞˶ˢ ˶˟ˡˢ" ˪˩ ˣ˞ ˦

˩ˬˢ˷ ˶˥˞ ˢˮ˟ˬˣ˪ ˢ˲˴ˬ ˢˮˣ. 

 

ˢˬˠˣˡ :ˬ ˶˞˸ˮ"˶˧˷˵ ˞ˣˢ ˭ˣˣ˩ˬ ˞˪ ˱˶ˠ ˫˞ ˢ˰˧˶˩ˬ˷ ˦ . ˨˧˶˴˷ ˫˧˶ˬˣ˞ ˣˮ˧˧ˢ ˸˧˦˵˶˦˯˟˞ˢ ˢˬ˶˟

ˡˣ˵ˡˣ˵ ˶ˣ˥˟˪ , ˣˮˬˬ ˰˴˟˪BFS ˫˧ˡˣ˵ˡˣ˵ˢ ˶˞˷ ˸˞ ˣˮ˧˯˧˩ ˫˞ ˵ˣˡ˟˪ˣ . ˸ˬˡˣ˵ˢ ˢˮ˵˯ˬˢ ˸ˣ˟˵˰˟

˧ˬ˧˦˧ˠ˪ ˶ˣ˞˧˸ ˣˢˤ˷ ˶ˣ˶˟ .˦ˣ˶˧˲ ˶˸ˣ˧˟ ˢˤ ˸˞ ˶˸˞˪ ˫ˠ ˢ˷˵ ˞˪ ˪˟˞. 

"ˬ ˦M ˰˧˶˩ˬ˷˨˩ ˪˰˲˸ ˢ˧˰˟ˢ ˸˞ ˢ : ˦˪˵ ˭˸ˮ˧ˢ˟G: 
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¶ ˢ˸ˣ˞ ˢ˥ˡˮ ˱˶ˠ ˸ˡˡˣ˵ˬ ˢˮ˧˞ ˦˪˵ˢ ˸˪˧ˬ ˫˞. 

¶  ˡˣ˵ˡˣ˵ ˶˥˟ˮv  ˣ˸ˣ˞ ˭ˬ˯ˮˣ)˪˷ˬ˪ , ˢˮˣ˷˞˶ˢ ˸ˣ˞ˢ ˸˞ ˱˧˪˥ˮs ˟ ˣ˪˷ ˡˣˡ˧˵˟-s#.( 

¶ ˫˧˷ˡ˥ ˫˧ˮˬˣ˯ˬ ˞˪ ˫˧ˡˣ˵ˡˣ˵ ˷˧ ˡˣ˰ ˪˩: 

o ˟ ˡˣ˵ˡˣ˵ ˪˩˪-V ˬ˞ ˣ˸ˣ˞ ˭ˬ˯ˮ"˭ˬˣ˯ˬ ˶˟˩˷ ˡˣ˵ˡˣ˵ ˭˧˟ˣ ˣˮ˧˟ ˸˷˵ ˷˧ ˬ. 

¶  ˶ˣ˟˰ˮ ˧ˡˣ˵ˡˣ˵ ˪˩ ˪˰G. 

o ˪˟˵ˮ ˫˧ˮˬˣ˯ˬ ˫˪ˣ˩ ˫˞ ˢ˪˧ˬˢ ˸˞. 

o ˢ˪˧ˬˢ ˸˞ ˢ˥ˡˮ ˸˶˥˞. 

 

ˢ˶ˡˠˢ :ˬˠˮ˧˶ˣ˧˦ ˸ˮˣ˩ ˸˧˪˞˯˶˟˧ˮˣ˞ U ˬ ˞˧ˢ"ˬ ˪˷ ˡˣˡ˧˵ ˦˪˵˩ ˸˪˟˵ˬ˷ ˦" ˦M  ˢ˪˧ˬˣw 

 ˪˷ ˢ˴˧˶ ˸˴˪ˬ˯ˬˣM  ˪˰w .˪-U ˫˧˦˶˯ ˧ˮ˷ ˷˧ : ˣ˟ ˢˬˣ˷˶˷ ˢ˧˴˪ˣˬ˧˯ˢ ˦˶˯ˣ ˦˪˵ ˦˶˯

 ˸˴˧˶ ˪˷ ˸˧˥˩ˮˢ ˢ˧˴˶ˣˠ˧˲ˮˣ˵ˢM  ˪˰w . ˭˸ˮ˧ˢ˟,M w  ˢˮˣ˩ˬˢU  ˸˟˸ˣ˩0q w  ˦˶˯ ˪˰

ˢ˧˴˪ˣˬ˧˯ˢ . ˟˪˷ ˪˩˟U  ˧˥˩ˮˢ ˟˴ˬ ˢ˸˞ ˸˞˶ˣ˵q  ˸ˣ˞ˢˣa ˢ˧˪˰ ˰˧˟˴ˬ ˞˶ˣ˵ˢ ˷˞˶ˢ˷ ,

 ˸˞ ˸˷˲˥ˬ( ),q ad ˫˞˸ˢ˟ ˢ˧˴˶ˣˠ˧˲ˮˣ˵ˢ ˸˞ ˸ˮ˩ˡ˰ˬˣ ˦˪˵ˢ ˦˶˯˟ . ˫˞M ˪ ˢ˰˧ˠˬ-accq  ˣ˞

-˪
reejq U  ˸˞ ˢ˥ˣˡ ˣ˞ ˸˪˟˵ˬ,M w ˢˬ˞˸ˢ˟ . ˫˞M  ˤ˞ ˸˶˴ˣ˰ ˞˪U ˸˶˴ˣ˰ ˞˪. 

 

˸ˣ˰˧˶˩ 

 

ˢ˩ ˡ˰  ˸ˣ˲˷˟ ˣˮ˵˯˰˸ˣ˧˪˞ˬ˶ˣ˲ ˧˸˧ˬ˞ˢ ˫˪ˣ˰˪ ˨˩ ˪˩ ˸ˣ˶ˣ˷˵ ˞˪˷ .˴ ˪˷ ˢˤ˸ˢ ˸ˣ˟˵˰˟' ˳˶

˰˟ ˶˞˸˪ ˧ˡ˩ ˠˮ˧˶ˣ˧˦ ˸ˣˮˣ˩ˬ˟ ˷ˬ˸˷ˢ˪ ˫˧˴ˣ˶ ˣˮ˧˧ˢ ˠˮ˧˶ˣ˧˦ˣ˫ˣ˧ ˫ˣ˧ˢ ˧˧˥˪ ˸ˣ˶ˣ˷˵ ˶˸ˣ˧˷ ˸ˣ˧. 

 

ˢˮ˰˦ :DFAL ˸˲˷  ˢ˶ˣ˴ˢˬ ˫˧˪˧ˬˢ,A w  ˶˷˞˩A ˯˞ ˪˷ ˡˣˡ˧˵"ˣ ˡ-()w L AÍ ˢ˰˧˶˩ ˞˧ˢ. 

ˢ˥˩ˣˢ :˴˧˶ ˸˞ ˳˪ˬ˯˪ ˞ˣˢ ˭ˣ˧˰˶ˢ ˸A  ˪˰w .ˬ ˶˞˸ˮ" ˦M ˢ˧˰˟ˢ ˸˞ ˢ˰˧˶˩ˬ ˶˷˞ . ˢˮˣ˩ˬ˪

˫˧˦˶˯ ˢ˷ˣ˪˷ ˣ˧ˢ˧ :˦˪˵ ˦˶˯ , ˣ˟ ˫ˣ˵ˬˢ ˣ˟ ˟ˣ˸˩˷ ˦˶˯ˣ ˫˧˞˴ˬˮ ˣˮ˥ˮ˞ ˣ˟˷ ˟˴ˬˢ ˣ˟ ˟ˣ˸˩˷ ˦˶˯

 ˸˞˧˶˵˟ ˫˧˞˴ˬˮ ˣˮ˥ˮ˞w . ˸˞ ˸˪˟˵˪ˣ ˢ˞˟ˢ ˸ˣ˞ˢ ˸˞ ˪˟˵˪ ˧ˡ˩ ˷ˬ˸˷ˮ ˣˮ˥ˮ˞ ˦˪˵ˢ ˦˶˯˟

˫˧˶˟˰ˬˢ ˸˧˧˴˵ˮˣ˲. ˟ ˢ˞˟ˢ ˸ˣ˞ˢ ˸˞ ˞˶˵ˮ ˟˪˷ ˪˩˟ ˨˧˶˴ ˭˞˪ ˫˧˶˟˰ˬˢ ˸˧˧˴˵ˮˣ˲˟ ˵ˣˡ˟ˮˣ ˢ˪˧ˬ

˫ˡ˵˸ˢ˪ .˷ ˭ˬ˧˯ ˪˟˵ˬ ˟˴ˬ˟ ˢˬ˧˧˸˯ˢ ˢ˧˴˪ˣˬ˧˯ˢ ˫˞-, DFAA w LÍ , ˸˶˥˞, DFAA w LÎ. 

J 

 

ˢˮ˰˦ :NFAL  ˢ˶ˣ˴ˢˬ ˫˧˪˧ˬˢ ˸˲˷,A w  ˶˷˞˩A ˯˞ ˪˷ ˡˣˡ˧˵"ˣ ˪-()w L AÍ ˢ˰˧˶˩ ˞˧ˢ. 

ˢ˥˩ˣˢ :˯˞ ˭ˣ˴˶˧˥˪ ˫˸˧˶ˣˠ˪˞ ˣˮ˧˞˶"˯˞˪ ˢ˪˧ˬ ˪˷ ˸ˣ˩˧˧˷ ˵ˣˡ˟˪ ˡ˴˧˩ ˣˮ˧˞˶ ˸ˬˡˣ˵ˢ ˢˮ˰˦˟ˣ ˪"l .

ˣˮ ˤ˞ˬ ˸ˣˮ˟˪ ˪˩"˯˞ ˭˸ˮ˧ˢ˟˷ ˦" ˪A ˶˴˧˧˸ ˯˞" ˪ˣ˵˷ ˡ'A  ˫˞ ˵ˣˡ˟˸ ˭˩ˬ ˶˥˞˪ˣ

( ) ()'w L A L AÍ =. 

J 
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˦˲˷ˬ : ˢˮ˧˞˷ ˢ˲˷ ˷˧˪ˮ" ˶)ˢ˰˧˶˩ ˢˮ˧˞ ˦˶˲ˣ.( 

ˢ˥˩ˣˢ :ˢ˟ ˥˧ˮˢ˪ ˭˸˧ˮ" ˪˰ˬ ˞˧ˢ ˢ˲˷ˢ˷ ˩{ }0,1 ˸˧˶˞ˮ˧˟˟ ˡˡˣ˵˪ ˭˸˧ˮ ˸˶˥˞ ˢ˲˷ ˪˩˷ ˫ˣ˷ˬ .

 ˪˰ˬ ˸ˣ˲˷ˢ ˪˩ ˸˴ˣ˟˵˷ ˟˪ ˫˧˷ˮ{ }0,1 ˢ˧ˮˬ ˸˟ ˢˮ˧˞ ˞˧ˢ .ˬ ˪˩ ˪˟˞"˸˶˞ˣ˸ˬ ˦ ˰" ˧˲ˣ˯ ˱˴˶ ˧

ˬ ˪˷ ˢ˧ˮˬ ˭˟ ˶˲˯ˬ ˷˧ ˭˩˪ˣ ˫˧ˮˬ˧˯ ˪˷"˦ .˰ ˸ˣˢˤ˪ ˭˸˧ˮ ˞˪˷ ˢ˲˷ ˷˧˷ ˭˞˩ˬ"ˬ ˧"˦. 

J 

 

ˢˮ˰˦ :TMA  ˢ˶ˣ˴ˢˬ ˫˧˪˧ˬˢ ˪˩ ˸˲˷,M w  ˶˷˞˩M ˬ ˪˷ ˡˣˡ˧˵"ˣ ˦-( )w L MÍ ˪ˮ"˶. 

ˢ˥˩ˣˢ :ˬ ˶˞˸ˮ" ˦T  ˸˞ ˢˢˤˬ ˶˷˞TMA . ˦˪˵ ˭˸ˮ˧ˢ˟,M w T ˞˟ˢ ˭˲ˣ˞˟ ˪˰˲˸: 

¶  ˫˞ˢ ˵ˣˡ˟˸M ˮ˧˶ˣ˧˦ ˸ˮˣ˩ˬ ˪˷ ˧˵ˣ˥ ˡˣˡ˧˵ ɣ.˞˪ ˫˞ ,ˢ˥ˡ˸. 

¶  ˸˴˧˶ ˸˞ ˳˪ˬ˯˸M  ˪˰w. 

¶ ˪˟˵ˬ ˟˴ˬ˪ ˰˧ˠ˸ ˢ˧˴˪ˣˬ˧˯ˢ ˟˪˷ ˣˢ˷ˤ˧˞˟ ˫˞ ,T ˢ˪˧ˬˢ ˸˞ ˪˟˵˸. 

T  ˸˞ ˢˢˤˬ ˭˩˞TMA , ˫˞ ˧˶ˢ˷( )w L MÍ  ˪˷ ˸˧˲ˣ˯ ˢ˴˧˶ ˸ˬ˧˧˵ ˤ˞M  ˪˰w  ˢ˰˧ˠˬ˷

˪˟˵ˬ ˟˴ˬ˪ ,ˢ˪˧ˬˢ ˸˞ ˪˟˵˸ ˞˧ˢ ˢˤˢ ˟˴ˬ˪ ˰˧ˠ˸ ˢ˧˴˪ˣˬ˧˯ˢ ˶˷˞˩ˣ . ˫˞( )w L MÎ , ˢ˴˧˶ˢ

 ˪˷M  ˪˰w  ˰˧ˠ˸ ˞˪ ˫˪ˣ˰˪˪˟˵ˬ ˟˴ˬ˪ , ˭˩˪ˣT ˪˟˵˸ ˞˪. 

J 

 

ˢˮ˰˦ :TMA RÎ 

ˢ˥˩ˣˢ :ˬ ˷˧˷ ˢ˪˧˪˷˟ ˥˧ˮˮ" ˦H  ˢ˶ˣ˴ˢˬ ˢ˪˧ˬ ˦˪˵˩ ˸˪˟˵ˬ˷,M w ˸ˬ˧˧˵ˬˣ: 

( )
( )

,
accept w L M

H M w
reject else

ë Í
=ì
í

 

˟ ˷ˬ˸˷ˮ-H ˬ ˸ˣˮ˟˪ ˧ˡ˩" ˢ˷ˡ˥ ˦D ˬ ˪˷ ˶ˣ˞˧˸ ˦˵˪˩ ˸˪˟˵ˬ ˶˷˞" ˦M ˨˩ ˸˪˰ˣ˲ˣ: 

( )
( )accept M M accept

D M
reject else

ë =î
=ì
îí

 

D  ˫ˣ˷ˬ ˟˦˧ˢ ˸˶ˡˠˣˬ˷ ˣˮ˥ˮˢ˷-H ˫˧˦˪˵ˢ ˪˩ ˪˰ ˸˶˴ˣ˰ , ˸˞ ˪˟˵˪ ˧ˡ˩ ˭˩˪ˣ( )D M  ˦ˣ˷˲

˳˧˶ˮ  ˸˞( ),H M M. ˬ ˶˧ˡˠˢ˪ ˭˸˧ˮ ˸˰˩ˣ" ˦'D ˬ ˪˷ ˡˣˡ˧˵ ˦˪˵ ˸˪˟˵ˬ˷"˨˩ ˸˪˰ˣ˲ˣ ˦: 

( )
( )

'
reject M M accept

D M
accept else

ë =î
=ì
îí
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 ˪˷ ˢ˴˧˶˟ ˭ˮˣ˟˸ˮ ˸˰˩'D  ˪˰'D .˪˟˵˸ˬ: 

( )
( )' '

' '
reject D D accept

D D
accept else

ë =î
=ì
îí

 

ˢ˶˧˸˯ ˸˞ˤˣ .ˬ ˸ˬ˧˧˵ ˞˪ ˭˩˪" ˦H  ˸˞ ˢ˰˧˶˩ˬ˷TMA. 

J 

 

ˢˮ˵˯ˬ :c

TMA REÎ 

ˢ˥˩ˣˢ :˷ ˫˧˪˟˵ˬ ˣˮ˧˧ˢ ˸˶˥˞-TMA co REÍ - ,˷ ˶˥˞ˬˣ-TMA REÍ  ˪˟˵˸ˬ ˢ˧ˢTMA RÍ ,

ˣˮ˥˩ˣˢ˷ ˢˬ˪ ˢ˶˧˸˯˟. 

J 

 

ˢˮ˰˦ :TMHALT ˪˧ˬˢ ˪˩ ˸˲˷ ˢ˶ˣ˴ˢˬ ˫˧,M w  ˶˷˞˩M ˬ ˪˷ ˡˣˡ˧˵"ˣ ˦-M  ˪˰ ˸˶˴ˣ˰

w ˪ˮ ˞˧ˢ"˶. 

ˢ˥˩ˣˢ : ˸˞ ˳˧˶ˮ ˦ˣ˷˲M  ˪˰w . ˸˞ ˪˟˵ˮ ˸˶˴ˣ˰ ˞˧ˢ ˫˞,M w ,˶ˣ˴˰˸ ˞˪ ˢˮˣ˩ˬˢ ˸˶˥˞. 

J 

 

˦˲˷ˬ :TMHALT RÎ 

ˢ˥˩ˣˢ: ˬ ˷˧˷ ˢ˪˧˪˷˟ ˥˧ˮˮ" ˦H  ˸˞ ˢ˰˧˶˩ˬ˷TMHALT .ˬ ˶˴˧˧ˮ" ˦S  ˸˞ ˢ˰˧˶˩ˬ˷TMA .

 ˦˪˵ ˭˸ˮ˧ˢ˟,M w S ˞˟ˢ ˭˲ˣ˞˟ ˪˰˲˸: 

¶  ˸˞ ˳˧˶˸H  ˪˰,M w . ˫˞H ˷ ˭ˬ˧˯ ˢ˥ˣˡ-M  ˪˰ ˢ˴˧˶˟ ˸˶˴ˣ˰ ˞˪w  ˭˩˪ˣ

( )w L MÎ , ˶ˬˣ˪˩, TMM w AÎ. 

¶  ˫˞H ˸˪˟˵ˬ ,˷ ˭ˬ˧˯-M  ˪˰ ˢ˴˧˶˟ ˸˶˴ˣ˰w . ˸˞ ˳˧˶ˢ˪ ˪˩ˣˮ ˭˩˪M  ˪˰w  ˥˦˟ˣˬˣ

˶ˣ˴˰˸ ˢ˴˧˶ˢ˷. 

¶ ˷ ˭ˬ˧˯ ˪˟˵ˬ ˟˴ˬ˟ ˸˶ˬˠˮ ˢ˴˧˶ˢ ˫˞-, TMM w AÍ. 

¶ ˸˶˥˞ ,, TMM w LÎ. 

˷ ˶ˣ˶˟-S  ˸˞ ˢ˰˧˶˩ˬ ˭˩˞TMA ˷ ˨˩˪ ˢ˶˧˸˯ ˸˞ˤˣ-TMA RÎ. 

J 
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ˢˮ˵˯ˬ :c

TMHALT REÎ 

ˢ˥˩ˣˢ :ˣˮ˧˞˶ ˷-TMHALT REÍ . ˣ˪˧˞TMHALT ˟ ˫ˠ ˢ˸˧˧ˢ-co RE- ˷ ˫˧˪˟˵ˬ ˭ˣˮ˧˧ˢ-

TMHALT RÍ ,˫ˡˣ˵ˢ ˦˲˷ˬ˪ ˢ˶˧˸˯˟. 

J 

 

˦˲˷ˬ :( ){ }:Regular M L M REG= Í ˢ˰˧˶˩ ˢˮ˧˞. 

ˢ˥˩ˣˢ :ˬ ˸ˬ˧˧˵˷ ˢ˪˧˪˷˟ ˥˧ˮˮ" ˦H  ˸˞ ˢ˰˧˶˩ˬ˷Regular ,˶ˬˣ˪˩ 

( )
( )acceept L M REG

H M
reject else

ë Í
=ì
í

 

ˬ ˸ˬ˧˧˵˷ ˢ˞˶ˮ" ˸˞ ˢ˰˧˶˩ˬ˷ ˦TMA ˢ˶˧˸˯ ˪˟˵ˮˣ . ˭˸ˮ˧ˢ˟ˠˣˤ ,M w ˬ ˶˴˧˧˪ ˪˩ˣˮ" ˦'M 

 ˦˪˵ ˭˸ˮ˧ˢ˟ ˶˷˞x ˨˩ ˸˪˰ˣ˲: 

¶  ˫˞{ }0 1 :0n nx nÍ ¢ 'M ˸˞ ˸˪˟˵ˬ x. 

¶ ˸˶˥˞ ,'M  ˸˞ ˢ˴˧˶ˬM  ˪˰w  ˸˞ ˸˪˟˵ˬˣx ˬ˞" ˬM  ˸˞ ˸˪˟˵ˬw. 

 ˫˞˷ ˟˪ ˫˧˷ˮM  ˸˞ ˸˪˟˵ˬ ˞˪w  ˤ˞( ){ }' 0 1 :0n nL M n REG= ¢ Î  ˫˞ˣM  ˸˞ ˸˪˟˵ˬ

w  ˤ˞( )( )
*

' 0 1L M REG= + Í. 

ˬ ˶˧ˡˠˢ˪ ˫˧˪ˣ˩˧ ˣˮ˥ˮ˞ ˸˰˩" ˦S  ˸˞ ˢ˰˧˶˩ˬ˷TMA . ˦˪˵ ˭˸ˮ˧ˢ˟,M w S ˨˩ ˸˪˰ˣ˲: 

¶  ˸˞ ˸˶˴˧˧ˬ'M  ˪˧˰˪ ˢ˶ˡˠˣˢ˷ ˧˲˩ˢ˧ˣ˪˸ˣ ˟-M ˟x-w ) ˞ˣˢ ˢˮˣ˩ˬˢ ˶ˣ˴˧˧˷ ˟˪ ˫˧˷ˮ

˧˲ˣ˯ ˨˧˪ˢ˸.( 

¶  ˸˞ ˢ˴˧˶ˬH  ˪˰'M. 

o  ˫˞H  ˤ˞ ˸˪˟˵ˬS ˸˪˟˵ˬ 

o  ˫˞H  ˤ˞ ˢ˥ˣˡS ˢ˥ˣˡ 

S  ˸˞ ˢ˰˧˶˩ˬ ˭˩˞TMA , ˫˞ ˧˶ˢ˷S ˢ˪˟˧˵ ,˷ ˭ˬ˧˯-H  ˸˞ ˢ˪˟˧˵'M , ˶ˬˣ˪˩

( )'L M REGÍ  ˭˩˪ˣ( )w L MÍ . ˫˞S  ˤ˞ ˢ˸˥ˡH  ˸˞ ˢ˸˥ˡ'M , ˶ˬˣ˪˩( )'L M REGÎ 

-x( )w L MÎ . ˤ˞S  ˸˞ ˢˢˤˬTMA . ˪˟˞S ˷ ˫ˣ˷ˬ ˸˶˴ˣ˰ ˡ˧ˬ˸-H ˸˶˴ˣ˰ ˡ˧ˬ˸ . ˭˩˪ˣS 

 ˸˞ ˢ˰˧˶˩ˬTMA. 

