1 Digital Systems small exercise 1

Submission date: 16/3/2006.

All questions have an equal weight.

1.1 Question 1

Convert
1. (1729)10 — ()s
2. (8EA2)16 — ()10
3. (12.31)19 — ()2

4. (B.AB)13 — ()10

1.2 Question 2

Calculate the 2 complements of:
1. (284)16

2. (82)g

1.3 Question 3

For binary numbers with 4 bits. Determine when there is an overflow and when the calculation

can be carrying legally. Use the 2 complement. (The numbers are in base 10).
1. 3+7
2. 2-3
3. 4-7
4. -1-2

5. -5-7



1.4 Question 4

Calculate (use the 2 complement where necessary). Show the details of your calculation.
1. (B.AB)16 + (A.BF)16
2. (284)16 — (82)16

3. (28C.43)16 — (17.12)15

1.5 Question 5

The 9 complement is defined as follows:

Let x = z1x2...x), be a number in base 10. The 9 complement of the number is (9 —z1)(9 —
x2)...(9 — x,,). That is, the digit in the i-th place is obtained by replacing it with 9-digit. For
example the 9-complement of the number 23 is 76.

Set the codes for digits 0..9 with weights 3,3,2,1 and 4,4,3,-2 such that the 9 complement of
the digit will be obtained by switching all the 1 with 0 and all the 0 with 1.



DLOCS Ex1 -

I. Question 1

1.

1729/8 =216 mod 1
216/8 =27 mod 0
27/8 =3 mod 3
3/8=0mod 3

(1729),, = (3301),

8EA2 = (1000 1110 1010 0010), =
2B M 4210y 29 4 27 4 25 4+ 21 = 36514

(Converting to Binary base was not necessary, could've used powers of 16 instead)

(12.31),, =(12),,.31),,
Integer part first: (12),,=(1100),. And now to the fraction part:

We'll add fractions of the type 2™" as long as their sum does not exceed the required 0.31:

031=27+27 420427 +2%+270 427 427 P 424270,
The above is accurate up to about a millionth. Theoretically we could go on forever always improving the
accuracy (exponentially) up to any requested ¢ .

And thus the fraction part approaches: (.0100111101011100001) , .
Andso: (12.31),, = (1100.0100111101011100001),,

4. (B.AB),; = (11%13° +10*137" +11%¥137) , = (11+141) |
169

II. Question 2a hope I understood this question correctly)

1.

2-complement of (28A),, using 12-bits:

Conversion to binary using groups of 4-bits (each hex digit = 4 bits), we get: 0010 1000 1010.

In order to find the complement we invert the digits and add 1: 1101 0111 0101 + 1 =1101 0111 0110.
And so, the 2-complement representation of -28 A using 12-bits is 1101 0111 0110.

Of course this could be verified using normal addition and expecting a zero (last carry ignored).

2-complement of (82), using 8-bits:

Firstly we shall convert it to binary. To make things simple, I'll use the decimal base as an intermediate
mediator. (82), = (8*9' +2%9%) = =(74),,. Using the iterative algorithm as in 1.1 we get

(74),, = (01001010), . As above, we shall invert the digits and add 1 in order to find the representation of

(-82), using 2's complement and 8-bits: not(01001010), +1=(10110101), + (1), =(10110110) ,

III. Question 3

* Using 2's complement and 4-bits we may represent all integers between -8 and 7 (2”4 altogether).

1.

3+7 > 7 and thus overflow. Alternatively: 0011+0111 = 1010 which is negative.



2. 2-3 =-1 and is within the legal range. Alternatively: 0010+1101=1111 which is the correct representation of -1
(dec) using 2's complement.

3. 4-7 =-3 and is within the legal range: 0100+1101=1101 which represents -3 using 2's complement.
-1-2 = -3 and is within the legal range: 1111+1110=11101 (last carry ignored) = 1101 = -3 as above.

5. -5-7 < -8 and thus overflow: 1101+1001=10110 (last carry ignored) = 0110 = (6) ,, ?! Error...

IV. Question 4

1. (B.AB) + (A.BF) in hex. After conversion to binary we get:
1011.10101011 +
1010.10111111 =
10110.01101010
Back to hexadecimal we get: 16.6A

2. (28A)—(82) in hex. We'll convert to 12-bit binary and use 2's complement:
(28A) .= (001010001010),

(82),, = (000010000010),

(-82),, =(11101111110) ,
Binary addition of (28A) and (-82):
001010001010 +
111101111110 =
001000001000 (last carry ignored)
Back to hexadecimal we get: (208) ,,

3. (28C43),, - (17.12) 5. We'll use 20-bits to represent these numbers (12 for integer part, 8 for fraction part).