J 
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ˢ˧˴˵ˣˡ˶ 

 

˶ˡˠˢ˸ˣ 

1. 
* *:f S ­S  ˸˞˶˵ˮ˟ˣ˷˧˥˪ ˸ˮ˸˧ˮ ˢ˧˴˵ˮˣ˲  ˣ˞ˢ˟˧˷˥ ˢ˧˴˵ˮˣ˲ ˬ ˸ˬ˧˧˵ ˫˞" ˦

fM  ˨˩

 ˦˪˵ ˪˩˪˷
*wÍS 

fM  ˟ˣ˸˩ ˦˶˯ˢ ˪˰ˣ ˸˶˴ˣ˰()f w. 

2.  ˢ˲˷˷ ˶ˬ˞ˮ
*AËS ˧ˣ˲˧ˬ ˸ˣ˧˴˵ˣˡ˶˪ ˸ˮ˸˧ˮ  ˢ˲˷˪

*BËS  ˢ˟˧˷˥ ˢ˧˴˵ˮˣ˲ ˸ˬ˧˧˵ ˫˞
* *:f S ­S  ˪˩˪˷ ˨˩

*wÍS  ˫˧˧˵˸ˬ()w A f w BÍ ª Í . ˢˤ ˢ˶˵ˬ˟f  ˸˞˶˵ˮ

ˢ˧˴˵ˣˡ˶ ˬ-A ˪-B  ˫˧ˮˬ˯ˬˣmA B¢. 

 

˦˲˷ˬ : 

1.  ˫˞mA B¢ x-B RÍ  ˤ˞A RÍ. 

2.  ˫˞mA B¢ x-B REÍ  ˤ˞A REÍ. 

ˢ˥˩ˣˢ : ˸˞ ˵˶ ˥˧˩ˣˮ)1) .(2 (˭˲ˣ˞ ˣ˸ˣ˞˟ ˪˟˵˸ˬ. 

 ˧ˢ˸BM ˬ" ˸˞ ˢ˶˧˩ˬ˷ ˦B  ˧ˢ˸ˣ
fM ˬ" ˸˞ ˸˟˷˥ˬ˷ ˦

* *:f S ­S ˬ ˢ˧˴˵ˣˡ˶ˢ-A ˪-B .

ˬ ˢˮ˟ˮ" ˦M  ˸˞ ˢ˰˧˶˩ˬ˷A . ˦˪˵ ˭˸ˮ˧ˢ˟w ,M ˞˟ˢ ˭˲ˣ˞˟ ˪˰˲˸: 

¶  ˸˞ ˢ˴˧˶ˬ
fM  ˪˰w. 

¶  ˸˞ ˢ˴˧˶ˬBM ˫ˡˣ˵ˢ ˟˪˷ˢ ˸˞˴ˣ˸ ˪˰. 

¶  ˫˞BM ˟˧˵ ˤ˞ ˢ˪M ˸˪˟˵ˬ. 

¶  ˫˞BM  ˤ˞ ˢ˸˥ˡM ˢ˥ˣˡ. 

M  ˸˞ ˢ˰˧˶˩ˬ ˭˩˞A ˷ ˫ˣ˷ˬ-BM  ˭˩˪ˣ ˡ˧ˬ˸ ˸˶˴ˣ˰M ˡ˧ˬ˸ ˸˶˴ˣ˰ , ˫˧˧˵˸ˬˣ

()w A f w BÍ ª Í. 

J 

 

ˢˮ˵˯ˬ: 

1.  ˫˞mA B¢ x-A RÎ  ˤ˞B RÎ. 

2.  ˫˞mA B¢ x-A REÎ  ˤ˞B REÎ. 

ˢ˥˩ˣˢ : ˸˞ ˵˶ ˥˧˩ˣˮ)1) .(2 (˭˲ˣ˞ ˣ˸ˣ˞˟ ˪˟˵˸ˬ. 

 ˫˧˧˵˸ˬ ˢ˧ˢ ˣ˪˧˞B RÍ  ˫˧˪˟˵ˬ ˣˮ˧˧ˢ ˫ˡˣ˵ˢ ˦˲˷ˬˢ ˧˲˪ ˤ˞A RÍ ,ˢ˥ˮˢ˪ ˢ˶˧˸˯˟. 

J 
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ˬˠˣˡ˸ˣ˞ : 

1. ˷ ˥˧˩ˣˢ˪ ˧ˡ˩-TMHALT RÎ ˢ˧˴˵ˣˡ˶˟ ˷ˬ˸˷ˢ˪ ˫ˠ ˫˧˪ˣ˩˧ ˣˮ˧˧˞ .˷ ˶˟˩ ˣˮ˧˞˶-TMA RÎ 

˷ ˸ˣ˞˶ˢ˪ ˵˧˲˯ˬ ˭˩˪ˣ-TM m TMA HALT¢. 

 ˦˪˵ ˭˸ˮ˧ˢ˟,M w ˪-TMA ˦˪˵ ˶˴˧˧˪ ˣˮ˧˪˰ ( ),f M w ˪-TMHALT ˷ ˨˩-

( ), ,TM TMM w A f M w HALTÍ ª Í . ˶ˣ˟˰,M w 
fM  ˶˧ˤ˥˸' , 'M w 

 ˶˷˞˩'w w= x-'M  ˦˪˵ ˪˰ ˸˪˰ˣ˲x ˞˟ˢ ˭˲ˣ˞˟: 

¶ 'M  ˸˞ ˢ˴˧˶ˬM  ˪˰x. 

¶  ˫˞M  ˸˞ ˸˪˟˵ˬw  ˫ˠ'M  ˸˞ ˸˪˟˵ˬx. 

¶  ˫˞M  ˸˞ ˢ˥ˣˡx ,'M ˸˧˲ˣ˯ˮ˧˞ ˢ˞˪ˣ˪˪ ˸˯ˮ˩ˮ. 

˷ ˢ˞˶ˮ-( ), ,TM TMM w A f M w HALTÍ ª Í: 

)«( ˫˞, TMM w AÎ  ˤ˞' , TMM w HALTÎ ˷ ˫ˣ˷ˬ-( )w L MÎ  ˫˞ ˭˧˟ˣM 

 ˸˞ ˢ˥ˣˡw ˪˪˩˟ ˸˶˴ˣ˰ ˞˪ ˣ˞ ,'M ˸˧˲ˣ˯ˮ˧˞ ˢ˞˪ˣ˪˪ ˸˯ˮ˩ˮ. 

)­( ˫˞, TMM w AÍ  ˤ˞' , TMM w HALTÍ ˷ ˫ˣ˷ˬ-M  ˸˞ ˸˪˟˵ˬw  ˭˩˪ˣ'M 

˸˶˴ˣ˰. 

2.  ˪˰ ˪˩˸˯ˮ
TMHALTe  ˢ˶ˣ˴ˢˬ ˫˧˪˧ˬˢ ˪˩ ˸˲˷M  ˶˷˞˩M ˬ" ˦˪˵ˢ ˪˰ ˸˶˴ˣ˰˷ ˦

 ˵˧˶ˢe ˢ˰˧˶˩ ˢˮ˧˞. ˷ ˶ˣ˶˟-
TMHALT REeÍ  ˭˸ˮ˧ˢ˟ ˧˶ˢ˷M  ˸˞ ˳˧˶ˢ˪ ˦ˣ˷˲ ˪˩ˣˮ

M  ˪˰e ˸˶˴ˣ˰ ˞˧ˢ ˫˞ ˪˟˵˪ˣ. 

 ˢ˞˶ˮ-˷
TMHALTe ˰ ˢ˰˧˶˩ ˢˮ˧˞"˧  ˢ˧˴˵ˣˡ˶ˢ

TM TMHALT HALTe¢ . ˨˧˞ ˸ˣ˞˶ˢ˪ ˷˧

 ˦˪˵ ˭˸ˮ˧ˢ˟,M w ˪-TMHALT  ˦˪˵ ˶˴˧˧˪ ˭˸˧ˮ( ),f M w ˪-
TMHALTe ˷ ˨˩-

( ), ,TM TMM w HALT f M w HALTeÍ ª Í . ˶˧ˡˠˮ
fM  ˭˸ˮ˧ˢ˟˷,M w  ˸˶˴˧˧ˬ

"ˬ ˦'M ˨˩ ˸˪˰ˣ˲ ˶˷˞ : ˸˞ ˸˟˸ˣ˩ ˞˧ˢ ˪˩ ˫ˡˣ˵w ˪˰ ˴˧˶ˬ ˭˩ˬ ˶˥˞˪ˣ ˦˶˯ˢ ˸˞ ˢM 

˦˶˯ˢ ˪˰. 

˷ ˟˪ ˫˧˷ˮ-'M ˵˧˶ ˦˪˵ ˪˰ ˸˪˰ˣ˲ . ˸˟˧˸˩w  ˪˷ ˢ˶ˡˠˢ˟ ˸˧ˮ˟ˣˬ ˦˶˯ˢ ˪˰'M . ˶ˣ˶˟

-˷, 'TM TMM w HALT M HALTeÍ ª Í. 

˸˰˩ ,˫˧ˬˡˣ˵ˢ ˫˧˦˲˷ˬˢˣ ˸ˣ˞ˬˠˣˡ˟ ˣˬ˩  ,˷ ˫ˠ ˶ˣ˶˟-
TMHALT co REeÎ -. 

 

 

 

 

 

 

 

 



 

 
67 

 

ˢˮ˰˦ :Regular RE co REÎ Ç -. 

ˢ˥˩ˣˢ: 

1. ˷ ˢ˞˶ˮ-Regular REÎ ˰" ˢ˧˴˵ˣˡ˶ˢ ˧c

TMA Regular¢ . 

 ˭˸ˮ˧ˢ˟,M w ˬ ˶˧ˡˠˮ" ˦'M  ˦˪˵ ˪˩ ˸˪˰ˣ˲ ˶˷˞z ˨˩ : 

 

˸˰˩ , ˫˞( )w L MÍ  ˤ˞( ){ }' 0 1 :0n nL M n= ¢ ˸˧˶˪ˣˠ˶ ˢˮ˧˞ ˞˧ˢˣ . ˫˞ˣ( )w L MÎ 

˸ˣ˧ˣ˶˷˲˞ ˧˸˷ ˷˧ ˤ˞ . ˫˞M  ˪˰ ˸˶˴ˣ˰ ˞˪w  ˤ˞'M  ˫˞ˣ ˸˶˴ˣ˰ ˞˪M  ˤ˞ ˸˶˴ˣ˰'M 

ˢ˥ˣˡ .˷ ˪˟˵ˮ ˭˲ˣ˞ ˪˩˟-( )'L M =Å ˸˧˶˪ˣˠ˶ ˞˧ˢˣ. 

 ˢ˟˧˷˥ ˢ˧˴˵ˮˣ˲ ˣˮ˞˴ˬ ˶ˬˣ˪˩: 'f M M: ˷ ˨˩-, 'c

TMM w A M RegularÍ ª Í ,

 ˭˩˪c

TMA Regular¢ x-Regular REÎ. 

2. ˷ ˢ˞˶ˮ-Regular co REÎ - ˰" ˢ˧˴˵ˣˡ˶ˢ ˧c c

TMA Regular¢. 

 ˭˸ˮ˧ˢ˟,M w ˬ ˶˧ˡˠˮ" ˦'M ˲ ˶˷˞ ˦˪˵ ˪˩ ˸˪˰ˣz ˨˩ : 

 

z

{ }
?

0 1 :0n nz nÍ ¢

yes

no

acc

M

yes no

acc rej

M

{ }
?

0 1 :0n nz nÍ ¢

acc

z

w

yes no

rej

rejacc rej
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˸˰˩ , ˫˞( )w L MÍ  ˤ˞( ) *'L M =S ˸˧˶˪ˣˠ˶ ˞˧ˢˣ . ˫˞ˣ( )w L MÎ  ˤ˞

( ){ }' 0 1 :0n nL M n= ¢ ˸˧˶˪ˣˠ˶ ˢˮ˧˞ ˞˧ˢˣ. 

 ˢ˟˧˷˥ ˢ˧˴˵ˮˣ˲ ˣˮ˞˴ˬ ˶ˬˣ˪˩: 'f M M: ˷ ˨˩-, 'c c

TMM w A M RegularÍ ª Í ,

 ˭˩˪c c

TMA Regular¢ x-Regular co REÎ -. 

J 

 

ˢ˶ˡˠˢ : ˧ˢ˸P ˠˮ˧˶ˣ˧˦ ˸ˣˮˣ˩ˬ ˪˷ ˢ˴ˣ˟˵ .P  ˞˧ˢˢˮˣ˩˸ ˸˧˦ˮˬ˯ ˬ ˧˸˷ ˪˩˪ ˫˞" ˦1 2,M M  ˨˩

-˷( ) ( )1 2L M L M=  ˫˧˧˵˸ˬ1 2M P M PÍ ª Í .˞ ˫˧˪˧ˬ˟˸ˣ˶˥ ,P  ˨˞ ˢ˧ˣ˪˸˷ ˢˮˣ˩˸ ˞˧ˢ

ˢˮˣ˩ˬˢ ˪˷ ˢ˲˷˟ ˵˶ˣ. 

 

˦˲˷ˬ ˯˧˧˶ : ˧ˢ˸P ˬˢ ˪˩ ˢˮ˧˞ˣ ˢ˵˧˶ ˢˮ˧˞˷ ˸˧˦ˮˬ˯ ˢˮˣ˩˸"˦ . ˧ˤ˞{ }:PL M M P= Í  ˢˮ˧˞

ˢ˰˧˶˩. 

ˢ˥˩ˣˢ : ˧ˢ˸MÅ ˬ"˷ ˨˩ ˦-( )L MÅ =Å .ˢ˟" ˩M PÅÍ .˸˶˥˞ ,cM PÅÍ  ˫˞ ˪˟˞c

PL 

 ˫ˠ ˢ˰˧˶˩PL ˢ˰˧˶˩ .˰ ˫ˠ ˸ˬ˧˧˵˸ˬ ˸˧˦ˮˬ˯ˢ ˢˮˣ˩˸ˢ˷ ˥˧ˮˢ˪ ˭˸˧ˮ ˭˩˪" ˧MÅ. 

˷ ˥˧˩ˣˮ-
pL REÎ ˰"ˢ ˧ ˢ˧˴˵ˣˡ˶c

TM m pA L¢ .˷ ˭ˣˣ˧˩-P ˬˢ ˪˩ ˢˮ˧˞"ˬ ˸ˬ˧˧˵ ˦" ˦'M ˷ ˨˩-

'M PÎ . ˦˪˵ ˭˸ˮ˧ˢ˟,M w ˪-
c

TMA ˬ ˶˧ˡˠˮ" ˦T  ˶˷˞

 ˦˪˵ ˭˸ˮ˧ˢ˟z ˞˟ˢ ˭˲ˣ˞˟ ˸˪˰ˣ˲: 

1.  ˫˞M  ˸˞ ˢ˥ˣˡw  ˤ˞T  ˸˞ ˢ˥ˣˡz. 

2. ˸˶˥˞ ,T  ˸˞ ˢ˪˧˰˲ˬ'M  ˪˰z  ˸˞ ˢ˶˧ˤ˥ˬˣ

ˢ˞˴ˣ˸ˢ. 

˷ ˢ˞˶ˮ-, c

TM pM w A T LÍ ª Í. 

)« ( ˥˧ˮˮ, c

TMM w AÎ . ˧ˤ˞( )w L MÍ . ˭˩˪

() ( )'L T L M=  ˪˟˞'M PÎ x-P  ˭˩˪ˣ ˸˧˦ˮˬ˯ ˢˮ˩˸

T PÎ. 

)­ ( ˥˧ˮˮ, c

TMM w AÍ . ˧ˤ˞( )w L MÎ  ˭˩˪ˣ

() ( )L T L MÅ=Å= . ˭˩˪PT LÍ. 

J 

 

 

z

'M

acc rej

M

acc rej

rej

rej

w
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ˢˮ˵˯ˬ :˷ ˸˧˦ˮˬ˯ ˢˮˣ˩˸ ˪˩-MÅ ˪ˮ ˢˮˮ˧˞ ˞˧ˢ ˢ˸ˣ˞ ˸ˬ˧˧˵ˬ"˶. 

ˢ˥˩ˣˢ :˯˧˧˶ ˦˲˷ˬ ˪˷ ˢ˥˩ˣˢˢˬ ˶˧˷˧ ˭˲ˣ˞˟. 

J 

 

ˢˮ˰˦ : ˢ˲˷ˢ( ){ }:  is infiniteTMINF M L M= ˪ˮ ˢˮ˧˞"˶. 

ˢ˶˰ˢ :˷ ˫ˣ˷ˬ ˯˧˧˶ ˦˲˷ˬ ˸˶ˤ˰˟ ˢˮ˰˦ˢ ˸˞ ˥˧˩ˣˢ˪ ˭˸˧ˮ ˞˪-TMM INFÅÎ. 

ˢ˥˩ˣˢ :˷ ˢ˞˶ˮ-c

TM m TMA INF¢ . ˦˪˵ ˭˸ˮ˧ˢ˟,M w ˪-c

TMA  ˶˧ˡˠˮ"ˬ ˦'M  ˦˪˵ ˪˰ ˸˪˰ˣ˲˷

z ˞˟ˢ ˭˲ˣ˞˟: 

1. 'M  ˸˞ ˢ˴˧˶ˬM  ˪˰w z ˫˧ˡ˰˴. 

2.  ˫˞M ˢ˪˟˧˵ ,'M ˢ˥ˣˡ. 

3. ˸˶˥˞ ,'M ˸˪˟˵ˬ. 

˷ ˢ˞˶ˮ-, 'c

TM TMM w A M INFÍ ª Í: 

)« ( ˫˞, c

TMM w AÎ  ˤ˞( )w L MÍ  ˪˷ ˸˪˟˵ˬ ˢ˴˧˶ ˸ˬ˧˧˵ ˭˩˪ˣM  ˪˰w  ˨˶ˣ˞˟t . ˤ˞

( ){ }' :L M z z t= < ˸˧˲ˣ˯ ˞˧ˢˣ , ˶ˬˣ˪˩' TMM INFÎ. 

)­ ( ˫˞, c

TMM w AÍ  ˤ˞( )w L MÎ  ˪˷ ˸˪˟˵ˬ ˢ˴˧˶ ˸ˬ˧˧˵ ˞˪ ˭˩˪ˣM  ˪˰w . ˱˞ ˦˶˲˟

˶ˣ˞ ˱˞˟ ˢ˴˧˶ ˭˩˪ˣ ˸˪˟˵ˬ ˢˮ˧˞ ˨( ) *'L M =S ˸˧˲ˣ˯ˮ˧˞ ˞˧ˢˣ , ˶ˬˣ˪˩' TMM INFÍ. 

J 

 

˶ˡˠˢ˸ˣ : 

1.  ˢ˧˧˰˧˟˶ ˭˸ˮ˧ˢ˟, , , initT H V T ˶˷˞˩: 

¶ { }0 1, ,..., kT t t t= ˫˧˥˧˶˞ ˪˷ ˸˧˲ˣ˯ ˢ˴ˣ˟˵ 

¶ ,H V T TË ³ ˢˬ˞˸ˢ˟ ˫˧˧˵˲ˣ˞ˣ ˫˧˧˩ˮ˞ ˫˧˞ˮ˸ ˪˷ ˸ˣ˧˲ˣ˯ ˸ˣ˴ˣ˟˵ 

¶ 
initt TÍ ˧˸˪˥˸ˢ ˥˧˶˞ 

˧˵ˣ˥ ˱ˣ˴˧˶  ˪ˡˣˠ˟n n³  ˢ˧˴˵ˮˣ˲ ˞ˣˢ{ }
2

: 1,...,f n T­ ˷ ˨˩- 

¶ ( )1,1 initf t= 

¶  ˪˩˪1 1i n¢ ¢ -  ˪˩˪ˣ1 j n¢ ¢  ˫˧˧˵˸ˬ( ) ( )( ), , 1,f i j f i j H+ Í 

¶  ˪˩˪1 i n¢ ¢  ˪˩˪ˣ1 1j n¢ ¢ -  ˫˧˧˵˸ˬ( ) ( )( ), , , 1f i j f i j V+ Í 

2.  ˸˧˧˰˟˱ˣ˴˧˶ˢ TILE  ˢ˶ˣ˴ˢˬ ˫˧˪˧ˬˢ ˪˩ ˸˴ˣ˟˵ ˞˧ˢ, , , initT H V T  ˱ˣ˴˧˶ ˫˧˧˵˷ ˨˩

 ˪ˡˣˠ˟ ˧˵ˣ˥n n³  ˪˩˪1 n¢. 
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ˢˮ˰˦ :TILE co REÍ - 

ˢ˥˩ˣˢ : ˪˩˪1 n¢ ˧˲ˣ˯ ˞ˣˢ ˫˧˧˶˷˲˞ˢ ˫˧˲ˣ˴˧˶ˢ ˶˲˯ˬ .˭˩˪ , ˭˸ˮ˧ˢ˟, , , initT H V T  ˪˩˪n  ˭˸˧ˮ

˧˵ˣ˥ ˱ˣ˴˧˶ ˫˧˧˵ ˫˞ ˵ˣˡ˟˪ .˞˪ ˫˞ ,, , , initT H V T TILEÎ ,˪ ˶ˣ˟˰ˮ ˸˶˥˞-n ˞˟ˢ . ˫˞

, , , initT H V T TILEÎ ˶ˣ˴˰ ˫˸˧˶ˣˠ˪˞ˢ ˶˟ˡ ˪˷ ˣ˲ˣ˯˟ . ˫˞, , , initT H V T TILEÍ 

˸˧˶ˣˠ˪˞ˢ˫˰˲ ˱˞ ˶ˣ˴˰˧ ˞˪ ˫ .˭˲ˣ˞ ˪˩˟ , ˸˞ ˸ˣˢˤ˪ ˭˸˧ˮ
cTILE. 

J 

 

˦˲˷ˬ :TILE REÎ 

ˢ˥˩ˣˢ : ˪˩˪ ˧˵ˣ˥ ˱ˣ˴˧˶ ˫ˣ˧˵˪ ˢ˪ˣ˵˷ ˢ˸ˣ˞ ˣˮ˶ˡˠˢ˷ ˧˲˩ ˱ˣ˴˧˶ˢ ˸˧˧˰˟ ˪˟˞ ˸˞ˤ ˥˧˩ˣˮ ˞˪ ˣˮ˥ˮ˞

˶ˣ˷˧ˬˢ ˰˟˶ .˭˩ ˣˬ˩ ,ˢˮˣ˷ ˢ˶ˣ˴˟ ˠ˴˧˧˪ ˭˸˧ˮ ˱ˣ˴˧˶ˢ ˸˧˧˰˟ ˸˞˷ ˟˪ ˫˧˷ˮ . ˫˧˥˧˶˞ˢ ˸˞ ˭˧˧ˬˡ˪ ˭˸˧ˮ

˰˪˴ ˪˩˟ ˫˧ˮˬˣ˯ˬ˩ .˸˧ˮ ˣ˸ˣ˞˟ ˸ˣˮˬˣ˯ˬ ˸ˣ˰ˠˣˮ˷ ˸ˣ˰˪˴ˢ ˫˞ ˧ˮ˷ ˥˧˶˞ ˡ˧˪ ˡ˥˞ ˥˧˶˞ ˥˧ˮˢ˪ ˭

˭ˣˬ˧˯ .˪˷ˬ˪, 

 

˷ ˣˮ˧˞˶-( )
c

TMHALT REe Î ,˷ ˸ˣ˞˶ˢ˪ ˵˧˲˯ˬ ˭˩˪-( )
c

TM mHALT TILEe ¢. 

 ˧ˢ˧M ˪ ˦˪˵-( )
c

TMHALTe . ˦˪˵ ˸ˣˮ˟˪ ˨˧˞ ˢ˞˶ˮ, , , initT V H t ˪-TILE ˷ ˨˩-M  ˞˪

ˬ˞ ˵˧˶ˢ ˦˪˵ˢ ˪˰ ˸˶˴ˣ˰"˶ˣ˷˧ˬˢ ˪˩˪ ˧˵ˣ˥ ˱ˣ˴˧˶ ˫˧˧˵ ˬ. 

 ˫˧ˠˣ˯ ˢ˰˟˶˞ ˣ˧ˢ˧˫˧˥˧˶˞ ˪˷: 

1. ˢˮˣ˷˞˶ˢ ˢ˶ˣ˷ˢ ˸˞ ˣ˞˪ˬ˧˷ ˫˧˥˧˶˞ : 

 
2. ˫˧˶˟˰ˬˢ ˸˧˧˴˵ˮˣ˲˪ ˫˧ˬ˧˞˸ˬ˷ ˫˧˥˧˶˞: 

.˞  ˶˟˰ˬ ˪˩˪( )( ), ', ,q a q b Rd =  ˶˷˞˩{ },acc rejq q qÎ ˥˧˶˞ ˱˧˯ˣˮ: 

*

*

( )0, _q

*

_ _

_

˧˸˪˥˸ˢˢ ˥˧˶˞ˢ 

_

˧˵ˣ˥ ˟˴ˬ ˧˵ˣ˥ ˞˪ ˟˴ˬ 
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 ˪˩˪ˣcÍG ˥˧˶˞ ˱˧˯ˣˮ: 

 

.˟  ˶˟˰ˬ ˪˩˪( )( ), ', ,q a q b R Ld =  ˶˷˞˩{ },acc rejq q qÎ ˥˧˶˞ ˱˧˯ˣˮ: 

 
 ˪˩˪ˣcÍG ˥˧˶˞ ˱˧˯ˣˮ : 

 

ˢ˯" ˱˧˯ˣˬ ˫˧˧˲ˣ˯ˢ ˫˧˟˴ˬˢ ˡ˥˞ˬ ˣˮ˧˞˷ ˶˟˰ˬ ˪˩ ˩1G + ˫˧˥˧˶˞. 

3. ˡˣ˲˧˶ ˧˥˧˶˞ : ˪˩˪aÍG ˢ˶ˣ˴ˢˬ ˥˧˶˞ 

 

˵˧˶ˢ ˦˪˵ˢ ˪˰ ˢ˴˧˶˟ ˢˮˣ˩ˬˢ ˪˷ ˢ˧˴˶ˣˠ˧˲ˮˣ˵ ˠ˴˧˧˪ ˭˸˧ˮ ˢ˪˞ ˫˧˥˧˶˞ ˸˶ˤ˰˟ .˧˸˷ˣ  ˸ˣ˶ˣ˷
1,i ic c+ 

ˬ˞ ˧˵ˣ˥ ˱ˣ˴˧˶˟ ˭ˢ"˸ˣ˟˵ˣ˰ ˸ˣ˧˴˶ˣˠ˧˲ˮˣ˵˪ ˸ˣˬ˧˞˸ˬ ˭ˢ ˬ. 

˸˰˩ , ˰˟˶ ˸˞ ˱˴˶˪ ˭˸˧ˮ ˭˩˪ˣ ˸ˣ˟˵ˣ˰ ˸ˣ˧˴˶ˣˠ˧˲ˮˣ˵ ˱ˣ˯ˮ˧˞ ˢ˪ ˷˧˷ ˭ˬ˧˯ ˸˶˴ˣ˰ ˞˪ ˢˮˣ˩ˬˢ ˫˞

˶ˣ˷˧ˬˢ .˸ˣ˟˵ˣ˰ ˸ˣ˧˴˶ˣˠ˧˲ˮˣ˵ ˱ˣ˯ˮ˧˞ ˠ˴˧˧ˬ ˱ˣ˴˧˶ˢ ˤ˞ ˶ˣ˷˧ˬˢ ˰˟˶ ˸˞ ˱˴˶˪ ˭˸˧ˮ ˫˞ ˣ˪˧˞ˣ , ˶ˬˣ˪˩

˶˷˞ ˢˮˣ˩ˬˢ ˪˷ ˢ˴˧˶ ˸˶˴ˣ˰ ˞˪. 

J 

* *

a

a

( )',q L

c

( )',q c

*

*

b

( )',q L

( ),q a

*( )',q R

c

( )',q c

* ( )',q R

b

( ),q a
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ˢˬˠˣˡ :ˬ ˪˰ ˪˩˸˯ˮ"˰ ˸˶ˡˠˣˬ ˢ˪˷ ˫˧˶˟˰ˬˢ ˸˧˧˴˵ˮˣ˲˷ ˦" ˧( )( )0 0, _ , ,q q b Rd = x-

( )( )0, , ,accq b q b Rd = . ˪˰ ˸˶˴ˣ˰ ˞˪ ˸˞ˤˢ ˢˮˣ˩ˬˢe . ˱˴˶˟ ˦˶˯ˢ ˸˞ ˞˪ˬ˸ ˦ˣ˷˲ ˞˧ˢ

 ˪˷ ˧˲ˣ˯ˮ˧˞b-˫˧. 

ˬ˪ ˫˧ˬ˧˞˸ˬ˷ ˫˧˥˧˶˞ˢ"˫ˢ ˣˤ ˦: 

1. ˢˮˣ˷˞˶ ˢ˶ˣ˷: 

 
2. ˫˧˶˟˰ˬ: 

 
3. x˲˧˶:l 

 

˶ˣ˷˧ˬˢ ˰˟˶ ˪˩ ˸˞ ˱˴˶˪ ˭˸˧ˮ ˢ˪˞ ˫˧˥˧˶˞ ˸˶ˤ˰˟: 

 

* *

_

_

*

_ _

_

* ( )0,q R

b

( )0, _q

*( )0,q R

_

( )0, _q

* *

_

_

* *

b

b

*

*

( )0, _q

_

*

_ _

_

*

_ _

_

*

_ _

_

* *

_

_

* *

_

_

* ( )0,q R

b

( )0, _q

*( )0,q R

_

( )0, _q

* *

_

_

* *

b

b

* *

b

b

* ( )0,q R

b

( )0, _q

*( )0,q R

_

( )0, _q

* *

_

_

* *

_

* *

b

_ b

* ( )0,q R

b

( )0, _q

*( )0,q R

_

( )0, _q

*( )0,q R

b

( )0,q b

*

*

( )0, _q

*

_ _

_

˧˸˪˥˸ˢˢ ˥˧˶˞ˢ 

_
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 ˵˪˥˧˷˧˪˷ 

 

˸ˣ˧˩ˣ˟˧˯ˢ ˸˶ˣ˸ 
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˭ˬˤ ˸ˣ˧˩ˣ˟˧˯ 

 

˵˪˥ˬˢ˸ˣ P x-NP 

 

˸ˣ˶ˡˠˢ: 

1. ()( )TIME t n ˰ ˢ˰˶˩ˢ˪ ˸ˣˮ˸˧ˮ ˶˷˞ ˸ˣ˲˷ˢ ˸˵˪˥ˬ ˞˧ˢ"˦ˬ ˧"˧˥˧ ˦˶˯ ˸˪˰˟ ˡ ˢ˴˶˷ ˡ

 ˭ˬˤ˟()( )O t n. 

2. ()( )NTIME t n ˰ ˢ˰˶˩ˢ˪ ˸ˣˮ˸˧ˮ ˶˷˞ ˸ˣ˲˷ˢ ˸˵˪˥ˬ ˞˧ˢ"˞˦ˬ ˧" ˡ˧˥˧ ˦˶˯ ˸˪˰˟ ˡ

 ˭ˬˤ˟ ˢ˴˶˷()( )O t n. 

3. ( )k

k

P TIME n
Í

=8 ˰ ˢ˰˶˩ˢ˪ ˸ˣˮ˸˧ˮ ˶˷˞ ˸ˣ˲˷ˢ ˸˵˪˥ˬ ˞˧ˢ"˦ˬ ˧" ˭ˬˤ˟ ˡ

˧˪˞˧ˬˣˮ˧˪ˣ˲. 

4. ( )k

k

NP NTIME n
Í

=8 ˰ ˢ˰˶˩ˢ˪ ˸ˣˮ˸˧ˮ ˶˷˞ ˸ˣ˲˷ˢ ˸˵˪˥ˬ ˞˧ˢ"˞˦ˬ ˧" ˭ˬˤ˟ ˡ

˧˪˞˧ˬˣˮ˧˪ˣ˲. 

 

ˬˠˣˡ˸ˣ˞: 

1. ˪ˣ˪˯ˬ ˧ˮˣ˦˪˧ˬˢ ˬ ˞ˣˢ ˭ˣˣ˩ˬ ˱˶ˠ˟˵ˣ˧ˡ˟ ˸˥˞ ˫˰˲ ˱˶ˠˢ ˧ˡˣ˵ˡˣ˵ ˪˩ ˨˶ˡ ˶˟ˣ˰ˢ ˪ˣ˪˯ .

˞˟ˢ ˶ˣ˧˴˟ ˣˬ˩ ˪˷ˬ˪ : 

 

HAMPATH  ˢ˶ˣ˴ˢˬ ˫˧˪˧ˬˢ ˸˲˷ ˞˧ˢ, ,G s t  ˶˷˞˩G  ˧ˮˣ˦˪˧ˬˢ ˪ˣ˪˯ˬ ˷˧ˣ ˭ˣˣ˩ˬ

-ˬs ˪-t. 

 ˸˰˶˩ˢ˪ ˦ˣ˷˲ ˧˩˧˶˰ˬ ˫˸˧˶ˣˠ˪˞ ˷˧HAMPATH . ˨˶ˣ˞˟ ˫˧˪ˣ˪˯ˬˢ ˪˩ ˸˞ ˵ˣ˶˯ˮ ˦ˣ˷˲

V ˬ ˫˧˞˴ˣ˧˷-s ˯ˬˢ ˫˞ ˵ˣˡ˟ˮˣ˪ ˫˧˰˧ˠˬ˷ ˫˧˪ˣ˪-t ˫˧˧ˮˣ˦˪˧ˬˢ ˫˧˪ˣ˪˯ˬ ˫ˢ . ˢ˵˧ˡ˟ˢ

˧˪˞˧ˬˣˮ˧˪ˣ˲ ˭ˬˤ ˸˥˵ˣ˪ˣ ˢ˦ˣ˷˲ ˞˧ˢ ˪ˣ˪˯ˬ ˪˩ ˪˷ . ˪˷ ˧˩˧˶˰ˬ ˶˲˯ˬ ˷˧˷ ˞˧ˢ ˢ˶˴ˢ

ˬ ˫˧˞˴ˣ˧˷ ˫˧˪ˣ˪˯ˬ-s. 

ˢ˧˰˟ˢ ˸˞ ˰˧˶˩ˬ ˶˷˞ ˸˧˪˞˧ˬˣˮ˧˪ˣ˲ ˫˸˧˶ˣˠ˪˞ ˫˧˧˵ ˫˞ ˫ˣ˧˩ ˰ˣˡ˧ ˞˪!! 

 

 

2. ( )( ){ }: 1 ,COMPOSITE x x pq p q= = Ø <  ˶˷˞˩x ˧˶˞ˮ˧˟ ˠˣ˴˧˧˟ ˭ˣ˸ˮ. 

s t
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 ˢ˧˰˟ˢ ˢˤ ˢ˶˵ˬ˟ ˫ˠ˰ ˢ˰˧˶˩"˦ˣ˷˲ ˧˩˧˶˰ˬ ˫˸˧˶ˣˠ˪˞ ˧ . ˫˧˶˲˯ˬˢ ˪˩ ˸˞ ˵ˣ˶˯ˮ

2,3,..., x  ˸˞ ˫˧˵˪˥ˬ ˫ˢ ˫˞ ˵ˣˡ˟ˮˣx . ˪˷ ˠˣ˴˧˧ˢ˷ ˪˪ˠ˟x  ˸ˣ˧˩ˣ˟˧˯ ˧˶˞ˮ˧˟ ˞ˣˢ

˸˧˩˧˶˰ˬ ˞˧ˢ ˫˸˧˶ˣˠ˪˞ˢ ˪˷ ˭ˬˤˢ .˧ˮ˷ ˡ˴ˬ , ˭˸ˮ˧ˢ˟,p q  ˭ˬˤ˟ ˵ˣˡ˟˪ ˡˣ˞ˬ ˪˵

 ˫˧˧˵˸ˬ ˭˩˞ ˫˞ ˸˧˪˞˧ˬˣˮ˧˪ˣ˲x pq= ˞˪ ˣ˞. 

 

ˢ˶ˡˠˢ :˞ˡˣˣˬ4  ˢ˲˷˪L ˬ ˞ˣˢ" ˦A ˨˩ ˷-{ }:  accepts ,  for some word L w A w c c= .

 ˢˤ ˢ˶˵ˬ˟c  ˞˶˵ˮˡ˰5 . ˪˷ ˨˶ˣ˞˪ ˯˥˧˟ ˸ˡˡˬˮ ˞ˡˣˣˬˢ ˸ˣ˧˩ˣ˟˧˯w .˞ˡˣˣˬ ˧˪˞˧ˬˣˮ˧˪ˣ˲  ˪˰ ˳˶

,w c ˟ ˸˧˪˞˧ˬˣˮ˧˪ˣ˲ ˭ˬˤ˟-w  ˪˩˪w ) ˦˶˲˟c ˟ ˸˧˪˞˧ˬˣˮ˧˪ˣ˲ ˞ˣˢ-w.( 

 

˸ˣ˞ˬˠˣˡ: 

1.  ˶ˣ˟˰ ˞ˡˣˣˬHAMPATH ˬ ˞ˣˢ" ˦A  ˞ˣˢ ˢ˪˷ ˦˪˵ˢ˷( ), , ,G s t c x-A  ˸˞ ˪˟˵ˬ

( ), , ,G s t c ˬ˞" ˬc ˬ ˧ˮˣ˦˪˧ˬˢ ˪ˣ˪˯ˬ ˪˷ ˶ˣ˞˧˸ ˞ˣˢ-s ˪-t ˟-G. 

2.  ˶ˣ˟˰ ˧˪˞˧ˬˣˮ˧˪ˣ˲ ˞ˡˣˣˬCOMPOSITE ˬ ˞ˣˢ" ˦A  ˸˞ ˸˪˟˵ˬ ˶˷˞( )( ), ,x c p q= 

ˬ˞" ˬx pq= x-1 ,p q<. 

 

ˢˮ˰˦ :HAMPATH NPÍ 

ˢ˥˩ˣˢ :˞˦ˬ ˢ˞˶ˮ" ˡM  ˸˞ ˸˪˟˵ˬ ˶˷˞, ,G s t ˬ˞"ˬ ˧ˮˣ˦˪˧ˬˢ ˪ˣ˪˯ˬ ˫˧˧˵ ˬ-s ˪-t: 

1. M  ˫˧ˡˣ˵ˡˣ˵ ˪˷ ˢ˶ˡ˯ ˸˷˥ˮˬ1,..., np p  ˶˷˞˩n V=. 

2.  ˫˧˧ˬ˰˲ ˰˧˲ˣˬ˷ ˡˣ˵ˡˣ˵ ˷˧ ˫˞M ˢ˥ˣˡ. 

3.  ˫˞1p ş  ˣ˞np ţ M ˢ˥ˣˡ. 

4.  ˷˧ ˫˞1 1i n¢ ¢ - ˬ ˸˷˵ ˭˧˞˷ ˨˩-ip ˪-1ip+  ˤ˞M ˢ˥ˣˡ. 

5. ˸˶˥˞ ,M ˸˪˟˵ˬ. 

 ˪˷ ˢ˴˧˶ ˪˩˷ ˶ˣ˶˟M ˟ ˧˪˞˧ˬˣˮ˧˪ˣ˲ ˭ˬˤ ˧˶˥˞ ˸˶˴ˣ˰-n: 

¶  ˷ˣ˥˧ˮn  ˫˧ˡˣ˵ˡˣ˵- ()O n 

¶  ˫˧˧ˬ˰˲ ˰˧˲ˣˬ˷ ˡˣ˵ˡˣ˵ ˷˧ ˫˞ ˢ˵˧ˡ˟- ( )2O n 

¶  ˫˞ ˢ˵˧ˡ˟1p ş  ˣ˞np ţ-  ()O n )ˢ˶ˣ˥˞ˣ ˢˬ˧ˡ˵ ˦˶˯ˢ ˪˰ ˤˣˤ˪ ˨˧˶˴ ˧˩( 

¶  ˸ˣ˸˷˵ˢ ˸˵˧ˡ˟- ( )2O n 

                                                             
4
 verifier 

5
 certificate 
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˷ ˫ˠ ˶ˣ˶˟-M ˬ ˫˧˧˵ ˫˞ ˧˶ˢ˷ ˢ˧˰˟ˢ ˸˞ ˢ˰˧˶˩ˬ ˸ˣ˴˧˶ˢ ˡ˥˞˟ ˤ˞ ˧ˮˣ˦˪˧ˬˢ ˪ˣ˪˯M  ˷˥ˮ˸

˷ ˪ˣ˪˯ˬ ˪˩ ˤ˞ ˧ˮˣ˦˪˧ˬˢ ˪ˣ˪˯ˬ ˫˧˧˵ ˞˪ ˫˞ ˣ˪˧˞ˣ ˪˟˵˸ˣ ˪ˣ˪˯ˬˢ ˸˞-M ˢ˥ˡ˧˧ ˷˥ˮ˸. 

J 

 

˦˲˷ˬ :L NPÍ ˬ˞"˪ ˫˧˧˵ ˬ-L ˧˪˞˧ˬˣˮ˧˪ˣ˲ ˞ˡˣˣˬ. 

ˢ˥˩ˣˢ: 

)Û (˷ ˥˧ˮˮ-L NPÍ .˞˦ˬ ˸ˬ˧˧˵ ˧ˤ˞" ˡM ˷ ˨˩-( )L M L= x-M  ˧˪˞˧ˬˣˮ˧˪ˣ˲ ˭ˬˤ ˢ˴˶

˦˪˵ ˪˩˪ ˦˪˵ˢ ˨˶ˣ˞˟ . ˭˩˪L  ˞˧ˢ ˪˷ ˸˪˟˵ˬ ˢ˴˧˶ ˭˶ˣ˟˰ ˸ˬ˧˧˵ ˶˷˞ ˫˧˪˧ˬˢ ˪˩ ˸˲˷ ˢ˷˰ˬ˪

M . ˪˷ ˸ˣ˴˧˶ˢ˷ ˶˥˞ˬ ˪˟˞M ˟ ˸˧˪˞˧ˬˣˮ˧˪ˣ˲-w  ˞ˣˢ ˸˪˟˵ˬˢ ˢ˴˧˶ˢ ˪˷ ˡˣˡ˧˵ˢ ˫ˠ

˸˧˪˞˧ˬˣˮ˧˪ˣ˲ ˭˟ˣˬ˩ ˞˧ˢ ˢ˵˧ˡ˟ˢˣ ˧˪˞˧ˬˣˮ˧˪ˣ˲. 

)Ý (˷ ˥˧ˮˮ-{ }:  accepts ,  for some word L w A w c c= .˞˦ˬ ˶˞˸ˮ" ˡM  ˢ˰˧˶˩ˬ ˶˷˞

 ˸˞L . ˭˸ˮ˧ˢ˟w ,M  ˡ˰ ˷˥ˮ˸c  ˫˞ ˵ˣˡ˟˸ˣ(),w c L AÍ. 

J 

 

˟ ˸ˣˬ˪˷-NP 

 

˶ˡˠˢ˸ˣ: 

1. ˷ ˶ˬ˞ˮ-
* *:f S ­S ˸ˮ˸˧ˮ ˟ˣ˷˧˥˪ ˭ˬˤ˟ ˧˪˞˧ˬˣˮ˧˪ˣ˲ ˦ˬ ˷˧ ˫˞" ˡM  ˭ˬˤ˟ ˸˶˴ˣ˰ˢ

 ˸˞ ˸˟˷˥ˬˣ ˧˪˞˧ˬˣˮ˧˪ˣ˲f )˶ˬˣ˪˩ , ˫ˣˮ˧˪ˣ˲ ˷˧:t ­  ˪˩˪˷ ˨˩w M  ˧˶˥˞ ˸˶˴ˣ˰

( )t w ˫˧ˡ˰˴.( 

2.  ˢˮ˧˧ˢ˸,A B ˸ˣ˲˷ .˷ ˶ˬ˞ˮ-
* *:f S ­S  ˞˧ˢˢ˧˴˵ˣˡ˶ ˸˧˪˞˧ˬˣˮ˧˪ˣ˲ ˬ-A ˪-B  ˫˞

 ˪˩˪ˣ ˧˪˞˧ˬˣˮ˧˪ˣ˲ ˭ˬˤ˟ ˟ˣ˷˧˥˪ ˸ˮ˸˧ˮ ˞˧ˢ
*wÍS ˸ˬ ˫˧˧˵()w A f w BÍ ª Í . ˢ˶˵ˬ˟

 ˭ˬ˯ˮ ˢˤ
pA B¢. 

3.  ˢ˲˷L  ˞˧ˢNP-ˢ˷˵6  ˢ˲˷ ˪˩˪ ˫˞'L NPÍ  ˫˧˧˵˸ˬ' pL L¢. 

4.  ˢ˲˷L  ˞˧ˢNP-ˢˬ˪˷7  ˫˞L NPÍ x-L NP hardÍ -. 

 

 

 

                                                             
6
 NP hard- 

7
 NP complete- 
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˦˲˷ˬ : ˫˞
pA B¢ x-B PÍ  ˤ˞A PÍ. 

ˢ˥˩ˣˢ : ˧ˢ˸BM ˦ˬ" ˸˞ ˢ˰˧˶˩ˬ ˶˷˞ ˡB  ˧ˢ˸ˣ ˧˪˞˧ˬˣˮ˧˪ˣ˲ ˭ˬˤ˟
* *:f S ­S  ˢ˧˴˵ˣˡ˶

ˬ ˸˧˪˞˧ˬˣˮ˧˪ˣ˲-A ˪-B .˦ˬ ˶˞˸ˮ" ˡAM  ˭˸ˮ˧ˢ˟ ˶˷˞w  ˫˞ ˢ˰˧˶˩ˬw AÍ  ˣ˞w AÎ .