The hexadecimal number in binary is simply (using groups of 4-bits) 001010001100.01000011

The quindecimal number converted to decimal is: 1%15' +7%15° +1%157" +2%1572 = 4967 /225 ~ 23.075555.....,
Now converting the integer part to binary we get 10111, and converting the fraction part to binary (as in 1.3)
we get: .000100110101011110011... and overall: 000000010111.00010011 (up to 2”8 precision) when
represented in 20-bits. Using 2's complement we get: 111111101000.11101101.

Performing addition:

0010 1000 1100 . 0100 0011 + (28C.43) ¢
1111 1110 1000 . 1110 1101 = (we have a carry from the fraction part) - (17.12) |5
00100111 0110 . 0011 0000 = (276.30) ,, (last carry ignored)



V. Question 5

Digit Weight A (3,3,2,1) | Weight B (4,4,3,-2)
0 0000 0000
1 0001 0011
2 0010 1001
3 1000 0010
4 1001 1000
5 0110 0111
6 0111 1101
7 1101 0110
8 1110 1100
9 1111 1111

Explanation: Suppose you wish to find the 9-complement of 7 using Weight A and according to the guidelines.
Look at the table in the matching position; 1101 is the code. Its easy to see that according to the weights 1101 =7
(1*3 + 1*3 + 0*%2 + 1*1). Now, perform NOT on all digits and you get: 0010, which according to weight A is 2
(0*3 + 0*3 + 1*2 + 0*1) and indeed (9-7) = 2 as the 9-complement suggests.

One interesting thing to notice is that in fact the upper part of the table is a mirror image of its lower part with all digits
reversed (with respect to the matching weight). This does not have to be so, however, since some digits could have
more than a single representation using these weights (since 4 bits would allow up to 16 unique codes, but in this
example only 10 are being used and there are also weight similarities between the bits in both cases).



1 Digital Systems small exercise 2

Submission date: 26/3/2006.

1.1 Question 1 (10%)
Which of the following 6 basic rules
1. Existance of identity (neutral element).
2. Associative
3. Commutative
4. Closure
5. Distributive

6. Existance of a complement that is, if I is the identity of operator *, the if X*Y =1 then

Y is X complement.

does not apply for the operands:

o

o o O | o
o
o

o - o
—
[

(NI R NI I )

1.2 Question 2 (20%)
Prove the following equalities using the boolean axioms only:
lL.z-(z4+y) ==z

2. x4+ (@y)=z+y



3. X' +Y' =XpY+ XY

Where @ is the xor operator:

A B|&
0 0o
0 1|1
1 01
1 110

4. Find a similar expression for X’ + Y’ + Z’

1.3 Question 3 (20%)

Let I3
x y z|Fp
0 0 0|0
0 0 1|1
0 1 01
0 1 1,0
1 0 0] 1
1 0 1] 0
1 1 0] 0
1 1 1] 1

1. Express F} as a canonical products and canonical sums.
2. Express the function as a sum of products with the minimal number of terms possible.

3. Express the function as a products of sums with the minimal number of products possible.

1.4 Question 4 - (50%)

Implement the following funcions using NAND (and followed by not) alone. Assume that you
can use the literal, its complement (its negation), and the values 0,1. Nand(a,b,c) has the

following formula (a*b*c)’.



1. BD + BCD + AB’C’D’ + A’B’CD’ Use up to 6 gates with 3 entries each

2. (AB + A’'B’)(CD’ + C’'D) Use gates with 2 entries each.
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Solution to Exercise 6 Q2

Encounter module
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Output 1 if 101 is encountered

Solution to Exercise 6 Q2
Counter Module

A mod 3 counter for the number of appearances
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he Complete Circuit Q2

Q1
Q1 1
B counter
Module | @
Q2 1,
cP

How does the solution work?

-

i Updating Flip-Flops

How does the solution work?
Suppose 2 101 were encountered. The Counter module is

In state 10. Suppose that now 10 were encountered,
The encounter module is in state 10

:

How does the solution work?
urrent Time

|

I=1 Counter Module = Encounter | E0=0
10 Module =
10
And(1) =0 And(2) =0 0=0




How does the solution work?
urrent Time

L

-4

Counter Module = Encounter |EO=1
10 Module =
10
And(1) =0 And(2) =0 0=0

How does the solution work?
urrent Time

|§l
T

Counter Module = 10 | Encounter |E0=1
Module =
10
And(1) =0 And(2) =1 0=1

ow does the solution work?