˸˧˷˞˶ ,AM  ˸˞ ˟˷˥˸()f w .˟ ˧˪˞˧ˬˣˮ˧˪ˣ˲ ˭ˬˤ ˥˵ˣ˪ ˟ˣ˷˧˥ˢ˷ ˶˥˞ˬ-w  ˫ˠ()f w 

˟ ˧˪˞˧ˬˣˮ˧˪ˣ˲-w .˟ ˷ˬ˸˷ˮ ˸˰˩-BM  ˫˞ ˰˧˶˩ˢ˪ ˧ˡ˩()f w BÍ  ˣ˞() Bf w MÍ . ˣˤ ˢ˵˧ˡ˟

˟ ˸˧˪˞˧ˬˣˮ˧˪ˣ˲-()f w ˢ˯ ˭˩˪ˣ" ˩AM ˟ ˧˪˞˧ˬˣˮ˧˪ˣ˲ ˭ˬˤ˟ ˸˪˰ˣ˲-w .˷ ˪˪ˠ˟ˣ-f ˬ ˢ˧˴˵ˣˡ˶-

A ˪-B  ˫˧˧˵˸ˬ()w A f w BÍ ª Í , ˶ˬˣ˪˩AM  ˸˞ ˢ˰˧˶˩ˬ ˭˩˞A. 

J 

 

˦˲˷ˬ : ˫˞L NP completeÍ - x-L PÍ  ˤ˞P NP=. 

ˢ˥˩ˣˢ :˷ ˶ˣ˶˟-P NPË .˷ ˸ˣ˞˶ˢ˪ ˷˧-NP PË . ˧ˢ˸'L NPÍ . ˭ˣ˸ˮˢˬ' pL L¢ . ˪˞

L PÍ  ˫ˡˣ˵ˢ ˦˲˷ˬˢˬ ˭˩˪ˣ'L PÍ .˶ˬˣ˪˩ ,NP PË. 

J 

˦˲˷ˬ : ˫˞L NP hardÍ - x-'pL L¢  ˤ˞'L NP hardÍ -. 

ˢ˥˩ˣˢ : ˧ˢ˸''L NPÍ .˷ ˸ˣ˞˶ˢ˪ ˷˧-'' 'pL L¢ .˷ ˰ˣˡ˧-'' pL L¢ x-'pL L¢ .˷ ˥˧ˮˮ-f 

ˬ ˸˧˪˞˧ˬˣˮ˧˪ˣ˲ ˢ˧˴˵ˣˡ˶-''L ˪-L x-g ˬ ˸˧˪˞˧ˬˣˮ˧˪ˣ˲ ˢ˧˴˵ˣˡ˶-L ˪-'L .˷ ˶ˣ˶˟-g fA  ˢ˧˴˵ˣˡ˶

 ˸˧˪˞˧ˬˣˮ˧˪ˣ˲-ˬ''L ˪-'L. 

J 

 

ˢ˶ˡˠˢ :˫ˣ˯˥ˢ ˱ˣ˴˧˶ˢ ˸˧˧˰˟ BT  ˢ˶ˣ˴ˢˬ ˫˧˪˧ˬˢ ˸˲˷ ˞˧ˢ, , , , ,init finT V H t t n  ˶˷˞˩n 

 ˧˵ˣ˥ ˱ˣ˴˧˶ ˫˧˧˵ˣ ˸˧˶˞ˮˣ˞˟ ˭ˣ˸ˮ{ }
2

: 1,...,f n T­ ˷ ˨˩-( )1,1 initf t= x-( )1, finf n t=. 

 

ˢˮ˰˦ :BT NP completeÍ - 

ˢ˥˩ˣˢ: 

1. ˷ ˢ˞˶ˮ-BT NPÍ: 

˞˦ˬ ˶˞˸ˮ" ˡM  ˸˞ ˢ˰˧˶˩ˬ ˶˷˞BT ˧˪˞˧ˬˣˮ˧˪ˣ˲ ˭ˬˤ˟ .M  ˫˞ ˵ˣˡ˟˸ˣ ˱ˣ˴˧˶ ˷˥ˮ˸

˫˧˞˸ˬ ˞ˣˢ .ˣ˞˟ ˸˧˪˞˧ˬˣˮ˧˪ˣ˲ ˭˟ˣˬ˩ ˞˧ˢ ˢ˵˧ˡ˟ˢ˦˪˵ˢ ˨˶ . ˷ˣ˥˧ˮˢ ˨˧˪ˢ˸ ˫ˠ˷ ˭˰˦ˮ ˪˟˞

˧˪˞˧ˬˣˮ˧˪ˣ˲ ˞ˣˢ .ˬ ˡ˧˥˧ ˥˧˶˞ ˠ˴˧˧˪ ˧ˡ˩-T ˟ ˨˶ˣ˴ ˷˧-log T  ˥˧˶˞ ˷˥ˮ˪ ˭˸˧ˮ ˭˩˪ˣ ˫˧˞˸

-˟log T ˫˧ˡ˰˴ . ˷˥ˮ˪ ˫˧˩˧˶˴ ˣˮ˥ˮ˞
2n  ˥˵ˣ˪ ˢˤ ˭˩˪ˣ ˫˧˥˧˶˞2 logn T  ˣ˞ ˫˧˞˸
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2 logn T ˫˧ˡ˰˴ .˷ ˞˧ˢ ˢ˥ˮˢˢ-n ˬ ˪ˣˡˠ-T , ˞ˣˢ ˦˪˵ˢ ˨˶ˣ˞˷ ˪˪ˠ˟ ˭˩˪ˣ()O n  ˫ˠ

˪ˣ˲ ˭ˬˤ ˥˵ˣ˪ ˷ˣ˥˧ˮˢ˧˪˞˧ˬˣˮ˧ .˷ ˢˡ˟ˣ˰ˢ˷ ˷˧ˠˡˢ˪ ˟˷ˣ˥ ˭˞˩-n  ˞˧ˢ ˸˧˶˞ˮˣ˞˟ ˠ˴ˣ˧ˬ

˫˸˧˶ˣˠ˪˞ˢ ˪˷ ˸ˣ˧˪˞˧ˬˣˮ˧˪ˣ˲˪ ˸˧˦ˣ˵˞. 

2. ˷ ˢ˞˶ˮ-BT NP hardÍ -: 

 ˪˩˪˷ ˢ˞˶ˮL NPÍ  ˫˧˧˵˸ˬ
pL BT¢ .ˢ˷ˡ˥ ˢ˲˷ ˶˧ˡˠˮ: 

, ,1 :  is a non deterministic Turing machine

which accepts  in p steps

p

B TM

M w M
A

w
-

ë û
=ì ü
í ý

 

 ˪˩˪˷ ˶ˣ˶˟L NPÍ  ˫˧˧˵˸ˬ
p B TML A -¢  ˫˞ ˧˩x LÍ ˪ ˣ˸ˣ˞ ˶˧˟˰ˮ-

()
, ,1

p x
M x 

 ˶˷˞˩()p x  ˪˷ ˢ˴˧˶ˢ ˨˶ˣ˞M  ˪˰x. 

˷ ˢ˞˶ˮ ˸˰˩-
B TM pA BT- ¢ . ˭˸ˮ˧ˢ˟, ,1sM w  ˱ˣ˴˧˶ ˸˧˧˰˟ ˢˮ˟ˮ

'

0, , , , ,1s

kBI T H V t t= ˷ ˨˩-, ,1s

B TMM w A BI BT-Í ª Í. 

ˣ˧ˢ˧ ˫˧˥˧˶˞ˢ: 

.˞ ˢˮˣ˷˞˶ˢ ˢ˶ˣ˷˪ ˫˧˥˧˶˞:  

 
.˟ ˫˧˶˟˰ˬ˪ ˫˧ˬ˧˞˸ˬ˷ ˫˧˥˧˶˞: 

¶  ˢ˶ˣ˴ˢˬ ˶˟˰ˬ ˪˩˪( )( ), ', ,q a q b Rd = 

 

¶  ˢ˶ˣ˴ˢˬ ˶˟˰ˬ ˪˩˪( )( ), ', ,q a q b Ld = 

 
.ɣ ˡˣ˲˧˶ ˧˥˧˶˞ : ˪˩˪aÍG ˢ˶ˣ˴ˢˬ ˥˧˶˞ 

b

*( )',q L

( ),q a

*

c

 ˪˩˪cÍG 

( )',q L

( )',q c

b

* ( )',q R

( ),q a

*

c

 ˪˩˪cÍG 

( )',q R

( )',q c

( )0 1,q w

* 1

*

˧˸˪˥˸ˢ ˥˧˶˞ 

1iw+

i 1i+

*

 ˪˩˪1 i n¢ < 



 

 
81 

 

 
˩˸˰ ,ˮˢ ˫˧˥˧˶˞ˢ ˸˞˷ ˸ˣ˞˶˪ ˭˸˧ˮ ˫ˣ˯˥ ˱ˣ˴˧˶˟ ˣˬ˩" ˪˷ ˢ˴˧˶˪ ˫˞˸ˢ˟ ˶ˡ˯˪ ˭˸˧ˮ ˪M 

 ˪˰w . ˪˷ ˢ˧˴˶ˣˠ˧˲ˮˣ˵˪ ˫˧˞˸˸ ˱ˣ˴˧˶˟ ˢ˶ˣ˷ ˪˩M  ˸ˣ˧˴˶ˣˠ˧˲ˮˣ˵ ˭ˢ ˸ˣ˟˵ˣ˰ ˸˶ˣ˷ˣ

˸ˣ˟˵ˣ˰. 

J 

 

˸ˣ˶ˡˠˢ: 

1. ˢˮ˸˷ˬ ˧ˮ˞˧˪ˣ˟ ˬ ˵˶ ˫˧˩˶˰ ˪˟˵˪ ˪ˣ˩˧ ˶˷˞ ˢˮ˷ˬ ˞ˣˢ-{ },true false ˬ ˣ˞-{ }1,0 

ˢˬ˞˸ˢ˟. 

2. ˢ˪ˣ˰˲ ˸˧ˮ˞˧˪ˣ˟  ˶˥˞ ˞˧ˢ ˸ˣ˪ˣ˰˲ˢˬ, ,Ø Ù ×. 

3. ˢ˥˯ˣˮ ˸˧ˮ˞˧˪ˣ˟ ˰ ˧˟˧˯˶ˣ˵˶ ˭˲ˣ˞˟ ˸˪˟˵˸ˬ ˞˧ˢ"˫˧˞˟ˢ ˫˧˵ˣ˥ˢ ˧: 

i. 0 x-1 ˸ˣ˧ˮ˞˧˪ˣ˟ ˸ˣ˞˥˯ˣˮ ˭ˢ 

ii. ˸˧ˮ˞˧˪ˣ˟ ˢ˯ˣˮ ˞ˣˢ ˧ˮ˞˧˪ˣ˟ ˢˮ˸˷ˬ 

iii.  ˫˞,jy  ˧ˤ˞ ˸ˣ˧ˮ˞˧˪ˣ˟ ˸ˣ˞˥˯ˣˮj yØ ,j yÙ x-j× ˸ˣ˧ˮ˞˧˪ˣ˟ ˸ˣ˞˥˯ˣˮ. 

4.  ˸˧ˮ˞˧˪ˣ˟ ˢ˥˯ˣˮ ˭˸ˮ˧ˢ˟j  ˧ˢ˸Var ˢ˪˷ ˫˧ˮ˸˷ˬˢ ˸˴ˣ˟˵ .˸ˬ˷ˢ ˸ˬ˞ ˪-j  ˞˧ˢ

˴˵ˮˣ˲ ˢ˧{ }: 0,1f Var­. 

5.  ˧ˢ˸j ˧ˢ˸ˣ ˸˧ˮ˞˧˪ˣ˟ ˢ˥˯ˣˮ{ }: 0,1f Var­ ˸ˬ˞ ˸ˬ˷ˢ . ˸˞ ˶˧ˡˠˮ˨˶˰ ˸ˬ˞ˢ  ˪˷j 

˧˟˧˯˶ˣ˵˶ ˭˲ˣ˞˟: 

i.  ˫˞0j=  ˣ˞1j=  ˪˷ ˸ˬ˞ˢ ˨˶˰j  ˞ˣˢ0  ˣ˞1 ˢˬ˞˸ˢ˟. 

ii.  ˫˞xj=  ˶ˣ˟˰x VarÍ  ˪˷ ˸ˬ˞ˢ ˨˶˰ ˧ˤ˞j  ˞ˣˢ()f x. 

iii.  ˫˞,jy  ˸ˬ˞ ˧˩˶˰ ˫˰ ˸ˣ˧ˮ˞˧˪ˣ˟ ˸ˣ˞˥˯ˣˮ() (),v vj y ˢˬ˞˸ˢ˟ 

¶  ˪˷ ˸ˬ˞ˢ ˨˶˰j×  ˞ˣˢ()1 v j-. 

¶  ˪˷ ˸ˬ˞ˢ ˨˶˰j yØ  ˞ˣˢ1 ˬ˞" ˬ() ()1v vj y= = ,˞ ˨˶˰ ˸˶˥

 ˞ˣˢ ˸ˬ˞ˢ0. 

¶  ˪˷ ˸ˬ˞ˢ ˨˶˰j yÙ  ˞ˣˢ0 ˬ˞" ˬ() ()0v vj y= = , ˨˶˰ ˸˶˥˞

 ˞ˣˢ ˸ˬ˞ˢ1 . 

6.  ˸˧ˮ˞˧˪ˣ˟ ˢ˥˯ˣˮj  ˞˧ˢˢ˵˧˲˯  ˸ˬ˞ ˸ˬ˷ˢ ˸ˬ˧˧˵ ˫˞f  ˪˷ ˸ˬ˞ˢ ˨˶˰˷ ˨˩j  ˞ˣˢ1. 

7. ˸ˣ˵˧˲˯ˢ ˸˧˧˰˟  ˞˧ˢ{ }:  is satisfiableSAT j j= 

8. ˪˶˦˧˪ ˣ˸˪˧˪˷ ˣ˞ ˢˮ˸˷ˬ ˞ˣˢ 

9. ˸˧˵ˣ˯˲  ˢ˶ˣ˴ˢˬ ˢ˥˯ˣˮ ˞˧ˢ1 ... nl lÙ Ù  ˶˷˞˩{}il ˫˧˪˶˦˧˪. 

01.  ˸˶ˣ˴˟ ˞˧ˢ ˸˧ˮ˞˧˪ˣ˟ ˢ˥˯ˣˮCNF  ˢ˶ˣ˴ˢˬ ˞˧ˢ ˫˞1 ... nj jØ Ø  ˶˷˞˩{}ij ˸ˣ˧˵ˣ˯˲. 

11.  ˢ˶ˣ˴˟ ˞˧ˢ ˸˧ˮ˞˧˪ˣ˟ ˢ˥˯ˣˮnCNF  ˸˶ˣ˴˟ ˞˧ˢ ˫˞CNF  ˵ˣ˧ˡ˟ ˫˧˰˧˲ˣˬ ˸˧˵ˣ˯˲ ˪˩˟ˣn 

˫˧˪˶˦˧˪. 

a

* *

a ( ),accq a

accq

accq
accq

accq

accq
accq

accq



 

 
82 

 

21. { }:  is a satisfiable formula in  formnSAT nCNFj j= 

 

ˢˮ˰˦ :3SAT NP completeÍ - 

ˢ˥˩ˣˢ : 

1.  ˧˞ˡˣˣ˟3SAT NPÍ . ˭˸ˮ˧ˢ˟j  ˞˧ˢ ˫˞ ˵ˣˡ˟˪ˣ ˸ˬ˞ ˸˩˶˰ˢ ˷˥ˮ˪ ˦ˣ˷˲ ˭˸˧ˮ ˢ˥˯ˣˮ

 ˸˞ ˸˵˲˯ˬj . ˶˸ˣ˧ˢ ˪˩˪ ˥˵˧˧ ˢˤ( )2O j. 

2. ˷ ˢ˞˶ˮ-3pBT SAT¢ ˷ ˪˟˵ˮˣ-3SAT NP hardÍ -. 

 ˭˸ˮ˧ˢ˟, , , , ,init finT H V t t n  ˢ˥˯ˣˮ ˧˪˞˧ˬˣˮ˧˪ˣ˲ ˭ˬˤ˟ ˶˴˧˧˪ ˭˸˧ˮ˷ ˢ˞˶ˮj  ˸˶ˣ˴˟

3CNF ˷ ˨˩-3 , , , , ,init finSAT T H V t t n BTjÍ ª Í. 

 ˣ˧ˢ˧ ˢ˥˯ˣˮˢ ˧ˮ˸˷ˬ, ,i j tx  ˪˩˪1 ,i j n¢ ¢  ˪˩˪ˣt TÍ ,ˢ˯" ˩2n T ˫˧ˮ˸˷ˬ .˶˧ˡˠˮ: 

.˞  ˪˩˪1 ,i j n¢ ¢ 
, ,ij i j t

t T
xj

Í
= Ù 

.˟  ˪˩˪1 ,i j n¢ ¢ ( )( ), , , , '
'

ij i j t i j t
t T t t

x xj
Í ¸

¡= Ø ­ Ø × 

.ɣ 
1,1, 1, ,init finborder t n fx xj = Ø 

.l  ˪˩˪1 i n¢ <  ˪˩˪ˣ1 j n¢ ¢ ( ), , 1, , '
, '

ij i j t i j t
t t H

x xq +
Í

= Ù Ø 

.s  ˪˩˪1 i n¢ ¢  ˪˩˪ˣ1 j n¢ < ( ), , , 1, '
, '

ij i j t i j t
t t H

x xq +
Í

¡= Ù Ø 

 ˶˧ˡˠˮ ˸˰˩( ) ( )
1 1 1
1 1 1

ij border ij ij
i n i n i n
j n j n j n

ijj j j j q q
¢ ¢ ¢ < ¢ ¢
¢ ¢ ¢ ¢ ¢ <

å õ å õ å õ
¡ ¡æ ö æ ö æ ö= Ø Ø Ø Ø Ø Ø Ø

æ ö æ ö æ ö
ç ÷ ç ÷ ç ÷

. 

˷ ˭˰˦ˮ-, , , , ,init finSAT T H V t t n BTjÍ ª Í. 

)« ( ˥˧ˮˮ, , , , ,init finT H V t t n BTÍ . ˸ˬ˞ ˸ˬ˷ˢ ˶˧ˡˠˮ{ } { }, ,: 0,1i j tf x ­ ˰" ˧

( ), , 1i j tf x = ˬ˞"ˢ ˫ˣ˵ˬ˟ ˱ˣ˴˧˶˟ ˬ-( ),i j  ˥˧˶˞ ˞˴ˬˮt .˷ ˭˰˦ˮ-f  ˸˞ ˸˵˲˯ˬj. 

.˞  ˫ˣ˵ˬ ˪˩˟˷ ˶˥˞ˬ( ),i j  ˡ˥˞ ˥˧˶˞ ˸ˣ˥˲˪ ˫˧˧˵t ( ) ( ), , 1ij i j t
t T

v v xj
Í

= Ù =. 

.˟  ˫ˣ˵ˬ ˪˩˟˷ ˶˥˞ˬ( ),i j  ˡ˥˞ ˥˧˶˞ ˵ˣ˧ˡ˟ ˫˧˧˵t 

( ) ( )( )( ), , , , '
'

1ij i j t i j t
t T t t

v v x xj
Í ¸

¡= Ø ­ Ø × =. 

.ɣ ˟˷ ˭ˣ˸ˮ˷ ˶˥˞ˬ-( )1,1  ˞˴ˬˮinitt  ˫ˣ˵ˬ˟ˣ( )1,n  ˞˴ˬˮfint  ˫˧˧˵˸ˬ

( ) ( )1,1, 1, , 1
init finborder t n fv v x xj = Ø =. 
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.l  ˪˩˪ ˫˧ˮˤˣ˞ˬˢ ˫˧˞ˮ˸ˢ ˫˧ˬ˧˧˵˸ˬ˷ ˶˥˞ˬ1 i n¢ <  ˪˩˪ˣ1 j n¢ ¢ 

( ) ( )( ), , 1, , '
, '

1ij i j t i j t
t t H

v v x xq +
Í

= Ù Ø =. 

.s  ˪˩˪ ˫˧˩ˮˣ˞ˬˢ ˫˧˞ˮ˸ˢ ˫˧ˬ˧˧˵˸ˬ˷ ˥˶˞ˬ1 i n¢ ¢  ˪˩˪ˣ1 j n¢ < 

( ) ( )( ), , , 1, '
, '

1ij i j t i j t
t t H

v v x xq +
Í

¡= Ù Ø =. 

ˢ˯˟ ˭˩˪" ˩j ˰ ˢ˵˧˲˯" ˧f. 

)­ (˸˰˩ , ˫˞j ˰ ˢ˵˧˲˯" ˸ˬ˞ ˸ˬ˷ˢ ˧f  ˸ˣˮ˟˪ ˭˸˧ˮ ˫ˡˣ˵ˢ ˭ˣˣ˧˩˪ ˨ˣ˲ˢ ˨˧˪ˢ˸˟ ˧ˤ˞

˧˵ˣ˥ ˱ˣ˴˧˶. 

˷ ˣˮ˞˶ˢ ˭˞˩ ˡ˰-, , , , ,init finSAT T H V t t n BTjÍ ª Í . ˣˮ˶ˡˠˢ˷ ˧˲˩˷ ˞˧ˢ ˢ˧˰˟ˢ

 ˸˞j  ˸˶ˣ˴˟ ˢˮ˧˞ ˞˧ˢ3CNF .˷ ˸ˣ˞˶˪ ˪˵ ˪˟˞-j  ˢ˥˯ˣˮ˪ ˢ˪ˣ˵˷3CNFyÍ  ˸˞ˣ

˧˪˞˧ˬˣˮ˧˪ˣ˲ ˭ˬˤ˟ ˰˴˟˪ ˭˸˧ˮ ˶˟˰ˬˢ. 

J 

 

ˢˮ˰˦ :HAMPATH NP completeÍ - 

ˢ˥˩ˣˢ: 

1. ˷ ˶ˣ˶˟-HAMPATH NPÍ ˸ˣ˷˧˶ˡˢ ˸˞ ˫˧˧˵ˬ ˞ˣˢ ˫˞ ˵ˣˡ˟˪ˣ ˪ˣ˪˯ˬ ˷˥ˮ˪ ˭˸˧ˮ ˧˩. 

2. ˷ ˢ˞˶ˮ-3 pSAT HAMPATH¢ ˷ ˪˟˵ˮˣ-HAMPATH NP hardÍ - ˢ˥˯ˣˮ ˭˸ˮ˧ˢ˟

j  ˸˶ˣ˴˟3CNF  ˱˶ˠ ˢˮ˟ˮG  ˫˧ˡˣ˵ˡˣ˵ ˶˧ˡˠˮˣ,s t  ˫˧˧˵˸˧˷ ˨˩ ˱˶ˠ˟

, ,SAT G s t HAMPATHjÍ ª Í. 

˷ ˥˧ˮˮ-
1

k

i
i

cj
=
=Ø  ˶˷˞˩1 2 3

i i i

ic l l l= Ù Ù  ˫ˢ ˫˧ˮ˸˷ˬˢˣ1,..., nx x. 

 ˢˮ˸˷ˬ ˪˩˪ix ˟-j  ˫˧˞˸ˮ˭˧ˣ˰ˬ  ˣ˟ˣ ˶ˣ˧˞˟ ˣˬ˩3 3k+ ˭ˤˣ˞ˬ˟ ˫˧ˡˣ˵ˡˣ˵ : ˸˧˵ˣ˯˲ ˪˩˪jc 

˸ˮ ˫˧ˮˣ˷ ˫˧ˡˣ˵ˡˣ˵ ˠˣˤ ˫˧˞,i i

j ju v ˱˯ˣˮ ˡˣ˵ˡˣ˵ ˟˧˴ˮ ˸ˣˠˣˤ ˧ˮ˷ ˪˩ ˭˧˟ˣ . ˸˧˵ˣ˯˲ ˪˩˪ ˱˯ˣˮ˟

 ˡˣ˵ˡˣ˵ ˱˧˯ˣˮjc. 

 ˫˞ix ˟ ˰˧˲ˣˬ-jc  ˸ˣ˸˷˵ ˱˧˯ˣˮ( ),i

j ju c x-( ), i

j jc v . ˫˞ix× ˟ ˰˧˲ˣˬ-jc  ˱˧˯ˣˮ ˸ˣ˸˷˵

( ),i

j jv c x-( ), i

j jc u. 

˸˧˪˞˧ˬˣˮ˧˪ˣ˲ ˞˧ˢ ˸˞ˤˢ ˢ˧˧ˮ˟ˢ˷ ˶ˣ˶˟. 

˷ ˥˧ˮˮ-j  ˧ˢ˸ˣ ˢ˵˧˲˯{} { }: 0,1if x ­ ˸˵˲˯ˬ ˢˬ˷ˢ .ˬ ˧ˮˣ˦˪˧ˬˢ ˪ˣ˪˯ˬ ˷˧ ˧ˤ˞-s ˪-

t .ˢˬ˷ˢ˪ ˢˬ˧˞˸ˬ˷ ˸ˣ˧ˮˣˣ˧˩˟ ˫˧ˮ˧˧ˮˣ˰ˬˢ ˪˩ ˪˰ ˶˟ˣ˰ ˪ˣ˪˯ˬˢ :() 1if x = ˬ˞" ˶˟˰ˬˢ ˬ

 ˪˰ˣ˰ˬˢ˭˧ ˭˧ˬ˧˪ ˪˞ˬ˷ˬ ˞ˣˢ ˫˧˞˸ˬˢ . ˸˧˵ˣ˯˲ ˫˞j ˰ ˸˵˲˸˯ˬ" ˢˮ˸˷ˬ ˧ix  ˨˪ˢˬ˟ ˤ˞

 ˧ˡˣ˵ˡˣ˵ ˪˰ ˶˟˰ˬˢix  ˪˰ ˫ˠ ˶ˣ˟˰˪ ˶˷˲˞jc )˱˶ˠˢ ˸˞ ˣˮ˧ˮ˟ ˢ˟˷ ˢ˶ˣ˴ˢ ˪˪ˠ˟.( 
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˧ˮ˷ ˡ˴ˬ ,˟ ˷˧ ˫˞-G ˬ ˧ˮˣ˦˪˧ˬˢ ˪ˣ˪˯ˬ-s ˪-t  ˣˮ˶˞˧˸˷ ˪ˣ˪˯ˬˢ ˪˷ ˢ˶ˣ˴ˢˬ ˥˶˩ˢ˟ ˞ˣˢ˷ ˭˰˦ˮ

˸˵˲˯ˬˢ ˢˬ˷ˢˢ ˧ˢˬ ˶ˣ˶˟ ˫ˠ ˤ˞ˣ ˫ˡˣ˵ .ˮˢ ˢ˶ˣ˴ˢˬ ˞˪ ˞ˣˢ ˪ˣ˪˯ˬˢ ˫˞" ˶˷˞˩˷ ˶˟ˡˢ ˷ˣ˶˧˲ ˪

ˢ ˞ˣˢ ˢˤ˧˞˪ ˰˧ˠjc ˶˥˞ ˫ˣ˵ˬ˪ ˨˧˷ˬˢ ˞˪˞ ˡ˧ˬ ˣˮˬˬ ˶ˤ˥ ˞˪ ˞ˣˢ. 

 

ix

jc

a b c d

1x

nx

1c

2c

kc

. 

. 

. 

. 

. 

. 

. 

. 

. 

s

t ,i jx c

i

ju i

jv
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˶ˬˣ˪˩ ,˪ ˰˧ˠˢ ˪ˣ˪˯ˬˢ-b ,˪ ˨˧˷ˬˢ-jc ˪ ˶ˤ˥ ˞˪ ˪˟˞-c .ˣ ˧ˮˣ˦˪˧ˬ ˞ˣˢ ˪ˣ˪˯ˬˢ ˪˟˞ ˟˪˷˟ ˭˩˪

˫˧ˣ˯ˬ ˪ ˶ˣˤ˥˪ ˟˧˧˥ ˞ˣˢ-c .˪ ˶ˣˤ˥˪ ˸ˣˡ˧˥˧ˢ ˫˧˩˶ˡˢ-c ˬ ˭ˢ-b ,-ˬjc ˬx-d .˟ ˪˟˞-b ˟x-jc 

˶˵˧˟ ˶˟˩ ˪ˣ˪˯ˬˢ ,˪ ˰˧ˠˮ ˫˞ ˣ˪˧˞ˣ-c ˬ-d ˪ ˰˧ˠˢ˪ˣ ˨˧˷ˬˢ˪ ˪˩ˣ˧ ˞˪ ˪ˣ˪˯ˬˢ ˤ˞-t. 

˭˩˪ , ˟˧˧˥ ˞ˣˢ ˧ˮˣ˦˪˧ˬˢ ˪ˣ˪˯ˬ ˫˧˧˵ ˫˞˸ˣ˧ˢ˪  ˪˧˰˪ ˢ˶ˣ˴ˢˬ˨˧˪ˢ˸˟ˣ  ˭˸˧ˮ ˣˮ˶˞˧˸˷ ˨˧˪ˢ˸˪ ˨ˣ˲ˢ

˸˞ ˪˟˵˪ ˸˵˲˯ˬˢ ˢˬ˷ˢˢ. 

J 

 

ˢ˶ˡˠˢ :( ) { }1,..., , : 1,...,l i

i I

SUBSET SUM y y t I l y t
Í

ë ûå õ
- = $ Ë =ì üæ ö

ç ÷í ý
ä 

 

ˢˮ˰˦ :SUBSET SUM NP complete- Í - 

ˢ˥˩ˣˢ :˷ ˶ˣ˶˟-SUBSET SUM NP- Í ˸ˣˮˣ˩ˮˢ ˸˞ ˵ˣˡ˟˪ˣ ˢ˴ˣ˟˵ ˸˸ ˷˥ˮ˪ ˭˸˧ˮ ˧˩ . ˢ˵˧ˡ˟ˢ

˸˧˪˞˧ˬˣˮ˧˪ˣ˲ ˭˟ˣˬ˩ ˞˧ˢ. 

˷ ˸ˣ˞˶ˢ˪ ˧ˡ˩-SUBSET SUM NP hard- Í - ˷ ˢ˞˶ˮ-3 PSAT SUBSET SUM¢ - . ˧ˢ˸

1

k

i
i

cj
=
=Ø  ˶˷˞˩1 2 3

i i i

ic l l l= Ù Ù  ˢ˥˯ˣˮ

 ˫˧ˮ˸˷ˬˢ ˪˰ˬ1,..., nx x . ˪˷ ˢˬ˧˷˶ ˢˮ˟ˮ

l  ˶˲˯ˬˣ ˫˧˶˲˯ˬt ˷ ˨˩-j ˬ˞ ˢ˵˧˲˯" ˬ

ˬ˧˧˵ ˫ˬˣ˩˯˷ ˫˧˶˲˯ˬ ˪˷ ˢ˴ˣ˟˵ ˸˸ ˸t. 

 ˫˰ ˢ˪˟˦ ˶˴˧˧ˮ( )2 n k+ ˣ ˸ˣ˶ˣ˷-n k+ 

 ˪ˡˣˠ˟ ˫˧˵˪˥ ˢ˰˟˶˞˪ ˢ˸ˣ˞ ˵˪˥ˮˣ ˸ˣˡˣˬ˰

n k³. 

¶ A : ˢˡˣˬ˰˟i  ˷˧1  ˸ˣ˶ˣ˷˟

2 ,2 1i i- x-0 ˶˞˷˟. 

¶ B : ˢˡˣˬ˰˟j  ˷˧1  ˸ˣ˶ˣ˷˟

 ˫˧˰˧˲ˣˬˢ ˫˧˪˶˦˧˪˪ ˸ˣˬ˧˞˸ˬˢ

 ˸˧˵ˣ˯˲˟jc. 

¶ C :˫˧˯˲ˣ˞ˬ ˫˧˞˸ˢ ˪˩. 

¶ D : ˢˡˣˬ˰˟j  ˷˧1  ˸ˣ˶ˣ˷˟

2 ,2 1j j-. 

˸˧˪˞˧ˬˣˮ˧˪ˣ˲ ˭˟ˣˬ˩ ˞˧ˢ ˢ˧˧ˮ˟ˢ. 

 ˸ˠ˴˧˧ˬ ˢ˪˟˦ˢ( )2 n k+ ˶˲˯ˬ ˯˧˯˟˟ ˫˧

1 1

1

1

1 1

1

1 1

1

1

1

1

1

1

A B

C D

1 2 1 2n kx x x c c c

1

1

2

2

1

1

2

2

n

n

k

k

x

x

x

x

x

x

c

c

c

c

c

c

×

×

×

2 1 2 nc x x x= Ù× Ù×
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˧˶˞ˮ˧˶˦. 

˷ ˢ˞˶ˮ-j ˬ˞ ˢ˵˧˲˯" ˭ˬˣ˩˯˷ ˸ˣ˶ˣ˷ ˪˷ ˢ˴ˣ˟˵ ˸˸ ˷˧ ˬt  ˶˷˞˩II11...13...3
n k

t=. 

 ˧ˢ˸f ˪ ˸˵˲˯ˬ ˢˬ˷ˢ-j . ˭˧˟ˬ2n s ˫˧˪˶˦˧˪˪ ˸ˣˬ˧˞˸ˬˢ ˸ˣ˶ˣ˷ˢ ˸˞ ˶˥˟ˮ ˸ˣˮˣ˧˪˰ˢ ˸ˣ˶ˣ˷

 ˨˶˰ ˫˧˪˟˵ˬ˷1 .˷ ˪˪ˠ˟-f  ˸˞ ˣ˞ ˶˥˟ˮ ˢˬ˷ˢix  ˸˞ ˣ˞ix× ˫ˢ˧ˮ˷ ˸˞ ˞˪ ˪˟˞ . ˵˪˥˟ ˭˩˪

A

C
  ˫ˣ˩˯ ˵ˣ˧ˡ˟ ˞ˣˢ ˫˧˶˲˷ˬˢI11...1

n

 .˷ ˪˪ˠ˟-f  ˵˪˥˟ ˸˵˲˯ˬB  ˭˧˟ ˞ˣˢ ˫ˣ˩˯ˢ ˢˡˣˬ˰ ˪˩˪

1 ˪-3 . ˭˧˟ˬ ˤ˞2k ˞ ˶˥˟ˮ ˸ˣˮˣ˸˥˸ˢ ˸ˣ˶ˣ˷ˢ˟ ˢˡˣˬ˰ ˪˩ ˫ˣ˩˯˷ ˨˩ ˸ˣ˶ˣ˷ˢ ˸-
B

D
  ˢ˧ˢ˧3. 

˧ˮ˷ ˡ˴ˬ ,˷ ˥˧ˮˮ-{ }1,2,...,2 2I n kË + ˷ ˨˩-i

i I

y t
Í

=ä  ˶˷˞˩iy  ˢ˶ˣ˷ ˪˷ ˶˲˯ˬˢ ˞ˣˢi .

˵˲˯ˬ ˢˬ˷ˢ ˢˮ˟ˮ˪ ˸-j . ˸ˬ˞ ˨˶˰ ˭˸˧˸ ˢˬ˷ˢˢ1 ˟ ˣ˶˥˟ˮ˷ ˫˧˪˶˦˧˪˪-A ) ˫˧˪˶˦˧˪ˢ ˶ˬˣ˪˩

˪ ˣ˶˥˟ˮ ˫ˢ˪ ˸ˣˬ˧˞˸ˬˢ ˸ˣ˶ˣ˷ˢ˷-I  ˭˧˟ˬ2n ˸ˣˮˣ˧˪˰ˢ ˸ˣ˶ˣ˷ˢ .(˰ ˪˩˟˷ ˪˪ˠ˟ ˞ˣˢ ˫ˣ˩˯ˢ ˢˡˣˬ

1  ˨˶˰ ˭˸˧ˮ˷ ˸ˣ˧ˢ˪ ˪ˣ˩˧ ˞˪1 ˣ˸˪˧˪˷˪ ˫ˠˣ ˢˮ˸˷ˬ˪ ˫ˠ .˭˩ ˣˬ˩ ,˥˶˩ˢ˟  ˪˩˪ ˨˶˰ ˫˧ˮ˸ˣˮ

˫˧ˮ˸˷ˬˢ .˟˷ ˫ˣ˷ˬ ˸˵˲˯ˬ ˞˧ˢ ˢˬ˷ˢˢ-D  ˸ˣ˥˲˪ ˷˧ ˢˡˣˬ˰ ˪˩˪1 ˡ˥˞ , ˸˧˵ˣ˯˲ ˪˩˟ ˶ˬˣ˪˩

 ˸ˬ˞ ˨˶˰ ˪˟˧˵˷ ˪˶˦˧˪ ˷˧1 ˸˵˲ˣ˯ˬ ˢ˥˯ˣˮˢ ˪˩˷ ˭˞˩ˬˣ ˸ˣ˵˲ˣ˯ˬ ˸ˣ˧˵ˣ˯˲ˢ ˪˩ ˭˩˪ˣ. 

J 

 

˸ˣ˶ˡˠˢ: 

1. k-ˢ˵˧˪˵  ˫˰ ˭ˣˣ˩ˬ ˞˪ ˞˪ˬ ˱˶ˠ ˞˧ˢk ˫˧ˡˣ˵ˡˣ˵. 

2. CLIQUE  ˢ˶ˣ˴ˢˬ ˫˧˪˧ˬˢ ˸˲˷ ˞˧ˢ,G k ˷ ˨˩-G  ˢ˵˧˪˵ ˪˧˩ˬ˷ ˭ˣˣ˩ˬ ˞˪ ˱˶˩

 ˪ˡˣˠ˟k. 

 

ˢˮ˰˦ :CLIQUE NP completeÍ - 

ˢ˥˩ˣˢ: 

1. CLIQUE NPÍ ˢ˵˧˪˵ ˣˤ ˫˞ ˵ˣˡ˟˪ˣ ˫˧ˡˣ˵ˡˣ˵ ˪˷ ˢ˴ˣ˟˵ ˷˥ˮ˪ ˦ˣ˷˲ ˭˸˧ˮ ˧˶ˢ˷ . ˨˧˪ˢ˸

˧˪˞˧ˬˣˮ˧˪ˣ˲ ˭˟ˣˬ˩ ˞ˣˢ ˢˤ. 

2. ˷ ˢ˞˶ˮ-3 pSAT CLIQUE¢ ˷ ˪˟˵ˮˣ-CLIQUE NP hardÍ -. 

 ˢ˥˯ˣˮ ˭˸ˮ˧ˢ˟j  ˸˶ˣ˴˟3CNF  ˱˶ˠ ˢˮ˟ˮG  ˶˲˯ˬ ˫˰k ˷ ˨˩-

3 ,SAT G k CLIQUEjÍ ª Í . ˢ˥˯ˣˮ ˢˮˣ˸ˮ˷ ˥˧ˮˮ( )1 2 3
1

k
i i i

i
l l lj

=
=Ø Ù Ù  ˸˶ˣ˴˟

3CNF . ˱˶˩ ˶˧ˡˠˮG ˞˟ˢ ˭˲ˣ˞˟: 

¶  ˫˧ˡˣ˵ˡˣ˵ˢV  ˪˩ ˫ˢ3k  ˫˧˪˶˦˧˪ˢ- { }1 2 3, ,i i il l l 
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¶  ˸ˣ˰˪˴ˢE  ˸˧˵ˣ˯˲ ˢ˸ˣ˞˟˷ ˫˧˪˶˦˧˪˪ ˦˶˲ ˡˣ˵ˡˣ˵ ˪˩˪ ˡˣ˵ˡˣ˵ ˪˩ ˭˧˟ ˸ˣ˶˟˥ˬ

ˣ˸˪˧˪˷ˣ ˪˶˦˧˪˪ ˦˶˲ˣ. 

˸˧˪˞˧ˬˣˮ˧˪ˣ˲ ˧˞ˡˣˣ˟ ˞˧ˢ ˢ˧ˮ˟ˢ .˟ ˷˧-V 3k ˟ˣ ˫˧ˡˣ˵ˡˣ˵-E  ˶˸ˣ˧ˢ ˪˩˪ ˷˧( )
2

3k 

˸ˣ˰˪˴. 

˷ ˢ˞˶ˮ-,SAT G k CLIQUEjÍ ª Í. 

)« ( ˥˧ˮˮ,G k CLIQUEÍ .˟ ˷˧ ˧ˤ˞-G k-ˢ˵˧˪˵ . ˭˧˟ ˸ˣ˰˪˴ ˭˧˞ ˱˶ˠ˟˷ ˪˪ˠ˟

˸˧˵ˣ˯˲ ˢ˸ˣ˞ ˪˷ ˫˧˪˶˦˧˪ˢ , ˪˩k ˵ˢˬ ˸ˣ˧ˢ˪ ˫˧˟˧˧˥ ˫˧ˡˣ˵ˡˣ-k ˸ˣˮˣ˷ ˸ˣ˧˵ˣ˯˲ . ˶ˬˣ˪˩

ˡ˥˞ ˪˶˦˧˪ ˣˮ˪ ˷˧ ˢ˥˯ˣˮ˟ ˸˧˵ˣ˯˲ ˪˩ˬ .˪ ˢˬ˷ˢ ˶˧ˡˠˮ-f  ˸ˮ˸ˣˮ˷1  ˡ˥˞ ˪˩˪

 ˸ˮ˸ˣˮ ˫˧˪˶˦˧˪ˢ ˭˧˟ ˫˧˰˧˲ˣˬ ˞˪˷ ˫˧ˮ˸˷ˬ˪ˣ ˢ˪˞ˢ ˫˧˪˶˦˧˪ˢˬ0 . ˢˬ˷ˢˢ˷ ˟˪ ˫˧˷ˮ

˷ ˸ˣ˧ˢ˪ ˪ˣ˩˧ ˞˪ ˭˩˪ˣ ˣ˸˪˧˪˷ ˫˰ ˶˟ˣ˥ˬ˷ ˪˶˦˧˪ ˭˧˞˷ ˭ˣ˸ˮ˷ ˫ˣ˷ˬ ˸˧˵ˣ˥ ˭˩˞ ˸ˬ˧˷˶˟

 ˞ˣˢ˷ ˢˮ˸˷ˬ ˫˧˧˵˷ ˸ˣ˧ˢ˪ ˪ˣ˩˧ ˞˪ ˭˩˪ˣ ˣ˸˪˧˪˷ ˫ˠˣ ˢˮ˸˷ˬ ˫ˠ ˷˧ ˣˮ˪˷ ˫˧˪˶˦˧˪ˢ

 ˸ˬ˞ ˨˶˰ ˫˧˪˟˵ˬ ˣ˸˪˧˪˷ˣ1 . ˣˮ˵˵˪ ˸˧˵ˣ˯˲ ˪˩ˬ˷ ˫ˣ˷ˬ ˸˵˲˯ˬ ˸˞ˤˢ ˢˬ˷ˢˢ˷ ˶ˣ˶˟

 ˸ˬ˞ ˨˶˰ ˪˟˧˵ ˞ˣˢˣ ˡ˥˞ ˪˶˦˧˪1 .ˢ˯"ˡ˶˲ˮ˟ ˢ˵˲ˣ˯ ˸˧˵ˣ˯˲ ˪˩ ˩ , ˢ˥˯ˣˮˢ ˪˩ ˫ˠ ˭˩˪ˣ

ˢ˵˲ˣ˯. 

)­ (˷ ˥˧ˮˮ-j ˢ˵˧˲˯ . ˧ˢ˸{} { }: 0,1if x ­ ˸˵˲˯ˬ ˢˬ˷ˢ . ˸ˣ˧ˢ˪ ˟˧˧˥ ˸˧˵ˣ˯˲ ˪˩˟

 ˸ˬ˞ ˨˶˰ ˪˟˵ˬ ˶˷˞ ˡ˥˞ ˪˶˦˧˪ ˸ˣ˥˲˪1  ˸˥˸f . ˷˧k  ˭˩˪ˣ ˸ˣ˧˵ˣ˯˲k ˫˧˪˶˦˧˪ . ˭˰˦ˮ

˰˪˴ ˸ˬ˧˧˵ ˫˧˪˶˦˧˪ ˧ˮ˷ ˪˩ ˭˧˟˷ .˸˶˥˞ , ˸˧˵ˣ˯˲ ˢ˸ˣ˞ˬ ˫ˢ˷ ˣ˞ ˣ˸˪˧˪˷ˣ ˢˮ˸˷ˬ ˫ˢ˷ ˣ˞

)˱˶ˠˢ ˸˞ ˣˮ˶ˡˠˢ ˨˩ ˧˩ (ˮˢ ˫˧˞ˮ˸ˢˬ ˡ˥˞ ˱˞ ˪˟˞"˫˧˧˵˸ˬ ˞˪ ˪. 

J 

 

ˡˢˬˠˣ : ˞˧ˢ ˢ˥˯ˣˮˢ˷ ˥˧ˮˮ( )( )( )1 1 2 1 2 2 1 2 2x x x x x x x x xj= Ù Ù Ø × Ù× Ù× Ø × Ù Ù . ˧ˤ˞

˞ˣˢ ˢ˪ ˫˧˞˸ˬˢ ˱˶ˠˢ:  

 

˱˶ˠˢ ˧˲˪ ˸˵˲˯ˬ ˢˬ˷ˢ ˷˧ ˣˤ ˢ˥˯ˣˮ˪ :()1 0f x = x-( )2 1f x =. 