ﬁ Current Time

i

Counter Module = 00

Encounter
Module =
01

E0=0

0=1

ow does the solution work?

g ow does’

”r

Current Time

1=0 Counter Module = 00 | Encounter | E0=0
Module =
01

And(1) =1 And(2) =0 0=1

Solution to Question 2

q Exercise 7

Events in synchronized system

—

Updating Flip-Flops




The requirements:

= All the inputs to the FF must be stable
at least t,, before the update of the
FF

= All the outputs of the circuit must be
stable on their right value, as close as
possible to the updating of inputs.

Analyze the timing of the

circuit
Module 2

Module 1

>
L[

—

—t
cp

1. Analyze the state machine

of module 1
1/0

m

o (%) ©)

11 0/C

a/0

1. Analyze the state machine

of module 2

Note: Module 2 is a counter.
It progress each update of the FF
To the next state.

AN

The update of the FF is when the clock
Of the FF goes from 1 to 0.

Set the timing of module 1
when it is independent

/I

s

Max{t, co(1),t, c.q(2)} + t,(AND)+t,(OR) ’J

Set the timing of module 2
when it is independent

/I

s

Max{t, ¢ o(1)t, .o(2)} + b (AND ’J




N

The 0" of a circuit:
The time it take the circuit output
to stabilize from the negtive pulse of
the clock.

Examine the “Clock” of

module 2.

1. Suppose that module 1 is in state 10.
2. Suppose that now the input is 1

The clock of module 2
‘ Current Time

| I=1 ‘ Encounter Module = 10 Module 1 output = 0

The clock of module 2

N

I=1 Encounter Module = 10 Module 1 output = 1
The Clock of module 2

The clock of module 2

Current Time

'\\ Note, here the clock of 2

Become 0 (!).

I=1 Encounter Module = 01 Module 1 output = 0
The Clock of module 2

The time “0” of module 2

should be
Rel Cp | A

The “1” time of module 2

Module 2 module 2 to stabilize

cp

| Long enough to wait for




The time “0” of module 2

should be
Real Cp | ;

The real time “0” of module 2

Of module 1

Max{t, c.o( 1)t c.o(2)} + toy(AND)+

MaX{tp,C-Q( 1 )Itp,C-Q(Z)} + tpd (AN D)

X

Of module’2

Of module 2
N
Max{t, c o(1)ity c.o(2} + t(AND W
Module 2
cp
What about time “1” of

module 2?

= Required Time “1” of module 2 is ty,.

= Time “1” of the clock of module 2" is:
= Time “1” of module 1 +
max({ty,c.o(1) tp,cq(2)}+te(AND)

Of module’1

|

Therefore, no problem with time 1.

The timing of the total circuit

= Time “1” : The max over time “1” of
all the FF:

Max{teg (1) tierp(2)} + tog(AND)+t,4(NOT)

= Time “0”: The max over all time “0" of
all the FF:

Max{t, c.q (1)t c.q ()} + 2*t,4((AND)+ Max{t{,CQ (1)t co(2}

Of module 1 Of module 2
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.a..d onna R X7 [regname] Y (16 ©°022 717°p2 20 = 20h) M1 107 DR 790%7 [] WK
~10 1 730p IR 1072 72173 NPAR 7912° ARYINT IR LMK 7790 N0 237 71w vopa 20 W

SR VPR MPRA 21 P17 (22307 7102 NOTRA 7920 IR ,N1P2°0 8 H¥) ascii TPa RIPI LRI RIP1 v
177 nextchar n°2°o1 Awx> Terminallnput awa n12°0 8 Hya

nextchar n°2°0 NX M99 P°277% 02°HY M5 .72 nextchar awx> 00h x17 Termianlinput Sw 7vn
JIR2T MINA DR VIPPD %1071 ONR MWK

ninan

(FRTITAN PN RO ART I02 AW 27 1°W) e NYDITY T A%I2 My MR .1

(%P >TPna KOV TR RY) NI MR 2

091X 0929572 1M WA 1707 RN (0D 1) 15 0 » 7290 a1 012 .atn2 awnna? TR PR .3
2D N2VA QY TN WK A9A2T70 10TV

.NYaAnN NIXIN

10122 2onR WHY WX ROM 77 0172101 202827 NINIARTT 0% MA2KRT DR W2 0299 2avno v .1
(7977231 1 27vy)

0°1p D2an? 2°RWw1 0217 ,10 M0 (TKGate 2 1%2) 12mn R 1Y 199891 7792 ) vowh kw1 o217 .2
JRD D172 11200 19K 1U¥Y 17°9P IR, AW D120 1907 ova

.ROM 1 Full Adder ,Comparator , Encoder , Decoder ,DeMuX ,MUX2a wnnwi o°kwn o217 .3
RIX DMK 2°23Un2 WnANWA 0337 OX .12 7217%7 72207 DX w1 ROM 2 oownanwn 00317 WK
Raii7atakiaBab RBLRN'



L1171

.2IN97 QNPNAYRT DR Whan® 2220 01K L7272 10770 0
b Ralahnbbb e lal dakiviizky B |

1. Read next character into Input

2. Selectonl
a. 1=0: Operation € Decode_Operation(Input)
b. ...
Co vrn

3.