 

 

1x

1x

2x

1x× 1x× 2x×

1x×

2x

2x
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˸ˣ˶ˡˠˢ: 

1.  ˫˧ˡˣ˵ˡˣ˵ ˸˴ˣ˟˵S VË  ˭ˣˣ˩ˬ ˞˪ ˱˶ˠ˟,G V E=  ˸˞˶˵ˮˢ˧ˣ˪˸ ˧˸˪˟  ˪˩˪ ˫˞

,u v SÍ ( ),u v EÎ. 

2. IS  ˢ˶ˣ˴ˢˬ ˫˧˪˧ˬˢ ˪˩ ˸˴ˣ˟˵,G k ˷ ˨˩-G ˸˪˟ ˢ˴ˣ˟˵ ˪˧˩ˬ˷ ˭ˣˣ˩ˬ ˞˪ ˱˶ˠ ˢ˧ˣ˪˸ ˧

 ˪ˡˣˠ˟k. 

 

ˢˮ˰˦ :IS NP completeÍ - 

ˢ˥˩ˣˢ: 

1. ˷ ˶ˣ˶˟-IS NPÍ  ˪ˡˣˠˢ ˫˧ˡˣ˵ˡˣ˵ ˸˴ˣ˟˵ ˷˥ˮ˪ ˭˸˧ˮ˷ ˫ˣ˷ˬk  ˧˸˪˟ ˞˧ˢ ˫˞ ˵ˣˡ˟˪ˣ

ˢ˧ˣ˪˸. 

2. ˷ ˢ˞˶ˮ-pCLIQUE IS¢ ˷ ˪˟˵ˮˣ-IS NP hardÍ -. 

 ˭˸ˮ˧ˢ˟,G k  ˢˮ˟ˮ',G k ˷ ˨˩-, ',G k CLIQUE G k ISÍ ª Í . ˸˞ ˶˧ˡˠˮ'G 

˫˧˪˷ˬˢ ˱˶ˠˢ ˸ˣ˧ˢ˪ , ˶ˬˣ˪˩' , \G V V V E= ³ . ˪˷ˣ ˢ˵˧˪˵ ˪˷ ˢ˶ˡˠˢˢˬ ˶ˣ˶˟ ˸˰˩

˟˷ ˢ˧ˣ˪˸ ˧˸˪˟ ˢ˴ˣ˟˵-G  ˷˧k-ˬ˞ ˢ˵˧˪˵"˟ ˬ-'G  ˪ˡˣˠ˟ ˢ˧ˣ˪˸ ˧˸˪˟ ˢ˴ˣ˟˵ ˷˧k .

˧˶ˢ˷ ,GS VË ˬ˞ ˢ˵˧˪˵ ˞˧ˢ" ˬ'GS VË ˢ˧ˣ˪˸ ˧˸˪˟ ˞˧ˢ. 

J 

 

˸ˣ˶ˡˠˢ: 

1.  ˧ˢ˧,G V E= ˭ˣˣ˩ˬ ˞˪ ˱˶ˠ .˧ˣ˯˧˩  ˪˷G  ˢ˴ˣ˟˵ ˞ˣˢC VË  ˪˩˪˷ ˨˩( ),u v EÍ 

 ˫˧˧˵˸ˬu CÍ  ˣ˞v CÍ. 

2. { }, :  is a graph with a vertex cover of size VC G k G k= 

 

˰˦ˢˮ :VC NP completeÍ - 

ˢ˥˩ˣˢ: 

1. ˷ ˶ˣ˶˟-VC NPÍ  ˪ˡˣˠ˟ ˢ˴ˣ˟˵ ˷˥ˮ˪ ˭˸˧ˮ˷ ˫ˣ˷ˬk ˧ˣ˯˧˩ ˞˧ˢ ˫˞ ˵ˣˡ˟˪ˣ. 

2. ˷ ˢ˞˶ˮ-pIS VC¢ ˷ ˪˟˵ˮˣ-VC NP hardÍ -. 

˧ˢ˟ ˭˸ˮ,G k  ˪˰ ˪˩˸˯ˮ,G V k- .˷ ˶ˣ˶˟-,G k ISÍ ˬ˞" ˬ,G V k VC- Í ,

 ˧˶ˢ˷S ˟ ˢ˧ˣ˪˸ ˧˸˪˟ ˢ˴ˣ˟˵-G ˬ˞" ˧˶˟˧˞ ˭˧˟ ˸ˣ˰˪˴ ˭˧˞ ˬS .ˬ˞ ˭ˣ˩ˮ ˢˤ"˟ ˰˪˴ ˪˩ ˬ-

G  ˪˷ ˡ˥˞ ˡˣ˵ˡˣ˵˟ ˸ˣ˥˲˪ ˸˰ˠˣˮ
cS ˬ˞ ˢˤˣ" ˬ

cS ˧ˣ˯˧˩ . ˢ˧˧ˮ˟ˢ˷ ˭˟ˣˬ˩ ˶ˣ˶˟

˸˧˪˞˧ˬˣˮ˧˪ˣ˲ ,ˣˮˬ˧˧˯ ˸˞ˤ˟ˣ. 
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˭ˣ˶˩˧ˤ ˸ˣ˧˩ˣ˟˧˯ 

 

 ˦˲˷ˬSavitch 

 

˶ˡˠˢ˸ˣ: 

1. ˬ ˭˸ˮ˧ˢ˟" ˦M ˦˪˵ ˪˩ ˪˰ ˸˶˴ˣ˰ˢ , ˪˷ ˭ˣ˶˩˧ˤˢ ˸ˣ˧˩ˣ˟˧˯M  ˢ˧˴˵ˮˣ˲ ˞˧ˢ:s ­ 

˷ ˨˩-()s n  ˫ˢ˟ ˦˶˯˟ ˫˧˞˸ˢ ˶˲˯ˬ ˪˰ ˫˯˥M  ˨˶ˣ˞˟ ˦˪˵ ˪˰ ˢ˴˧˶˟ ˸˷ˬ˸˷ˬn. 

2. ()( )SPACE s n ˰ ˢ˰˶˩ˢ˪ ˸ˣˮ˸˧ˮ ˶˷˞ ˸ˣ˲˷ˢ ˪˩ ˸˵˪˥ˬ ˞˧ˢ"˦ˬ ˧" ˸ˣ˧˩ˣ˟˧˯ ˫˰ ˡ

 ˭ˣ˶˩˧ˤ()s n. 

3. ()( )NSPACE s n ˰ ˢ˰˶˩ˢ˪ ˸ˣˮ˸˧ˮ ˶˷˞ ˸ˣ˲˷ˢ ˪˩ ˸˵˪˥ˬ ˞˧ˢ"˞˦ˬ ˧"˰ ˡ ˸ˣ˧˩ˣ˟˧˯ ˫

 ˭ˣ˶˩˧ˤ()s n. 

4. ( )k

k

PSPACE SPACE n
Í

=8 

5. { }: cco PSPACE L L PSPACE- = Í 

6. ( )k

k

NPSPACE NSPACE n
Í

=8 

7. { }: cco NPSPACE L L NPSPACE- = Í 

 

ˢˮ˰˦ :()( ) ()( )TIME f n SPACE f nË 

ˢ˥˩ˣˢ : ˧ˢ˸()( )L TIME f nÍ .˦ˬ ˸ˬ˧˧˵" ˡM  ˨˶ˣ˞˟ ˦˪˵ ˪˩˪˷ ˨˩n M  ˪˩˪ ˧˶˥˞ ˸˶˴ˣ˰

 ˶˸ˣ˧ˢ()f n ˫˧ˡ˰˴ . ˡ˰˴ ˪˩˟M ˭ˣ˶˩˧ˤ˟ ˡ˥˞ ˞˸ ˨ˣ˸˪ ˸˟˸ˣ˩ , ˶˸ˣ˧ˢ ˪˩˪˟ ˸˷ˬ˸˷ˬ ˭˩˪ˣ

()f n ˫˧˞˸ . ˶ˬˣ˪˩()( )L SPACE f nÍ. 

J 

 

ˢˮ˰˦ :()( ) () ()( )( )2
O f n

SPACE f n TIME f nË Ö 

ˢ˥˩ˣˢ : ˧ˢ˸M ˦ˬ" ˨˶ˣ˞˟ ˦˪˵ ˭˸ˮ˧ˢ˟ ˶˷˞ ˡn ˩˪˟ ˸˷ˬ˸˷ˬ ˶˸ˣ˧ˢ ˪()f n ˫˧˞˸ . ˶˲˯ˬ ˫˞

˰ ˫ˣ˯˥ ˫˧˞˸ˢ" ˧()f n ˰ ˫ˣ˯˥ ˞ˣˢ ˢˮˣ˩ˬˢ ˪˷ ˧˶˷˲˞ˢ ˸ˣ˧˴˶ˣˠ˧˲ˮˣ˵ˢ ˶˲˯ˬ ˧ˤ˞" ˧

()
()f n

Q f n G ,˞˴ˬˮ ˢˮˣ˩ˬˢ ˣ˟ ˟˴ˬˢ ˪˰ ˰ˡ˧ˬ ˸˪˪ˣ˩ ˢ˧˴˶ˣˠ˧˲ˮˣ˵ ˧˶ˢ˷ , ˞˶ˣ˵ˢ ˷˞˶ˢ ˫ˣ˵˧ˬ

˦˶˯ˢ ˪˰ ,˦˶˯ˢ ˪˷ ˭˩ˣ˸ˢˣ .˸˰˩ ,˦˪˵ ˪˩ ˪˰ ˸˶˴ˣ˰ ˢˮˣ˩ˬˢ˷ ˭ˣ˸ˮ ˫˞ , ˢ˴˧˶˟˷ ˸ˣ˧ˢ˪ ˪ˣ˩˧ ˞˪ ˧ˤ˞

˪˷˫˧˧ˬ˰˲ ˢ˧˴˶ˣˠ˧˲ˮˣ˵ ˢ˸ˣ˞˪ ˢ˰˧ˠˬ ˞˧ˢ ˢ ,˸˧˲ˣ˯ˮ˧˞ ˢ˞˪ˣ˪˪ ˸˯ˮ˩ˮ ˢ˸˧˧ˢ ˞˧ˢ ˤ˞ ˧˶ˢ˷ . ˭˩˪
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˸˥˞ ˫˰˲ ˶˸ˣ˧ˢ ˪˩˪ ˸ˣ˧˴˶ˣˠ˧˲ˮˣ˵ˢˬ ˸˥˞ ˪˩˪ ˢ˰˧ˠˬ ˢˮˣ˩ˬˢ .˰ ˫ˣ˯˥ ˢ˴˧˶ˢ ˭ˬˤ ˭˩˪ˣ" ˶˲˯ˬ ˧

˸ˣ˧˶˷˲˞ˢ ˸ˣ˧˴˶ˣˠ˧˲ˮˣ˵ˢ .˷ ˶˥˞ˬ-,Q G ˰ ˫ˣ˯˥ ˢ˴˧˶ˢ ˭ˬˤ˷ ˪˟˵ˮ ˫˧˰ˣ˟˵ ˫ˢ" ˧

() ()( )
2

O f n
f n Ö. 

J 

 

ˢˬˠˣˡ :SAT  ˸ˮ˸˧ˮ˸˧˶˞ˮ˧˪ ˭ˬˤ ˸ˣ˧˩ˣ˟˧˯˟ ˭ˣ˶˸˧˲˪ . ˦˪˵ ˭˸ˮ˧ˢ˟j ˨˩ ˪ˣ˰˲˪ ˪˩ˣˮ: 

1.  ˸ˬ˞ ˸ˬ˷ˢ ˪˩˪f  ˫˧ˮ˸˷ˬ˪1,..., mx x  ˸˞ ˨˶˰˷ˮj ˪ ˯˥˧˟-f. 

2.  ˸˞ ˪˟˵ˮ ˸ˬ˞ ˢ˧ˢ ˨ˣ˶˰˷ˢ ˫˞j ,ˢ˞˟ˢ ˢˬ˷ˢ˪ ˶ˣ˟˰ˮ ˸˶˥˞. 

3. ˶˵˷˪ ˣ˩˶˰ˣ˷ ˸ˣˬ˷ˢˢ ˪˩ ˫˞ , ˸˞ ˢ˥ˡˮj. 

˷ˣ˶ˡ˷ ˭ˣ˶˩˧ˤˢ: 

¶  ˸˧˥˩ˣˮˢ ˸ˬ˞ˢ ˸ˬ˷ˢ- m ˫˧˞˸ 

¶ ˷ˢˢ ˧˲˪ ˢ˥˯ˣˮˢ ˨ˣ˶˰˷ ˸˧˥˩ˣˮˢ ˢˬ- ( )O j ˫˧˞˸ 

ˢ˯"˦˪˵ˢ ˪ˡˣˠ˟ ˧˶˞ˮ˧˪ ˞ˣˢ ˷ˣ˶ˡˢ ˭ˣ˶˩˧ˤˢ ˩ .˶ˬˣ˪˩ ,SET LINEAR SPACEÍ -. 

 

˸ˣ˶ˡˠˢ: 

1. (){ }*:  is a deterministic automaton and DFAALL A A L A= =S 

2. (){ }*:  is a non deterministic automaton and NFAALL A A L A= =S 

 
 

ˢˮ˰˦ : ˧ˢ˧0, , , ,A Q Q Fd= S ˯˞"˪ . ˧ˤ˞() *L A ¸S ˬ˞" ˢ˪˧ˬ ˸ˬ˧˧˵ ˬw  ˶˸ˣ˧ˢ ˪˩˪ ˨˶ˣ˞˟

2
Q

 ˷ ˨˩-()w L AÎ. 

ˢ˥˩ˣˢ: 

)Û ( ˫˞() *L A ¸S ˷ ˶˟ˡˢ ˷ˣ˶˧˲-()
c

L A ¸Å . ˸˞ ˪˟˵ˬ˷ ˦ˬˣ˦ˣ˞˟()
c

L A  ˶˸ˣ˧ˢ ˪˩˪ ˷˧

2
Q

 ˫˧˟˴ˬ ,˯˞˪ ˶ˣ˟˰˪ ˪˩ˣˮ ˧˶ˢ˷" ˪ˣ˵˷ˢ ˡ˫˧˪˷ˬ˪ ˶ˣ˟˰˪ ˤ˞ˣ .˟ ˢ˪˧ˬ ˸ˬ˧˧˵ ˫˞ ˸˰ˡ˪ ˧ˡ˩-

()
c

L A ˯˞˟ ˪ˣ˪˯ˬ ˫˧˧˵ ˫˞ ˵ˣˡ˟˪ ˷˧"˫˧˪˟˵ˬˢ ˫˧˟˴ˬˢ ˡ˥˞˪ ˧˸˪˥˸ˢˢ ˟˴ˬˢˬ ˡ . ˪ˣ˪˯ˬ ˨˶ˣ˞

)˸˪˟˵˸ˬ˷ ˢ˪˧ˬˢ ˨ˣ˶˞ ˫ˠ ˭˩˪ˣ ( ˶˸ˣ˧ˢ ˪˩˪ ˞ˣˢ2
Q

. 

)Ý (ˢ˶ˡˠˢˢˬ ˶ˣ˶˟ ˢˤ. 

J 

 



 

 
92 

 

ˢˮ˰˦ : ˧ˢ˧
0, , , ,A Q Q Fd= S ˯˞"˪ . ˢ˪˧ˬ ˸ˬ˧˧˵w  ˶˸ˣ˧ˢ ˪˩˪ ˨˶ˣ˞˟2

Q
 ˷ ˨˩-()w L AÎ 

ˬ˞"˸ˬ˧˧˵ ˬ  ˫˧˟˴ˬ ˪˷ ˸ˣ˴ˣ˟˵ ˪˷ ˢ˶ˡ˯
0 1 2
, ,..., QS S S  ˦ˬˣ˦ˣ˞ˢ ˪˷ ˢ˴˧˶˪ ˢˬ˧˞˸ˬ˷

˰ ˪˟˵˸ˬˢ ˪ˣ˵˷ˢ ˧˦˯˧ˮ˧ˬ˶˦ˡˢ" ˭ˣ˴˶˧˥ ˧A  ˷˧ˣ0 2
Q

i¢ ¢ ˷ ˨˩-iS FÆ =Å. 

ˢ˥˩ˣˢ: 

)Û( ˮ˩ ˢ˪˧ˬ ˸ˬ˧˧˵˷ ˥˧ˮˮ" ˨˶ˣ˞˟ ˪2
Q

i¢ . ˢ˴˧˶ˢ ˧ˤ˞0 1... ir r r ˯˞ˢ ˪˷" ˪˰ ˪ˣ˵˷ˢ ˡw  ˸˶ˬˠˮ

 ˟˴ˬ˟ir ˪˟˵ˬ ˟˴ˬ ˣˮ˧˞˷ .  ˪˩ ˪˟˞kr  ˢ˴ˣ˟˵ ˢ˷˰ˬ˪ ˞ˣˢiS  ˪˷ ˫˧˟˴ˬ ˪˷A ˢ˸ ˧˲˪ˣ ˨˧˪

˟ ˸ˣ˧ˢ˪ ˪ˣ˩˧ ˞˪ ˭ˣ˴˶˧˥ˢ-ir ˪˟˵ˬ ˟˴ˬ , ˸˶˥˞ ˧˩ir ˪˟˵ˬ ˢ˧ˢ . ˭˩˪iS FÆ =Å. 

)Ý (ˮ˩ ˢ˶ˡ˯ ˸ˬ˧˧˵˷ ˥˧ˮˮ"˪ . ˫˧˶˟˰ˬ˪ ˢˬ˧˞˸ˬ˷ ˢ˪˧ˬˢ ˧ˤ˞0 1... iS S S ˟ ˢˮ˧˞˷ ˢ˪˧ˬ ˞˧ˢ-

()L A. 

J 

 

ˢˮ˵˯ˬ :( )( )c

NFAALL SPACE O QÍ 

ˢ˥˩ˣˢ :˞˦ˬ ˶˞˸ˮ" ˡM  ˸˞ ˢ˰˧˶˩ˬ ˶˷˞
c

NFAALL . ˦˪˵ ˭˸ˮ˧ˢ˟A ˯˞ ˡˡˣ˵ˬ ˶˷˞" ˪M 

˨˩ ˪˰˲˸: 

1. ˟ ˫˧˟˴ˬˢ ˸˞ ˦˶˯ˢ ˪˰ ˟ˣ˸˩˸-0Q 

2. ˪ ˢˮˣˬ ˪˥˸˞˸-0 

3. ˬ ˭˦˵ ˢˮˣˬˢ ˡˣ˰ ˪˩-2
Q

 

¶  ˢ˴ˣ˟˵ˢ ˫˞S  ˸ˬ˧˧˵ˬ ˦˶˯ˢ ˪˰S FÆ =Å  ˸˞ ˪˟˵˸A 

¶ ˸˶˥˞ , ˸ˣ˞ ˷˥ˮ˸a ,˪ ˦˶˯ˢ ˪˰ ˢ˴ˣ˟˵ˢ ˸˞ ˭˩ˡ˰˸-( ),S ad  ˸˞ ˪˧ˡˠ˸ˣ

˟ ˢˮˣˬˢ-1 

4. ˢ˥ˡ˸ 

˸ˬˡˣ˵ˢ ˢˮ˰˦ˢ ˧˲˪ ˭ˣ˩ˮ ˫˸˧˶ˣˠ˪˞ˢ˷ ˶ˣ˶˟ .˳ˣ˥ˮ˷ ˭ˣ˶˩˧ˤˢ ˸˞ ˶ˣ˲˯ˮ: 

¶  ˫˧˟˴ˬ ˸˴ˣ˟˵- ( )O Q 

¶  ˢˮˣˬ- ( )O Q  ˯˧˯˟˟ ˶ˣ˲˯˪ ˭˸˧ˮ ˧˩˧˶˞ˮ˧˟ 

¶  ˫˧ˮˣ˩ˡ˰ˢ ˶ˣ˟˰ ˫˧˰˧˟˴ˬ- ()1O 

ˢ˯" ˭ˣ˶˩˧ˤ ˸ˣ˧˩ˣ˟˧˯˟ ˪˰ˣ˲ ˫˸˧˶ˣˠ˪˞ˢ ˩( )O Q. 

J 
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 ˦˲˷ˬSavitch : ˪˩˪:S ­ ˷ ˨˩-()n s n¢  ˫˧˧˵˸ˬ

()( ) ()( )2NSPACE s n SPACE s nË. 

ˢ˥˩ˣˢ :˞˦ˬ ˭˸ˮ˧ˢ˟" ˡM  ˭ˣ˶˩˧ˤ ˸ˣ˧˩ˣ˟˧˯ ˫˰()s n ˦ˬ ˢˮ˟ˮ" ˢ˪ˣ˵˷ ˡ'M  ˭ˣ˶˩˧ˤ ˸ˣ˧˩ˣ˟˧˯ ˫˰

()2s n .ˢ˟"˪ ˩-M  ˢˡ˧˥˧ ˸˧˸˪˥˸ˢ ˢ˧˴˶ˣˠ˧˲ˮˣ˵ ˷˧initc ˧ ˸˪˟˵ˬ ˢ˧˴˶ˣˠ˧˲ˮˣ˵ˣ ˢˡ˧˥accc . ˣˬ˩

˭˩ , ˧ˢ˧d ˪ ˭˧˞˷ ˨˩ ˰ˣ˟˵-M ˬ ˶˸ˣ˧-
()

2
d s nÖ

  ˨˶ˣ˞˟ ˦˪˵ ˪˰ ˢ˴˧˶˟ ˸ˣˮˣ˷ ˸ˣ˧˴˶ˣˠ˧˲ˮˣ˵n ) ˫˧˧˵

˰ ˫ˣ˯˥ ˸ˣ˧˴˶ˣˠ˧˲ˮˣ˵ˢ ˶˲˯ˬ˷ ˫ˣ˷ˬ ˢˤ˩" ˧()
()s n

Q s n G.( 

 ˸˧˦˯˧ˮ˧ˬ˶˦ˡ ˢ˶ˠ˷ ˶˧ˡˠˮ( )1 2reach , ,c c t  ˢ˧˴˶ˣˠ˧˲ˮˣ˵ˬ ˶ˣ˟˰˪ ˭˸˧ˮ ˫˞ˢ ˢ˰˧˶˩ˬ ˶˷˞1c 

 ˢ˧˴˶ˣˠ˧˲ˮˣ˵˪2c  ˶˸ˣ˧ˢ ˪˩˪ ˨ˣ˸t ˫˧ˡ˰˴ .˲ˣ˞˟ ˡˣ˟˰˸ ˢ˶ˠ˷ˢ˞˟ˢ ˭: 

1.  ˫˞1t=  ˫˞ˢ ˵ˣˡ˟1 2c c= ˭ˢ˧ˮ˧˟ ˡ˥˞ ˡ˰˴ ˪˷ ˶˟˰ˬ ˷˧˷ ˣ˞ 

2.  ˫˞1 t<  ˢ˧˴˶ˣˠ˧˲ˮˣ˵ ˪˩˪ ˤ˞c  ˪˷M ˟ ˸˷ˬ˸˷ˬˢ-()s n ˫˧˞˸: 

1.2.  ˸˞ ˳˶ˢ
1reach , ,

2

t
c c
å õè ø
æ öé ù

é ùç ÷
 

2.2.  ˸˞ ˳˶ˢ
2reach , ,

2

t
c c
å õè ø
æ öé ù

é ùç ÷
 

3.2. ˣ˪˟˧˵ ˸ˣ˴˧˶ˢ ˧˸˷ ˫˞ , ˪˟˵ 

3. s˥ ˡ 
ˢ˶ˣ˶˟ ˫˸˧˶ˣˠ˪˞ˢ ˸ˣˮˣ˩ˮ .ˣ˪˷ ˭ˣ˶˩˧ˤˢ ˸ˣ˧˩ˣ˟˧˯ ˸˞ ˥˸ˮˮ . ˞ˣˢ ˢ˧˯˶ˣ˵˶ˢ ˵ˬˣ˰logt . ˢ˞˧˶˵ ˪˩˟

˧˴˶ˣˠ˧˲ˮˣ˵ ˧˸˷ ˫˧˶ˬˣ˷ ˭ˣ˶˩˧ˤ ˥˵ˣ˪ ˢˤ˷ ˢˮˣˬˣ ˸ˣ()( )logO t s n+ .˭˩˪ ,ˢ˯" ˥˦˷ˢ ˸ˣ˧˩ˣ˟˧˯ ˩

 ˞˧ˢ()( )( )log logO t s n t+. 

 ˫˞'M  ˸˞ ˪˧˰˲˸
()( )reach , ,2

d s n

init accc c
Ö

  ˪˩˪˷ ˫ˣ˷ˬ ˷ˣ˶ˡˢ ˸˞ ˵ˣ˧ˡ˟ ˪˟˵ˮ
*wÍS 'M 

 ˸˞ ˸˪˟˵ˬw ˬ˞" ˬM  ˸˞ ˸˪˟˵ˬw . ˫˞˷ ˟˪ ˫˧˷ˮ
()

2
d s n

t
Ö

=  ˤ˞()logt d s n= Ö x-'M 

 ˭ˣ˶˩˧ˤ ˸ˣ˧˩ˣ˟˧˯˟ ˢ˴˶()( )2O s n. 

J 

 

˸ˣˮ˵˯ˬ: 

1. NPSPACE PSPACE= 

2. co NPSPACE co PSPACE- = - 

3. co PSPACE PSPACE- = 

ˢ˥˩ˣˢ: 

1. ˞˦ˬˬ ˶˟˰ˬˢ"˦ˬ˪ ˡ"ˣˮ˧˪ˣ˲ ˢ˞˪˰ˢ ˵˶ ˨˧˶˴ˬ ˢ˪ˣ˵˷ ˡ˭ˣ˶˩˧ˤˢ ˸ˣ˧˩ˣ˟˧˯ ˪˷ ˸˧˪˞˧ˬ .˭˩˪ ,
˰ ˶ˣ˸˲˪ ˭˸˧ˮ˷ ˢ˧˰˟ ˪˩"˞˦ˬ ˧"˰ ˫ˠ ˶ˣ˸˲˪ ˭˸˧ˮ ˸˧˪˞˧ˬˣˮ˧˪ˣ˲ ˭ˣ˶˩˧ˤ ˸ˣ˧˩ˣ˟˧˯˟ ˡ"˦ˬ ˧" ˡ

˸˧˪˞˧ˬˣˮ˧˪ˣ˲ ˭ˣ˶˩˧ˤ ˸ˣ˧˩ˣ˟˧˯˟. 
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2. { } { }: :c cco PSPACE L L PSPACE L L NPSPACE co NPSPACE- = Í = Í = - 

3. ˦ˬ ˫˞" ˡM  ˢ˲˷ ˢ˰˧˶˩ˬL  ˸˞ ˫ˠ ˰˧˶˩ˢ˪ ˭˸˧ˮ ˤ˞ ˸˧˪˞˧ˬˣˮ˧˪ˣ˲ ˭ˣ˶˩˧ˤ ˸ˣ˧˩ˣ˟˧˯˟
cL 

˸˧˪˞˧ˬˣˮ˧˪ˣ˲ ˭ˣ˶˩˧ˤ ˸ˣ˧˩ˣ˟˧˯˟ ,˦ˬ ˶˧ˡˠˮ ˧˶ˢ˷" ˡ'M ˪ ˢˢˤ˷-M  ˟˴ˬˢ ˸˲˪˥ˢ ˡ˟˪ˬ

˨˲ˢ˪ˣ ˢ˥ˣˡˢ ˟˴ˬ˟ ˪˟˵ˬˢ . ˦˶˲˟'M x-M ˭ˣ˶˩˧ˤ ˸ˣ˧˩ˣ˟˧˯ ˢ˸ˣ˞˟ ˸ˣ˪˰ˣ˲. 

J 

 

˟ ˸ˣˬ˪˷-PSPACE 

 

˸ˣ˶ˡˠˢ: 

1.  ˢ˲˷L  ˞˧ˢPSPACE- ˢ˷˵)PSPACE hard- ( ˪˩˪ ˫˞'L PSPACEÍ  ˫˧˧˵˸ˬ

' pL L¢ 

2.  ˢ˲˷L  ˞˧ˢPSPACE- ˢˬ˪˷)PSPACE complete- ( ˫˞L PSPACEÍ  ˫ˠˣ

P PSPACE hardÍ -. 

 

˦˲˷ˬ :˫˞ L  ˢ˲˷PSPACE-ˣ ˢˬ˪˷-L PÍ  ˤ˞P PSPACE= 

ˢ˥˩ˣˢ :˷ ˶ˣ˶˟-P PSPACEË .˷ ˢ˞˶ˮ-PSPACE PË . ˧ˢ˸'L PSPACEÍ . ˧ˤ˞' pL L¢ .

 ˧ˢ˸f ˸˧˪˞˧ˬˣˮ˧˪ˣ˲ˢ ˢ˧˴˵ˣˡ˶ˢ . ˸˞ ˰˧˶˩ˢ˪ ˪˩ˣˮ'L ˞˟ˢ ˭˲ˣ˞˟ : ˭˸ˮ˧ˢ˟w  ˸˞ ˟˷˥ˮ()f w .

˧˪˞˧ˬˣˮ˧˪ˣ˲ ˫ˣ˵ˬ ˫ˠ ˭˩˪ˣ ˧˪˞˧ˬˣˮ˧˪ˣ˲ ˭ˬˤ ˥˵ˣ˪ ˢˤ .˸˰˩ , ˪˷ ˧˪˞˧ˬˣˮ˧˪ˣ˲ˢ ˫˸˧˶ˣˠ˪˞˟ ˷ˬ˸˷ˮL 

 ˸˞ ˰˧˶˩ˢ˪ ˧ˡ˩()f w , ˪˷ ˢ˰˶˩ˢ ˣˮ˪ ˭˸˧˧ ˢˤˣ'L .˷ ˶˥˞ˬ˷ ˟˪ ˫˧˷ˮ-()f w ˧˪˞˧ˬˣˮ˧˪ˣ˲ ˟-

w ˦ˬˢ ˪˷ ˢ˴˧˶ˢ ˫ˠ" ˪˷ ˡL  ˪˰()f w ˧˪˞˧ˬˣˮ˧˪ˣ˲ ˭ˬˤ ˸˥˵ˣ˪ . ˭˩˪'L PÍ. 

J 

 

ˢ˶ˡˠˢ : ˫ˣ˯˥ˢ ˱ˣ˴˧˶ˢ ˸˧˧˰˟SBT  ˢ˶ˣ˴ˢˬ ˫˧˪˧ˬˢ ˪˩ ˸˲˷ ˞˧ˢ, , , , ,in finT H V t t n  ˶˷˞˩n 

 ˪ˡˣˠ˟ ˧˵ˣ˥ ˱ˣ˴˧˶ ˫˧˧˵ˣ ˸˧˶˞ˮˣ˞˟ ˭ˣ˸ˮ˷ ˶˲˯ˬn m³  ˶ˣ˟˰m ˷ ˨˩ ˣˢ˷˪˩-( )1,1 inf t= x-

( )1, finf m t=. 

 

 

 

 



 

 
95 

 

ˢˮ˰˦ :ˢ˶ˡˠˢˢ ˪˷ ˫˧ˮˣˬ˧˯˟ ,ˠ˟ ˧˵ˣ˥ ˱ˣ˴˧˶ ˫˧˧˵ ˫˞ˢ ˢ˪˞˷ˢ ˪ˡˣn m³  ˶ˣ˟˰m  ˢ˪ˣ˵˷ ˣˢ˷˪˩

 ˪ˡˣˠ˟ ˧˵ˣ˥ ˱ˣ˴˧˶ ˫˧˧˵ ˫˞ˢ ˢ˪˞˷˪n m³  ˶ˣ˟˰
n

m T¢. 

ˢ˥˩ˣˢ : 

)Û ( ˶ˣ˟˰ ˧˵ˣ˥ ˱ˣ˴˧˶ ˫˧˧˵˷ ˥˧ˮˮ
n

T m<  ˫˧˧˵˷ ˢ˞˶ˮˣ'
n

m T¢ ˣ˶ˣ˟˰ ˧˵ˣ˥ ˱ˣ˴˧˶ ˷˧˷ ˨˩ .

 ˷˧ ˫˞˷ ˟˪ ˫˧˷ˮT ˣ ˫˧ˮˣ˷ ˫˧˥˧˶˞-n ˱˴˶˪ ˷˧˷ ˫˧˞˸ , ˫˧ˬ˧˧˵˷ ˫˧ˮˣ˷ˢ ˫˧˲ˣ˴˧˶ˢ ˶˲˯ˬ ˧ˤ˞

 ˞ˣˢ ˢ˶ˣ˷ ˶ˣ˟˰
n

T .˭˩˪ ,˧˵ ˫˞ˬ ˶˸ˣ˧ ˣ˟˷ ˱ˣ˴˧˶ ˫˧-
n

T  ˸ˣ˶ˣ˷ ˧˸˷ ˸ˣˬ˧˧˵ ˥˶˩ˢ˟ ˸ˣ˶ˣ˷

1 i j m¢ < ¢ ˭ˬ˴˰ ˪˰ ˸ˣ˶ˤˣ˥ ˶˷˞ . ˭˧˟˷ ˸ˣ˶ˣ˷ˢ ˪˩ ˸˞˷ ˟˪ ˫˧˷ˮi x-j ) ˪˪ˣ˩i  ˪˪ˣ˩ ˞˪ ˨˞

j (˧˵ˣ˥ ˱ˣ˴˧˶ ˫˰ ˶˞˷˧ˢ˪ˣ ˱ˣ˴˧˶ˢˬ ˡ˧˶ˣˢ˪ ˭˸˧ˮ , ˢ˶ˣ˷ ˧˶ˢ˷1i- )˸˞ˤ˩ ˸ˬ˧˧˵ ˫˞ ( ˢˬ˧˞˸ˢ

 ˢ˶ˣ˷˪i  ˢ˶ˣ˷ˣ1j+ )˸˞ˤ˩ ˸ˬ˧˧˵ ˫˞ ( ˢ˶ˣ˷˪ ˢˬ˧˞˸ˢj .˰˩ ˡ˰ ˢˤˢ ˨˧˪ˢ˸ˢ ˪˰ ˶ˣˤ˥˪ ˪˩ˣˮ ˸

˸ˣˮˣ˷ ˣ˧ˢ˧ ˱ˣ˴˧˶˟ ˸ˣ˶ˣ˷ˢ ˪˩˷ . ˶˸ˣ˧ˢ ˪˩˪ ˷˧˷ ˶˥˞ˬ
n

T  ˫˰ ˧˵ˣ˥ ˱ˣ˴˧˶ ˪˟˵ˮ ˸ˣˮˣ˷ ˸ˣ˶ˣ˷

'
n

m T¢ ˸ˣ˶ˣ˷. 

 

)Ý (˶ˣ˶˟. 

J 

 

ˢˮ˰˦ :SBT PSPACE completeÍ - 

ˢ˥˩ˣˢ : 

1. ˸˧˷˞˶ ,˷ ˸ˣ˞˶ˢ˪ ˷˧-SBT PSPACEÍ 

˷ ˶˥˞ˬ-PSPACE NPSPACE= ˷ ˸ˣ˞˶ˢ˪ ˵˧˲˯ˬ-SBT NPSPACEÍ . ˢˮ˟ˮ

˞˦ˬ" ˡM ˢ˪˧ˬ ˦˪˵˩ ˸˪˟˵ˬ˷ , , , , ,in finT H V t t n ˞˟ˢ ˭˲ˣ˞˟ ˢ˸ˣ˞ ˢ˰˧˶˩ˬˣ: 

1.  ˪˩˪1
n

m T¢ ¢ 

1.1.  ˪ˡˣˠ˟ ˧˶˷˲˞ ˱ˣ˴˧˶ ˪˩˪n m³ 
1.1.1. ˧˵ˣ˥ ˱ˣ˴˧˶ˢ ˫˞ˢ ˵ˣˡ˟ 
2.1.1. ˭˩ ˫˞ ,ˢ˪˧ˬˢ ˸˞ ˪˟˵ 
3.1.1. ˸˶˥˞ ,˞˟ˢ ˱ˣ˴˧˶˪ ˶ˣ˟˰ 

2. s˥ ˡ 

˸ˬˡˣ˵ˢ ˢˮ˰˦ˢ ˸ˣ˟˵˰˟ ,˪˰ˣ˲ ˫˸˧˶ˣˠ˪˞ˢ˷ ˶ˣ˶˟ .˟ ˭ˬ˯ˮ-k  ˦˪˵ˢ ˸˪˧ˬ ˨˶ˣ˞ ˸˞

ˣ˪˷ ˭ˣ˶˩˧ˤˢ ˸ˣ˧˩ˣ˟˧˯ ˸˞ ˟˷˥ˮˣ: 

'm

m

n n
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¶ ˡ˰ ˶ˣ˲˯˪ ˪ˣ˩˧ ˶˷˞ ˢˮˣˬ˟ ˨˶ˣ˴ ˷˧ 
n

T . ˷˧ ˸˧˶˞ˮ˧˟˟ ˢˤˢ ˶˲˯ˬˢ ˸˞ ˠ˴˧˧˪ ˪˧˟˷˟

˟ ˨˶ˣ˴-log log
n

T n T= ˫˧˞˸ .˷ ˶˥˞ˬ-n ˸˧˶˞ˮˣ˞˟ ˭ˣ˸ˮ , ˥˵ˣ˪ ˢˤ( )2O k 

˫˧˞˸. 

¶  ˶ˣ˩ˤ˪ ˸˪ˣ˩˧ˣ ˡ˟˪˟ ˸ˣ˶ˣ˷ ˧˸˷ ˪˷ ˢ˶˧ˬ˷˟ ˨˶ˣ˴ ˷˧ ˧˵ˣ˥ ˞ˣˢ ˱ˣ˴˧˶ ˫˞ ˵ˣˡ˟˪ ˪˧˟˷˟

ˣˮ˵ˡ˟ ˶˟˩˷ ˫˧˲ˣ˴˧˶ˢ ˸˞ .˷ ˶˥˞ˬ-n  ˨˧˶˴ ˸˧˶˞ˮˣ˞˟ ˭ˣ˸ˮ()O k  ˶ˣˬ˷˪ ˧ˡ˩ ˫˧˞˸

ˢˤˢ ˰ˡ˧ˬˢ ˸˞. 

˯s"˸˧˪˞˧ˬˣˮ˧˪ˣ˲ ˞ˣˢ ˭ˣ˶˩˧ˤˢ ˸ˣ˧˩ˣ˟˧˯ ˩. 

2. ˸˧ˮ˷ ,˷ ˸ˣ˞˶ˢ˪ ˷˧-SBT PSPACE hardÍ - ˣˤ ˸˶ˠ˯ˬ˟ ˸˞ˤ ˢ˷˰ˮ ˞˪ ˪˟˞. 
J 

 

˸ˣ˶ˡˠˢ: 

1. ˸˧ˮ˞˧˪ˣ˟ ˢ˥˯ˣˮ  ˢ˟ ˫˧˰˧˲ˣˬ˷ ˢ˥˯ˣˮ ˞˧ˢ0 ,1 , ˫˧˶˷˵ˢˣ ˫˧˧ˮ˞˧˪ˣ˟ ˫˧ˮ˸˷ˬ, ,×Ù Ø. 

2.  ˢ˥˯ˣˮ ˭˸ˮ˧ˢ˟j  ˫˧ˮ˸˷ˬ˟1,..., nx x  ˢˮ˸˷ˬˢ˷ ˶ˬ˞ˮix ˸ˬˣ˩ˬ  ˫˞j  ˢ˶ˣ˴ˢˬ

( )1,...,i nx x xy$  ˣ˞( )1,...,i nx x xy" . ˞˶˵ˮ ˸ˬˣ˩ˬ ˣˮ˧˞˷ ˢˮ˸˷ˬ˧˷˲ˣ˥ ˢˮ˸˷ˬ. 

3. ˦˲˷ˬ ˫˧˸ˬˣ˩ˬ ˢ˧ˮ˸˷ˬ ˪˩˷ ˢ˥˯ˣˮ ˞ˣˢ. 

4. TQBF  ˢ˶ˣ˴ˢˬ ˫˧˪˧ˬˢ ˪˩ ˸˲˷ ˞˧ˢj  ˶˷˞˩j ˭ˣ˩ˮ ˦˲˷ˬ. 

 

˦˲˷ˬ :TQBF PSPACE completeÍ - 

ˢ˥˩ˣˢ: 

1. TQBF PSPACEÍ: 

 ˢ˥˯ˣˮ ˭˸ˮ˧ˢ˟()x xj"  ˣ˞()x xj$  ˶˷˞˩()xj  ˢ˪˷ ˡ˧˥˧ˢ ˧˷˲ˣ˥ˢ ˢˮ˸˷ˬˢ˷ ˢ˥˯ˣˮ

 ˞ˣˢx , ˸˞ ˨˶˰˷ˮ()0j  ˸˞ˣ()1j ˧˟˧˯˶ˣ˵˶ ˭˲ˣ˞˟ . ˞ˣˢ ˢ˧˯˶ˣ˵˶ˢ ˵ˬˣ˰ ˶˲˯ˬ

˫˧ˮ˸˷ˬˢ . ˵˶ ˱ˮ˰ ˪˩˪ ˨˧˶˴ ˢ˧˯˶ˣ˵˶ˢ ˳˰ ˪˩ ˪˰ ˶ˣ˟˰˪ ˧ˡ˩ ˭˩˪()O n  ˶˷˞˩ ˫˧˞˸n 

˫˧ˮ˸˷ˬˢ ˶˲˯ˬ. 

2. TQBF PSPACE hardÍ -: 

˷ ˢ˞˶ˮ-pSBT TQBF¢ . ˢ˥˯ˣˮ ˸ˣˮ˟˪ ˞ˣˢ ˭ˣ˧˰˶ˢ
1 2, ,c c ty ˬ˞ ˢˮˣ˩ˮ ˢ˧ˢ˸˷" ˶˟˰ˬ ˷˧ ˬ

 ˢ˶ˣ˷ˬ ˱ˣ˴˧˶˟ ˧˵ˣ˥1c  ˢ˶ˣ˷˪2c  ˷˧˷ ˨˩t ˶˸ˣ˧ˢ ˪˩˪ ˭ˢ˧ˮ˧˟ ˸ˣ˶ˣ˷. 

 ˷˧T  ˢ˶ˣ˷ ˪˩˟ˣ ˫˧˥˧˶˞n ˸ˣˬˣ˵ˬ .ˢ ˶˲˯ˬ ˭˩˪ ˶˸ˣ˧ˢ ˪˩˪ ˞ˣˢ ˸ˣˮˣ˷ˢ ˸ˣ˶ˣ˷
n

T .

˰ ˡˡˣ˵˪ ˭˸˧ˮ ˢ˶ˣ˷ ˪˩˷ ˭˞˩ˬ" ˧log log
n

l T n T= = ˫˧ˮ˸˷ˬ .˷ ˢ˥ˮˢˢ ˸˥˸-

2T n< ˦˪˵ˢ ˨˶ˣ˞˟ ˧˪˞˧ˬˣˮ˧˪ˣ˲ ˶˲˯ˬ ˢˤ. 

 ˣ˧ˢ˧ ˢ˥˯ˣˮ˪l ˱ˣ˴˧˶˟ ˢ˶ˣ˷ ˡˡˣ˵˸ ˫˧ˮ˸˷ˬ˪ ˸ˬ˞ ˸ˬ˷ˢ ˪˩ˣ ˫˧ˮ˸˷ˬ. 

˧˟˧˯˶ˣ˵˶ ˭˲ˣ˞˟ ˶˧ˡˠˮ: 
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¶ ( )( )
1 2, ,1 1 2 2 1 can be legally placed above c c c c c cy = = Ù 

¶ 
1 2

1 2

, ,
, , , ,

2 2

c c t t t
c c c c

xy y y
è ø è ø
é ù é ù
é ù é ù

å õ
=$ Øæ ö
æ ö
ç ÷

 

˟ ˭˧˧ˮ˰˸ˮ ˣˮ˥ˮ˞-
, ,

n
init finc c T

y ˢ˧˴˵ˣˡ˶ˢ ˨˶ˣ˴˪ . ˣ˪ ˞˧ˢ˷ ˞˧ˢ ˢ˧˰˟ˢ ˫ˣ˷ˬ ˸˧˪˞˧ˬˣˮ˧˪ˣ˲

 ˥˵ˣ˪ ˟ˣ˷˧˥ˢ ˸ˣ˞ˣˣ˷ˬˢ ˸˞ ˣˮ˶ˡˠˢ ˢ˟˷ ˸˧˟˧˞ˮˢ ˢ˶ˣ˴˟˷( )logO t t  ˣˮ˪˷ ˢ˶˵ˬ˟ˣ

n
t T=. 

 ˪ˣ˵˷ ˭˲ˣ˞˟ ˟ˣ˸˩˪ ˭˸˧ˮ˷ ˟˪ ˫˧˷ˮ

( )( )( )
1 2

3 4

, , 2 4 3 1 4 3 4 2
, ,

2

c c t t
c c

c c c c c c c c c c cy y
è ø
é ù
é ù

=$ " " = Ø = Ù = Ø = ­  ˪˷ ˟ˣ˷˧˥ˢˣ

 ˥˵ˣ˪ ˣˤ ˢ˥˯ˣˮ( )logO t  ˣˮ˪˷ ˢ˶˵ˬ˟ˣ()O n. 

J 

 

 ˸ˣ˵˪˥ˬˢL x-NL 

 

˸ˣ˶ˡˠˢ: 

1.  ˢ˵˪˥ˬˢLOGSPACE ) ˣ˞L ( ˸ˣ˲˷ˢ ˪˩ ˸˵˪˥ˬ ˞˧ˢA ˦ˬ ˷˧˷ ˨˩" ˡM  ˢ˰˧˶˩ˬ˷

 ˸˞L ˱˯ˣˮ˟ˣ  ˨˶ˣ˞˟ ˱˯ˣˮ ˦˶˯˟ ˸˷ˬ˸˷ˬ ˦˪˵ˢ ˦˶˯˪( )logO n  ˨˶ˣ˞˟ ˦˪˵ ˪˩˪n. 