23912 %97 7w2 ASCIHE TP DR 22nn WK (22017°%) 2017 100 Decode_Operaion awxd

X177 2P DR ORI VATMD INIR MNAWH X7 0IPT 2 NPNAWT MWD YX2IW Nvon 272 w2
(D772 N°2°0 W R 0OPT L% W) 200007 192 an 730 ,ASCI vana

072 WnANWN WR 2°2A2307T 2ART IR 12D L3

2AUnD QORNAT ANPNAPRY 1 25w anaoRa nR a4

0. Set NextChar=1 , Input Load =1 Now Terminalline holds the next character,
nc

1. Set NextChar =0 , Input Load =0 Now TerminalLine=0., Input hold nc.

2. When I=0 : Load of register [Operation] = 1

3. When I=0 : Operation = Decode_Operation(Input)

4. When 1=0 : Load of register [Operation] =0

.0°2%W 711 12 0°707 1971 7272 KANT 107 3 TYEA DN NIRRT

ONINDRT YW 0%AT DNNART IR DY .5
Dayna Nk wvw .6

553707 n1waan nrnR? ASCIH p

nIN7 (16 ©°022) Ascii Tp

61h

62h

63h

64h

65h

73h

30h

31lh

32h

33h

34h

35h

36h

37h

RN NN |WIN—|O|n | Mao|o ||

38h




3%h

A

20h




!'_ Solution to Exercise 8



i The algorithm

I Op < Decode Op(Terminallnput)

I Dest < Decode Dest(Terminallnput)
| = Digl € Decode_Digit(Terminallnput)
D

| = Ig2 € Decode_ Digit(Terminallnput)
2. IfOp=='¢'E<O
3. ITmp éTerminaIInput, | = 1+1
2. (I == 3) && Tmp == 20h (space):
1. Reg[Dest] €< Op(Reg[Dest],Digl)
2. =0
(I==4):
1. Reg[Dest] < Op(Digl,Dig2)
2. =0

0:
1:
=2:
=3:



i The algorithm

p € Decode Op(Terminallnput)
est € Decode_ Dest(Terminallnput)
igl €< Decode Digit(Terminallnput)
Ig2 < Decode Digit(Terminallnput)
‘e E< O
5. Imp €Terminallnput, | = I+1
2. (I == 3) && Tmp == 20h (space):
1. Reg[Dest] €< Op(Reg[Dest],Digl)

2. | =

Execute if
Condition —*

UUUO

1. Reg[Dest] < Op(Digl,Dig2)
2. =0



i The algorithm

2.
3.

Put result 4,

in the reg

Written in dest 2.

Op < Decode Op(Terminallnput)
Dest < Decode Dest(Terminallnput)
Di

Di

igl €< Decode Digit(Terminallnput)
g2 < Decode_ Digit(Terminallnput)

IfOp==eE <O
Tmp éTermlnaIInput | = 1+1

I 0:
I 1:
I 2 :
| ==3:

Reg[Dest] €< Op(Digl,Dig2)
| =0



i Register sizes:

= Op — 2 bit

= Dest — 2 bit
= Digl — 8 hits
= Dig2 — 8 hits
= atod- 8 bits
= Tmp — 8 bits
s E=1




NextChar

Terminallnput

Deest_Decode

Qp_Decode

Dest

Decode

MUX 1

i

MUX 3/

Note that the clock
Is coonected to all the

sequential components

The Control
the Circuit

ROM

of




i Control of the circuit

= NextChar

= DecodelEnable
= DecodeZEnable
= Mux?2

= Mux3

= lwrite

= Tmpwrite




i The control of the circuit

Input Output
E Ste | Cond | Cond > decode decode
p 1 2 ble 0
1 0 0 0 1 1 0 0 0 0
1 1 0 0 0 0 0 0 0 0
1 2 0 0 1 0 0 0 0 1
1 3 1 0 0 0 1 1 0 0
1 3 0 1 0 0 1 0 1 0




i Op Decode

Input

01100001
(61h = a)

00

01110011
(73h =9)

01

01100101
(65h = e)

11




i Dest Decode

Input

01100001
(61h = a)

00

01110010
(62h = b)

01

01100011
(63h = ¢)

10

01100100
(64h = d)

11
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