2.  ˢ˵˪˥ˬˢNLOGSPACE ) ˣ˞NL ( ˸ˣ˲˷ˢ ˪˩ ˸˵˪˥ˬ ˞˧ˢA ˞˦ˬ ˷˧˷ ˨˩" ˡM 

 ˸˞ ˢ˰˧˶˩ˬ˷L  ˨˶ˣ˞˟ ˱˯ˣˮ ˦˶˯˟ ˸˷ˬ˸˷ˬ ˦˪˵ˢ ˦˶˯˪ ˱˯ˣˮ˟ˣ( )logO n  ˦˪˵ ˪˩˪

 ˨˶ˣ˞˟n. 

 

ˬˠˣˡ˸ˣ˞: 

1. { }0 1 :0n n n L¢ Í . ˡ˰ ˶ˣ˲˯˪ ˪˧˟˷˟˷ ˟˪ ˫˧˷ˮn ˟ ˨˶ˣ˴ ˷˧ ˸˧˶˞ˮ˧˟˟-logn ˫˧˞˸ . ˤ˞

˞ˣ˶˵˪ ˪˩ˣˮ ˣ˰˧˲ˣˢ ˫˧˯˲˞ ˢˬ˩ ˢˡˣ˟˰ˢ ˦˶˯ ˪˰ ˶ˣ˲˯˪ˣ ˢ˪˧ˬˢ ˪˷ ˭ˣ˷˞˶ˢ ˵˪˥ˢ ˸˞ .

˸ˣˣ˷ˢ˪ ˱ˣ˯˟ˣ ˣ˰˧˲ˣˢ ˸ˣˡ˥˞ ˢˬ˩ ˶ˣ˲˯˪ ˭˩ˬ ˶˥˞˪. 

2. { }, , :  is a graph and there is a path between  and PATH G s t G s t= 

˷ ˸ˣ˞˶˪ ˪˵-PATH NPÍ  ˪ˣ˪˯ˬ ˭˩˞ ˞˧ˢ˷ ˞ˡˣˣ˪ ˭˸˧ˮ ˫˧ˡˣ˵ˡˣ˵ ˸ˬ˧˷˶ ˭˸ˮ˧ˢ˟ ˧˩

˷˶ˡˮ˩ .ˢ˷˰ˬ˪ , ˣ˪˧˲˞PATH PÍ  ˰ˣ˴˟˪ ˭˸˧ˮ ˧˶ˢ˷BFS  ˣ˞DFS  ˫ˢ ˢ˪˞ˣ ˱˶ˠˢ ˪˰

˧ˬˣˮ˧˪ˣ˲ ˫˧ˬ˸˧˶ˣˠ˪˞˫˧˧˪˞. 

˷ ˢ˞˶ˮ-PATH NLÍ . ˸˞ ˦˶˯ˢ ˪˰ ˶ˣˬ˷˸ ˢˮˣ˩ˬˢs  ˸˞ˣt  ˫ˠˣ ˢ˞ˣˣ˷ˢˢ ˨˶ˣ˴˪

˸˷˥ˮˬ ˞˧ˢ˷ ˪ˣ˪˯ˬ˟ ˧˥˩ˣˮˢ ˡˣ˵ˡˣ˵ˢ ˸˞ .˭˩ ˣˬ˩ , ˡ˰ ˶˲ˣ˯˷ ˢˮˣˬ ˸˶ˬˣ˷ ˞˧ˢV  ˧ˡ˩

˷˥ˮ˪ ˵˧˯˲˸ ˢˮˣ˩ˬˢ˷ .˪ˣ˪˯ˬ˟ ˞˟ˢ ˡˣ˵ˡˣ˵ ˸˷˥ˮˬ ˢˮˣ˩ˬˢ ˟˪˷ ˪˩˟ . ˟˪˷ ˢˤ˧˞˟ ˫˞
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 ˸˞ ˣˮ˷˥˧ˮt ˣˮˬ˧˧˯˷ ˭ˬ˧˯ . ˷˧ ˫˞n ˧ˡˣ˵ˡˣ˵ ˨˧˶˴ ˤ˞ ˫( )logO n  ˠ˴˧˧˪ ˧ˡ˩ ˫˧˞˸

ˣ ˡˣ˵ˡˣ˵-logn  ˡ˰ ˶ˣ˲˯˪ ˧ˡ˩ ˫˧˞˸n .ˢ˯ ˭˩˪" ˸˷ˬ˸˷ˬ ˢˮˣ˩ˬˢ ˩( )logO n  ˭ˣ˶˩˧ˤ

˦˪˵ˢ ˪˰ ˱˯ˣˮ. 

˸ˣ˶ˡˠˢ: 

1. ˶˷ˬ ˭˧ˬ˸˧˶ˠˣ˪ ˫ˣ˵ˬ˟8 ˦ˬ ˞ˣˢ" ˡM ˫˧˦˶˯ ˢ˷ˣ˪˷ ˸˪˰˟ :RO ) ˞ˣ˶˵˪ ˵˶ ˭˸˧ˮ ˶˷˞

ˣˮˬˬ( ,/R W x-WO )ˣ˧˪˰ ˟ˣ˸˩˪ ˵˶ ˭˸˧ˮ ˶˷˞ ( ˨˶ˣ˞˟ ˦˪˵ ˶ˣ˟˰ ˶˷˞˩n  ˦˶˯˟/R W 

 ˷˧( )logO n ˫˧˞˸ . ˢ˧˴˵ˮˣ˲ ˸˟˷˥ˬ ˢˮˣ˩ˬˢ˷ ˶ˬ˞ˮ
* *:f S ­S  ˢ˪˧ˬ ˪˩˪ ˫˞

*wÍS  ˦˶˯˟ ˢ˟ˣ˸˩ˢRO M  ˦˪˲ ˫˰ ˸˶˴ˣ˰()f w  ˦˶˯˟WO. 

2. ' LA A¢  ˢ˧˴˵ˮˣ˲ ˟˷˥ˬ˷ ˭˶˷ˬ ˫˧˧˵ ˫˞
* *:f S ­S ˷ ˨˩-()'w A f w AÍ ª Í. 

3.  ˢ˲˷A  ˞˧ˢNL-ˢ˷˵9  ˢ˲˷ ˪˩˪ ˫˞'A NLÍ  ˫˧˧˵˸ˬ' LmA A¢. 

4.  ˢ˲˷A  ˞˧ˢNL-ˢˬ˪˷10  ˫˞A NLÍ x-A NL-ˢ˷˵. 

 

ˢˬˠˣˡ : ˸ˣ˪˵˷ˬ ˫˰ ˱˶ˠ ˦˪˵˩ ˪˟˵ˬ ˶˷˞ ˭˶˷ˬ ˭ˮ˩˸ˮ, ,V E w  ˦˪ˣ˲ˣ ˪˵˷ˣˬˬ ˞˪ ˱˶ˠ

, 'V E ˷ ˨˩-'e EÍ ˬ˞" ˬe EÍ x-() 7w e > .˪˷ˬ˪,  

 

˫˧˦˶˯ ˢ˷ˣ˪˷˟ ˷ˬ˸˷ˬ ˭˶˷ˬˢ :˨ˣ˶˞ ˦˪˵ ˦˶˯ ,˨ˣ˶˞ ˦˪˲ ˦˶˯ˣ ˶˴˵ ˢˡˣ˟˰ ˦˶˯ . ˞ˣˢ ˢ˪˧˥˸˟

˦˪˲ˢ ˦˶˯˪ ˫˧˸ˬ˴ˢ ˸˞ ˵˧˸˰ˬ . ˵˧˸˰ˢ˪ ˫˞ˢ ˦˧˪˥ˢ˪ ˧ˡ˩ ˸ˣ˸˷˵ˢ ˪˰ ˶˟ˣ˰ ˞ˣˢ ˭˩ˬ ˶˥˞˪

˦˪˲ˢ ˦˶˯˪ ˢ˸ˣ˞ .˟˰ˢ ˦˶˯˪ ˢ˪˷ ˪˵˷ˬˢ ˸˞ ˫˧˵˧˸˰ˬ ˢˤ ˪˧˟˷˟˪ ˫˧ˣˣ˷ˬˣ ˢˡˣ-7 . ˟˪ ˫˧˷ˮ

 ˪˷ ˠˣ˴˧˧ˢˬ ˨ˣ˶˞ ˪˵˷ˬˢ ˪˷ ˠˣ˴˧˧ˢ ˨˶ˣ˞ ˫˞˷7 ˷ ˸˰ˡ˪ ˫˧˪ˣ˩˧ ˶˟˩ ˣˮ˥ˮ˞-() 7w e >. 

 

˦˲˷ˬ : ˫˞LA B¢ x-B LÍ  ˤ˞A LÍ. 

ˢ˶˰ˢ :˪˟˪˟˸ˢ˪ ˣˮ˪ ˪˞ .ˢˮˣ˩ˮ ˞˪ ˢ˞˟ˢ ˢ˥˩ˣˢˢ: 

 ˭˸ˮ˧ˢ˟BM  ˶ˣ˟˰B  ˢˮ˟ˮAM  ˶ˣ˟˰A : ˦˪˵ ˪˰w  ˢˮˣ˩ˬˢAM  ˭˶˷ˬˢ ˸˞ ˳˧˶˸

 ˟ˣ˷˧˥˪ ˥˦˟ˣˬˢ()f w  ˸˞ ˳˧˶˸ˣBM  ˪˰()f w. 

 ˪˷ ˨˶ˣ˞ˢ ˪˰ ˶˟ˡ ˣˮ˪ ˥˦˟ˣˬ ˞˪˷ ˞˧ˢ ˢ˥˩ˣˢˢ ˫˰ ˢ˧˰˟ˢ()f w . ˶˟ˡ ˪˷ ˣ˲ˣ˯˟ ˭˩˪AM  ˭˩˞

 ˸˞ ˰˧˶˩˸A ˧ˬ˸˧˶ˠˣ˪ ˢ˧ˢ˧ ˞˪ ˣ˟ ˷ˬ˸˷˸ ˞˧ˢ˷ ˭ˣ˶˩˧˷ˢ˷ ˸ˣ˧ˢ˪ ˪ˣ˩˧ ˨˞. 
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 Log space transducer 

9
 NL hard- 
10
 NL complete- 

8
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ˢ˥˩ˣˢ :˦ˬ ˶˞˸ˮ" ˡAM  ˸˞ ˰˧˶˩˸˷A . ˦˪˵ ˪˰w  ˸ˣ˞ˢ ˸˞ ˢ˧˴˶˦˧˞ ˪˩˟ ˟˷˥˸ ˢˮˣ˩ˬˢ

 ˨ˣ˸ˬ()f w  ˢ˸ˣ˞˷BM ˰ˠ˶˩ ˢ˩˧˶˴ .ˣ˪ ˢˤˢ ˟ˣ˷˧˥ˢˢ˥ˮˢˢ ˧˲˪ ˧ˬ˸˧˶ˠˣ˪ ˭ˣ˶˩˧ˤ ˥˵ .˷˩-BM 

 ˫˞ ˰ˡˮ ˢ˪˷ ˟ˣ˷˧˥ˢ ˸˞ ˫˧˧˯˸AM ˞˪ ˣ˞ ˪˟˵˪ ˢ˩˧˶˴ . ˡˣ˞ˬ ˢ˟˶ˢ ˭˶˷ˬˢ ˸˞ ˳˧˶ˮ˷ ˭˩˸˧˧

˟ ˵˶ ˷ˬ˸˷˧ ˞ˣˢ ˭ˣ˶˩˧ˤ ˸ˮ˧˥˟ˬ ˸˞ˤ ˪˩˟ ˪˟˞ ˫˧ˬ˰˲-( )logO n  ˸˷ˬ˸˷ˬ ˢ˧˴˶˦˧˞ ˪˩˷ ˫ˣ˷ˬ

˟ ˵˶-( )logO n. 

J 

 

ˢˮ˰˦ :PATH  ˞˧ˢNL-ˢˬ˪˷. 

ˢ˥˩ˣˢ :˟ ˞˧ˢ˷ ˣˮ˧˞˶ ˶˟˩-NL .˞˧ˢ˷ ˢ˞˶ˮ ˤ˞ NL-ˢ˷˵ . ˧ˢ˸A NLÍ  ˧ˢ˸ˣAM ˬ" ˦

 ˥˦˷˟ ˢ˸ˣ˞ ˢ˰˧˶˩ˬ˷( )logO n . ˦˪˵ ˭˸ˮ˧ˢ˟w ˪-AM  ˶˴˧˧ˮ, ,G s t ˷ ˨˩-AM  ˸˞ ˸˪˟˵ˬ

w ˬ˞" ˬ, ,G s t PATHÍ. 

 ˪˷ ˫˧˸ˬ˴ˢG  ˪˷ ˸ˣ˧˴˶ˣˠ˧˲ˮˣ˵ ˣ˧ˢ˧AM  ˪˰ ˢ˴˧˶˟w .ˢ˟" ˢˡ˧˥˧ ˸˧˸˪˥˸ˢ ˢ˧˴˶ˣˠ˧˲ˮˣ˵ ˷˧ ˩s 

 ˢˡ˧˥˧ ˸˪˟˵ˬ ˢ˧˴˶ˣˠ˧˲ˮˣ˵ˣt .˟ ˪ˣ˪˯ˬ˟ ˢ˩˧˪ˢ˪ ˣˬ˧˞˸˧ ˸ˣ˧˴˶ˣˠ˧˲ˮˣ˵ˢ ˭˧˟ ˫˧˶˟˰ˬˢ˱˶ˠ .ˢ˯" ˷˧ ˩

( )logO n
Q nÖ ÖG ˸ˣ˧˶˷˲˞ ˸ˣ˧˴˶ˣˠ˧˲ˮˣ˵ . ˨˶ˣ˞˟ ˦˶˯ ˨˧˶˴ ˢ˧˴˶ˣˠ˧˲ˮˣ˵ ˠ˴˧˧˪ ˪˧˟˷˟ ˭˩˪

( )( ) ( ) ( )log log

1 2 1 2log log log log
O n O n

c n c c n c O nÖ Ö = + =. 

 ˨˶ˣ˞˟ ˫˧˪˧ˬˢ ˪˩ ˧˲˶ˠˣ˵˧˯˵˪ ˶ˡ˯˟ ˶˟ˣ˰ ˭˶˷ˬˢlogc n  ˭ˢ ˫˞ ˣ˪˷ ˦˪˲ˢ ˦˶˯˪ ˭˸ˣ˞ ˵˧˸˰ˬˣ

 ˢ˧˴˶ˣˠ˧˲ˮˣ˵ ˸ˣˠ˴˧˧ˬ)˱˶ˠˢ ˪˷ ˫˧ˡˣ˵ˡˣ˵ˢ ˢ˪˞ .(˥˞" ˭ˢ ˫˞ ˵ˡˣ˟ˣ ˫˧˪˧ˬˢ ˸ˣˠˣˤ ˪˩ ˪˰ ˶˟ˣ˰ ˞ˣˢ ˩

ˣˠ˴˧˧ˬ ˦˪˲ˢ ˦˶˯˪ ˠˣˤˢ ˸˞ ˵˧˸˰ˬ ˞ˣˢ ˭˩ ˫˞ˣ ˸ˣ˟˵ˣ˰ ˸ˣ˧˴˶ˣˠ˧˲ˮˣ˵ ˸)˱˶ˠ˟ ˸ˣ˸˷˵ˢ ˢ˪˞ .( ˶˥˞˪

˭˸ˣ˞ ˫ˠ ˵˧˸˰ˬˣ ˸˪˟˵ˬˢˣ ˸˧˸˪˥˸ˢˢ ˢ˧˴˶ˣˠ˧˲ˮˣ˵ˢ ˸˞ ˢˢˤˬ ˞ˣˢ ˭˩ˬ. 

˷ ˶ˣ˶˟-AM  ˸˞ ˸˪˟˵ˬw ˬ˞" ˬ, ,G s t PATHÍ. 

J 

 

ˢˮ˵˯ˬ :NL PË 

ˢ˥˩ˣˢ : ˫˞A NLÍ  ˤ˞LA PATH¢ . ˪˟˞PATH PÍ  ˞˧ˢ ˢ˪˰ˬ˪ ˣˮ˞˶ˢ˷ ˢ˧˴˵ˣˡ˶ˢˣ

˭ˬˤ˟ ˸˧˪˞˧ˬˣˮ˧˪ˣ˲ .˭˩˪ A PÍ. 

J 
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˭ˣ˶˩˧ˤˢ ˸˧˧˩˶˶˧ˢ ˦˲˷ˬ 

 

ˢ˶ˡˠˢ : ˢ˧˴˵ˮˣ˲:f ­  ˸ˬ˧˧˵ˬˢ()logn f n¢ ˭ˣ˶˩˧ˤ˟ ˢ˧˧ˮ˟˪ ˸ˮ˸˧ˮ ˸˞˶˵ˬ11  ˸ˬ˧˧˵ ˫˞

 ˠˮ˧˶ˣ˧˦ ˸ˮˣ˩ˬfM  ˧˶˞ˮˣ˞ ˦˪˵ ˭˸ˮ˧ˢ˟˷1n
  ˸˞ ˸˟˷˥ˬ()f n  ˭ˣ˶˩˧ˤ ˸˪˟ˠˬ˟ ˧˶˞ˮ˧˟ ˠˣ˴˧˧˟

()( )O f n. 

 

˭ˣ˶˩˧ˤˢ ˸˧˧˩˶˶˧ˢ ˦˲˷ˬ : ˢ˧˴˵ˮˣ˲ ˪˩˪:f ­  ˢ˲˷ ˸ˬ˧˧˵ ˭ˣ˶˩˧ˤ˟ ˢ˧˧ˮ˟˪ ˸ˮ˸˧ˮˢfL 

 ˭ˣ˶˩˧ˤ ˸˪˟ˠˬ˟ ˢ˰˶˩ˢ˪ ˸ˮ˸˧ˮˢ()( )O f n ˠˬ˟ ˞˪ ˨˞ ˭ˣ˶˩˧ˤ ˸˪˟()( )o f n. 

ˢ˥˩ˣˢ : ˢ˲˷ ˶˞˸ˮA ˰ ˸˪˟˵˸ˬ ˶˷˞"ˬ ˧" ˦D  ˭ˣ˶˩˧ˤ ˸˪˟ˠˬ˟()( )O f n  ˢ˲˷ ˪˩ˬ ˢˮˣ˷ ˨˞

 ˪˷ ˭ˣ˶˩˧ˤ ˸˪˟ˠˬ ˸˶ˤ˰˟ ˸˰˶˩ˣˬ˷()( )o f n. 

 ˦˪˵ ˭˸ˮ˧ˢ˟w  ˢˮˣ˩ˬˢD ˞˟ˢ ˭˲ˣ˞˟ ˪˰˲˸: 

1.  ˧ˢ˧n  ˪˷ ˨˶ˣ˞ˢw. 

2.  ˸˞ ˸˟˷˥ˬ()f n  ˵ˣ˧ˡ˟ ˢ˴˵ˬˣ ˭ˣ˶˩˧ˤ˟ ˢ˧˧ˮ˟˪ ˸ˮ˸˧ˮ ˞˧ˢ˷()f n ˦˶˯ˢ ˪˰ ˫˧˞˸ . ˫˞

 ˸˞ ˢ˥ˡ˸ ˞˧ˢ ˢ˪˞ ˫˧˞˸˪ ˶˟˰ˬ ˟ˣ˸˩˪ ˢ˯ˮ˸ ˢˮˣ˩ˬˢ ˶˸ˣ˧ ˶˥ˣ˞ˬ ˟˪˷˟w. 

3.  ˫˞w  ˢ˶ˣ˴ˢˬ ˢˮ˧˞
*10M  ˬ ˶ˣ˟˰" ˦M  ˧ˢ˷˪˩D  ˸˞ ˢ˥ˡ˸w. 

4. D  ˸˴˧˶ ˸˞ ˸˴˪ˬ˯ˬM  ˪˰w ˫˧ˡ˰˴ˢ ˶˲˯ˬ ˸˞ ˸˶˲ˣ˯ˣ . ˪˰ ˢ˪ˣ˰ ˢˮˣˬˢ ˫˞
()

2
f n

 

D  ˸˞ ˢ˥ˣˡw. 

5.  ˫˞M  ˢ˥ˣˡD  ˫˞ˣ ˸˪˟˵ˬM  ˸˪˟˵ˬD ˢ˥ˣˡ. 

˷ ˶ˣ˶˟-D  ˢ˲˷ˢ ˸˞ ˢ˰˧˶˩ˬ ˞˧ˢ ˭˩˪ˣ ˡ˧ˬ˸ ˸˶˴ˣ˰()L D .˭˩ ˣˬ˩ , ˸˪˟ˠˬ˟ ˸ˡ˟ˣ˰ ˞˧ˢ˷ ˶ˣ˶˟

˶˩˧ˤ ˭ˣ()( )O f n. 

ˬ ˸ˬ˧˧˵ ˞˪˷ ˢ˞˶ˮ" ˸˞ ˢ˩˧˶˰ˬ˷ ˦()L D  ˭ˣ˶˩˧ˤ ˸˪˟ˠˬ˟()( )o f n .˷ ˢ˪˧˪˷˟ ˥˧ˮˮ-M 

 ˸˞ ˢ˰˧˶˩ˬ()L D  ˭ˣ˶˩˧ˤ ˸˪˟ˠˬ˟()g n  ˶˷˞˩() ()( )g n o f n= . ˰ˣ˟˵ ˫˧˧˵0n  ˣˮˬˬ ˪˥ˢ˷

() ()g n f n< . ˭˩˪D  ˸˞ ˳˪ˬ˯˪ ˢ˪ˣ˩˧M  ˨˶ˣ˞˟ ˞ˣˢ ˢ˪˷ ˦˪˵ˢ ˡˣ˰ ˪˩0n ˢ˪˰ˬˣ . ˪˩˸˯ˮ ˪˰

˸˴˧˶ D  ˦˪˵ˢ ˪˰010
n

M . ˧˞ˡˣˣ˟D ˢ˴˧˶ˢ ˪˩ ˸˞ ˳˪ˬ˯˪ ˢ˪ˣ˩˧ . ˭˩˪D  ˢ˩ˣ˲ˢ ˢ˞˴ˣ˸ ˶˧ˤ˥˸

 ˪˷ˬM ˦˪˵ˢ ˣ˸ˣ˞ ˪˰ ,˷ ˨˩˪ ˢ˶˧˸˯˟-M ˞ ˢ˰˧˶˩ˬ ˸()L D. 

J 
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  Space constructible 
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˸ˣˮ˵˯ˬ: 

1.  ˶ˣ˟˰1 2k k< ( ) ( )1 2k kSPACE n SPACE n· 

2.  ˪˩˪kÍ ( ) ( )logk nSPACE n SPACE n· 

3. ( )lognPSPACE SPACE n· 

4. ( ) ( )log 2n nSPACE n SPACE· 

5. ( )2nPSPACE SPACE· 
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